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COMPLEX AFFINE TRANSVERSAL BUNDLES FOR
SURFACES IN C*

BY PAWEL WITOWICZ

Abstract. Three different canonical constructions of transversal bundles
for non-degenerate complex surfaces in C* are presented and different in-
duced connections are obtained. The bundles turn out to be always holo-
morphic, but only one of them is equiaffine.

1. Preliminaries. The purpose of this paper is to study some four di-
mensional submanifolds of eight dimensional space R®. The submanifolds are
endowed with a complex structure which is compatible with the canonical
complex structure in R®, so we treat them as complex surfaces holomorphi-
cally immersed in C*. Canonically determined transversal bundles and in-
duced connections for real surfaces in R* were obtained in [2] and [4]. An
equiaffine structure for such surfaces was found by Nomizu and Vrancken ([7])
and further investigations showed that the construction leads to some natural
geometric properties which are often generalizations of those well-known in
the codimension-one case ([3]). In this paper we will make the assumptions
suggested in B.Opozda’s papers [8], [9] and obtain three complex transversal
bundle satisfying the conditions proposed in [2], [4] and [7], respectively. More-
over we prove that these bundles are holomorphic. Only the bundle satisfying
Nomizu—Vrancken’s conditions leads to the equiaffine connection.

Let M be a two-dimensional complex submanifold of C*, that is, there
exists an immersion f: M — C* which is holomorphic. It means that f,JX =
J f.X where J denotes the complex structures on M and in C*. Each tangent
space T, M has a natural structure of a complex vector space with the multipli-
cation by 4 given by J. Unless otherwise stated the vector fields, connections,
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bilinear and linear forms and functions used in the paper are of class Cg (see
[8], [9], compare also another approach in [1], [3]). Since this work is only of
the local character and we can identify both the complex structures on M and
C*, we can also identify M, as a complex manifold, with its image in C*.

Let o denote a transversal complex plane bundle, that is C* = o, @ T, M
over C. Let £1,& be transversal vector fields that span o locally. It means
that they are linearly independent over C. If D denotes the standard affine
connection on C*, then we have:

(1.1) DxY =VxY +h'(X,Y)& 4+ h2(X,Y)&,,
(12) Dyt = —S¢,(X) + 7 (X)&1 + 72(X)6o,

for j = 1,2, where the connection V is given by the condition VxY € T M
and S¢, (X) € TM as well. We call the connection V the induced connection
and the surface together with the connection — the induced affine structure.

It is straightforward to prove that V is a torsion-free linear connection
which is compatible with J (it is then called a complex connection). It means
that VJ = 0, and equivalently that VxJY = JVxY for arbitrary vector fields
X, Y.

From now on we will use the simplified notation S; instead of S¢;. We can
also see that both A/ are C-valued, C-bilinear 2-forms, S; are (1,1)-R-linear
tensors and 7; are C-valued, R-linear 1-forms (see [6], [8], [9]).

Given £ and & we also define a complex-valued C-linear skew-symmetric 2-
form 0 by 0(X,Y) = Det[X,Y, &1, &2, where Det denotes the usual determinant
in C*,

A transversal bundle ¢ is holomorphic if there is a holomorphic transversal
frame of vector fields that span o(locally). One can easily observe that this
condition holds if and only if S;(JX) = JS;(X) and Tf(JX) = z'TJ’-“(X) for
Jj,k=1,2 (see [8], [9]). Objects satisfying such a property are called complex.
We say that Sj, 7']]-C and h7 are induced by & and & and that V is the con-
nection induced by o. The bundle ¢ is holomorphic if and only if the induced
connection is also holomorphic.

In the paper we often use holomorphic vector fields and recall (see [5], [6])
that a vector field Y is holomorphic if and only if V;xY = JVxY holds for
an arbitrary vector field X and a complex connection V. A connection V is
called holomorphic if for holomorphic vector fields X and Y, VxVY is also a
holomorphic vector field. For tangent vector fields X,Y, Z — not necessarily
holomorphic — we can obtain the equations of Gauss (1.3), Codazzi (,
(1.5)), and ) and Ricci (, , and (|1.11))), like in real

geometry ([7]):
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(1.6)

(VxS1)Y — (VyS1)X = -1 (Y)S1 X + 11 (X)S1Y — 7 (Y) S X + 75 (X)S:Y,
(1.7)

(VxS2)Y — (VyS)X = -2 (V)S1 X + 12(X)S1Y — 15 (Y) S X + m5(X)S:Y,
(1.8)  RY(X,81Y) =AM (Y, 81X) = dr{ (X,Y) + 75 (V) (X) — 77 (V)73 (X),
(1.9) h*(X,51Y) — kY, 51 X) = dr}(X,Y) + 11 (V)15 (X) — (V)7 (X)

+r(V)m(X) = (V)1 (X
(1.10) h%(X,SY) — h2(Y, 5 X) = dr3(X,Y) + 7
(1.11) hY(X,S9Y) — hY (Y, SoX) = dri(X,Y) + 7
+r(X) (YY) = (X)) (V).

For another transversal plane bundle ¢ and its local basis {g}, 52} we have

(1.12) & = ¢ + Y+ 73
(1.13) € = afy + & + Zs,

where «, 3,1, ¢ are local complex-valued Cg’ functions on M such that ¢3 —
ay # 0 and 7, Z2 are tangent vector ﬁelds
Let V Sj, 7' and h? be the objects induced by & and &. Using (1.1,

D). @1 and (I we get:

(1.14) VxY =VxY + (X, Y)Z, + h3(X,Y) 2y,
(1.15) M(X,Y) = ¢h*(X,Y) + ah?(X,Y),
(1.16) h2(X,Y) = ¢vh (X,Y) + Bh3(X,Y).

2. The affine metrics. Let u = {X1, X2} be a local frame of class Cg
on a neighbourhood U of a point p € M. We do not assume that X7, Xo
are holomorphic but only linearly independent over C. Define a symmetric
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R-bilinear C-valued form G:
GU(Y, Z ) =

2.1 1 1
@1) 5 Det[ X1, X2, Dy X1, Dz Xo] + 5 Det[X1, X2, Dz X1, Dy X3).

Using a transversal plane bundle spanned by transversal vector fields {£1,&2}
we can write:

Gu(Y,Z) =

(2.2) 1

§[X17X2,€1,f2] : (

Thus we can see that G, is also C-linear, because each h? is C-linear.
We can apply here Lemma 3.1 ([7]). It follows that for another local frame
v ={Y1, Y} satisfying

RY(X1,Y) hY(Xs,2)
h2(X1,Y) h?*(Xs,2)

hY(X1,Z) h'(X2,Y)
h%(X1,Z) h2(X2,Y)’>'

Y] = aX; + bXo,

Yo = cXq 4+ dXo
with ad — bc # 0 we have

Gy = (ad — bc)?G,,.
If we define
h(X71,X1) h(X1,Xo)
h(X1,X2) h(X2, Xs2)
where h is a symmetric C-bilinear form, we have
det,h = (ad — be)?det,h.

Thus we can call a surface non-degenerate if the form G, is non-degenerate
(which does not depend on the choice of u).

From now on we will assume that the surface is non-degenerate. In a suffi-
ciently small neighbourhood of each point we can define three unique branches
of a C-valued, C-bilinear symmetric form

gu(¥, 2) = L2 D)
(det,Gy)3
We can easily see, like in the real case, that the set of three branches of g, is
independent of the choice of u. In this way we get locally three complex-valued
metrics which we will denote by g. We will call each of them an affine metric
on the surface M. Notice that if u is a holomorphic tangent frame, the function

M>z+— g, (X,Y)

is holomorphic if the vector fields X and Y are holomorphic. It follows from
the definition of GG,, and g,. Namely, given a holomorphic vector field X, the

(2.3) det,h =
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function z — X (x) is holomorphic, so is x — DxY (x) for holomorphic Y.
G, is defined using the complex determinant in C*, which is a holomorphic
function applied to holomorphic vector fields Y, Z and holomorphic frame .
Therefore the mapping x —— G, (x) is also holomorphic. Now the definition
of g, requires only mappings that are also holopmorphic. Using this fact, we
can always find holomorphic orthonormal frames or null frames (relative to g),
starting from arbitrary holomorphic ones.

From now on we will choose an affine metric in a sufficiently small neigh-
bourhood of a given point. For the sake of simplicity and convenience, we will
work with null frames with respect to this affine metric g that is the frames
{X1, X2} satisfying g(X;,X2) = 1 and g(X;,X;) = 0 for j = 1,2. In the
following theorem we associate to each null tangent frame a unique transversal
frame in a given transversal bundle (see [7]).

THEOREM 2.1. Let o be a transversal plane bundle and {X1, X2} be a null
tangent frame. Then there exists a unique local transversal frame {&1,&2} in o
such that:

(2.4) Det[X1, X2,&1,62] = -2,

and the second fundamental forms have the following matrices in the basis
{Xl,Xg}.'

(2.5) hl = [(1) 8} , h?= [8 (1]] .

PRrOOF. Let u ={X;, X5} be a local null frame and {£;,&} be a local

transversal frame that spans o. Let {51,52} be another transversal frame. It
can be expressed by:

(2.6) & = ¢&1 + 1o,
(2.7) & = ady + By,

where ¢ —1pa # 0. We choose functions ¢, 1, 8 and « to so that the following
conditions are satisfied (bars will denote the objects induced by {1, &2}):

(2.8) h (X1, X1) =1,
(2.9) h(Xa, X2) =0,
(2.10) h2 (X1, X1) =0,
(2.11) (X1, Xo, &1, 6] = —2.

Owing to (1.15) and (1.16) this system can be written in the following
equivalent form:
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(2.12) 1 = ¢h! (X1, X1) + ah?(X1, X1),
(2.13) 0 = pht(Xa, Xa) + ah? (X2, X2),
(2.14) 0= ph' (X1, X1) + Bh* (X1, X1),
(2.15) (X1, X2,61,8] = —2(66 — Ya).

We look at (2.12) and (2.13)) as a system of linear equations with the determi-
nant different from zero, because g(X1, X2) = 1. Thus we obtain

1 Rh2%(Xy,X1)
4= 0 h%(Xa, X>)
O AN(X, X)) RA(X, X))
h'(Xa, X2) h2(X2, X2)

R (X1, X1) 1
B hY(X2,X2) 0
CTIRI(XL X)) RA(XL, X0)

hl(Xs, X5) h2(X2, X2)

If we substitute a and ¢ obtained above to , then the equations (|2.14))
and form another system of linear equations. Its determinant is equal
to -2. We also see that the desired condition ¢8 — pa # 0 is true because
[X1,X2,601,6] # 0. {&,&)} are determined uniquely here, because if both
frames {&1,&} and {£, &} satisfy the equations up to , we get
a=1 =0and 8 = ¢ = 1. To complete the proof we use the fact that {Xq, Xo}
is a null frame. From G,(X1,X;) = 0 we get BQ(Xl,Xg) = 0 by definition.

Gu(X2, X3) = 0 gives h' (X1, X2)h?(Xa, Xo) = 0 and we also have

1= Gul&Xa) ok, xl
(dety, Gyu)3
Thus
h2(X1, X2) =0,
h? (X2, X3) =1,
h(X1,X2) =0
which completes the proof. O

From now on we will call the frame {£1, &2} determined by the last theorem
the transversal frame associated to the null tangent frame {X;, X5}. Notice
that if we interchange the fields X; and X5 in the frame, then the fields &7, &
in the associated frame will also interchange.
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The following lemma is straightforward and we omit its proof.

LEMMA 2.2. Let {X1, X2} and {X1, X5} be two tangent null frames. Let
{&1,& and {&1,8} be the associated transversal frames, respectively. Then
there exists a C-valued non-zero function a such that

(2.16) X| = aXy,
(2.17) X =a"' X,
(2.18) & = d?¢,
(2.19) &y = a2,

after changing the order of X1 and Xo, as well as & and &, if necessary.
Moreover, if the fields X1 and Xo are holomorphic, then the function a is also
holomorphic.

Assume that an affine metric g is fixed (locally). Now we define locally
a complex valued metric on an arbitrary transversal plane bundle o. Let
u ={X1, X2} be a null frame and {&;,&} — the associated transversal frame in
0. We define a metric gi on ¢ by:

gk (&1,61) =0,
(2.20) g (&1, 6) = -2,
9 (£,6) =0

and extend it to a C-bilinear, symmetric form.
LEMMA 2.3. g is independent of the choice of the tangent frame wu.

PROOF. Let {€1,&} and {€],&} be two transversal frames (spanning a
transversal bundle o), associated with null frames {X;, X2} and {Y7,Y>}, re-
spectively, and a the function satisfying Lemma Then we have

g (€1,€1) = gy (a”&k, a*&) = 0 = g7 (61, 61),
g (€1,6) = g (0”8, a7%) = gy (€, &) = —2 = g5 (€1, &),
g (€2,82) = g (a72¢5,a72¢;) = 0 = gy (&, &),
for certain j, k € {1,2} such that j # k. This completes the proof. O

Due to the last lemma we will denote the obtained metric by g=.

LEMMA 2.4. Let M be a complex surface in C*, {X1, X2} — a null frame
and 0,6 — two transversal plane bundles. If {&1,&} and {&1,&2} are the
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transversal frames associated with {X1, Xo} and spanning o and &, respec-
tively, then

(2.21) & =6+ 71,
(2.22) & =&+ Zo
for some tangent vector fields Z1, Zs.

PROOF. Let h', h? be the second fundamental forms induced by {&,&2}
and h', h? — induced by {¢1,&}. Then there exist complex valued functions
a, b, c,d and tangent vector fields Z1, Z5 such that

& =ady + by + 71,
& = c&i + dés + Zo.
We know by (1.15) and ([1.16]) that
h' = ah' + ch?,
h? = bh' + dh.

Substituting (X7, X1) and (X3, X2) in the last two equalities we get
a=1,b=0,c=0,d=1.
O

3. The construction of the unique equiaffine transversal bundle.
In this section we will always assume that g is a fixed affine metric in a neigh-
bourhood of a point g € M. We introduce here a complex valued, skew-
symmetric C bilinear 2-form wy, defined up to the sign in the following way.
For a g-null frame {X;, Xs} we set wy(X1,X2) = 1. In the paper we will
consider the condition Vw, = 0 which is independent of the sign of w,. We
shall call a transversal bundle satisfying this condition an equiaffine transversal
bundle. In the following we will determine a unique equiaffine bundle adding
one more condition as it was done in the real case and prove that that bundle
is holomorphic. First we give some conditions which are equivalent to the fact
that a bundle is equiaffine. In the following lemma V will denote the connec-
tion induced by a given transversal bundle ¢ and T]’-“ — 1-forms induced by a
fixed transversal frame.

LEMMA 3.1. Let o be a transversal bundle over the complex surface M in
C*. Then the following conditions are equivalent:

1) o is an equiaffine bundle;
2) 1 +72 =0 for 7']]-‘3 induced by any transversal g=-null frame;
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3) for any holomorphic tangent null frame {X1, Xo} and associated null
transversal frame {&1, &2} (as determined by Theorem|[2.1]) the following
equations hold:

(3.1) (Vg)(X1, X2, X1) =0,
(3.2) (Vg)(X2, X1, X2) = 0.

PrOOF. First we prove the equivalence between 1) and 3). Let {X7, X2}
be a null holomorphic tangent frame. We introduce functions a; up to ag such
that:

VXle = CL1X1 + CLQXQ,

Vx, X2 = a3 X1 + a4 Xo,
Vx, X1 =a5X1 + as X2,
VX2X2 = a7 X1 + agXos.
The condition Vw, = 0 is equivalent to
ng(Xl, Xl, XQ) = 0,
ng(Xg, Xl, X2) =0

and, after applying (3.3)), to

wg(Vxle, Xg) + wg(Xl, VXlXQ) =0,

wg(VX2X1,X2)+wg(X1,VX2X2) 0.
This gives immediately
(3.4) a1+ as =0,
(35) as +ag = 0.
On the other hand the equations (3.1) and (3.2)) are also equivalent to ([3.4))
and (3.5). Next we shall prove the equivalence between 1) and 2). It is easy
to verify that a g -null transversal frame is associated to exactly one g-null
tangent frame. We can thus say that they are associated to each other. Take a
gt-null frame {¢1, &>} spanning o, and the associated tangent frame { X1, Xo}.
We have 0(X1, Xo) = [ X1, X2,&1, &) = =2, so § = —2w, up to the sign.

Since the determinant is parallel with respect to the connection D, we have
0 =Dx[X1, X2,81, 8] — [Dx X1, X2,81, 8] — [X1, Dx X, &1, &2
— [X1, X2, Dx &1, &) — [ X1, Xo, &1, Dx &),

where X is an arbitrary vector field on M. Due to (1.1)) and (2.2)), the last
equality is equivalent to the following ones:

— [Vx X1, X5,&,8] — [X1,VxX2,&,8)]
— [X1, Xo, 71 (X)&1, o] — [X1, X2,&1, 75 (X)&] =0

(3.3)
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and

(Vx0)(X1, X2) +2(r (X) + 75(X)) = 0.
But the condition Vw, = 0 is equivalent to V0 = 0. Thus the last equality is
equivalent to

(Vxwy) (X1, X2) — (7 (X) +75(X)) = 0.
This gives the equivalence between 1) and 2) and completes the proof of the
lemma. O

Let V1 denote the normal connection induced on a transversal bundle
o such that V)L(g is the transversal component of Dx&. We are going to
consider the tensor V+*g+(X,&,n) where X is a tangent vector field and &,
— transversal ones. Notice that V+g¢* is 3-linear over the module of complex-
valued functions, if X, & and 7 are holomorphic.

DEFINITION 3.2. Let o be an equiaffine transversal bundle. We say that
V1gt is symmetric if there is a null holomorphic tangent frame u ={X;, X5}
such that the following equalities hold for the associated transversal frame

{51)62}:
(3.6) VEgh (X1, &, 6) + Vigh (X2, 6,6) =0,
(3.7) Vg (X1, 62,6) + Vigh(Xo, &1,6) = 0.

We shall show that if equations (3.6) and (3.7) hold for a frame u then
they hold for every null holomorphic frame v. We need the following lemma.

LEMMA 3.3. Let V and V* be the connections induced by an equiaffine
transversal plane bundle o. V+g* is symmetric if and only if there is a holo-
morphic null frame { X1, Xo} satisfying the following equations:

(3.8) (Vg)(Xl,Xl,Xl) = 0,
(39) (vg)(XQ,XQ,XQ) =0.

PROOF. Let equations hold for a tangent frame { X7, X»}. Let functions a;
be like in (3.3]) for {X7, Xo}. Let {&1,&2} be the transversal frame associated
to {X1, Xo}. Putting (X3, X2, X1) and (X7, X2, X2) to the Codazzi equations
(1.5)) and (|1.4)), respectively, we obtain

az = _7_21 (X2)7
ar = _T12(X1)7
where Tf are induced by {&1,&2}. From (3.6) and (3.7) we get
—g"(Vx,&.61) — 97 (&, Vx, &) — 200 (Vx,&. &) =0,
~(Vx,61,6) = 97 (62, Vx,61) = 207 (Vx, &2.€) = 0,
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which is equivalent to
275 (X1) + 271 (X1) + 473 (X2) = 0,
2735 (Xo) + 271 (X2) + 477(X1) = 0.
Since V comes from an equiaffine transversal bundle, 7{ + 73 = 0 and we get
75 (X2) = 1£(X1) = 0.
We then make the following computations
(V) (X1, X1, X1) = —29(Vx, X1, X1) = —2a2 = 273 (Xa),
(Vg)(Xa, X2, X2) = —29(Vx, X2, Xo) = —2a7 = 271 (X1),
which complete the proof of the lemma. O
We finally prove that the notion of symmetry of V+'g' does not depend
on the choice of a tangent null frame {X;, Xo}.

LEMMA 3.4. The tensor Vgt is symmetric if and only if equations (3.6)
and are true for an arbitrary null holomorphic tangent frame {X;, Xo}
and the associated frame {&1,&2}.

PrOOF. Let {Xi, X2} and {Y1, Y2} be two null holomorphic tangent
frames, {£1, &2} and {n1, 72} the corresponding transversal frames spanning an
equiaffine bundle o. Let equations (3.6)) and hold for {X;, X2}. Then by
Lemma equations and (3.9)) are also true. We will show that they are
true for {Y1, Y2}. Using Lemma we have

Vg(V1,Y1,Y1) = Vg(aX;,aX;,aX;) = a®*Vg(X;, Xj, X;) = 0,
VQ(Y27 Y27 Yv?) = VQ(aileﬁ ailev aile) - aigv.g(Xlﬁ ka Xk) - 07
for some j, k € {1,2} such that j # k. The above equalities are true, because

Vg is 3-linear over complex-valued functions if it acts on holomorphic vector
fields. This completes the proof. O

We shall prove a theorem about the existence of a unique transversal bundle
over M.

THEOREM 3.5. There is a unique equiaffine transversal bundle o over a
complex, non-degenerate surface M in C* with symmetric Vgt where g+ is
an arbitrary transversal metric.

PROOF. Let & be an arbitrary transversal bundle. Take { X7, X2} — a null
holomorphic tangent frame and {51,52} — the associated transversal frame.
Then, by Lemma [2.4] for another transversal bundle o we have

& =6+ 74,
o =&+ 7o,



236

where {1, &2} is the transversal frame associated with { X1, Xs} in o and Z1, Zs
are tangent vector fields which we can decompose as follows:

(310) Z1 =aXq + bXo,
(311) Zo = cXq + dXs.

By Lemma 3.1jand Lemma 3.2 (3), o satisfies the requirements of the theorem
if and only if

(3.12)

where V is induced by o. By , this is equivalent to
— 9(Vx, X2, X1) — 9(X2, Vx, X1) + 9(X2, Z1) = 0,
— g(Vx, X1, Xo) — g(X1, Vx, Xo) + g(X1, Z2) = 0,
—29(Vx, X1, X1) +29(Z1, X1) = 0,
—29(Vx, X2, Xa) + 29(Z2, X2) = 0,

where V is the connection induced by &. Since {X1, X5} is a null frame with
respect to the metric g, we compute the functions a,b, ¢, d using (3.10) and

(3.11) as follows:

(3.13)

Thus we have determined the bundle ¢ uniquely, because if ¢ satisfies
for V, then a = b = ¢ = d = 0, which implies Z; = Z, = 0 and, in consequence,
o = &. It is also easy to verify that the bundle ¢ does not depend on the choice
of an affine metric g. The proof is now complete. ]

We will call the bundle satisfying the above theorem the affine normal
bundle induced by a given immersion.

COROLLARY 3.6. A transversal bundle o is the affine normal bundle if
and only if the equations hold, where V is the connection induced by o,
{X1, X5} — a holomorphic null tangent frame and g — an affine metric on the
surface.
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Using Lemma [3.1] and the proof of Lemma [3.3] we get the following

COROLLARY 3.7. Let o be a transversal bundle, { X1, X2} — a holomorphic
null tangent frame and {&1,&2} — the associated transversal frame. o is the
affine normal bundle if and only if

7'11 + 722 =0,
2(X1) =0,
75 (X3) = 0.

The following theorem shows that the unique transversal bundle has to be
holomorphic. This fact is analogous to the codimension-one case.

THEOREM 3.8. The equiaffine normal bundle over a complex surface in C*
18 holomorphic.

PRrROOF. We choose a holomorphic null tangent frame{ X, Xo}. Let {£1,&2}
be the associated normal frame in the normal bundle . We prove that the
forms 73 and the shape operators induced by the normal bundle are complex
(compare the introduction). From the Codazzi equation (where X is an
arbitrary vector field) we get the following equations:

—2hY(Vx X1, X1) + 11 (X)
(3.14) =X1(M'(X, X1)) — R (Vx, X, X1) — B (X, Vx, X1)

+ 7 (X1)RYX, X)) + 1 (X1)A* (X, X7)
and

—2hN(Vyx X1, X1) + 11 (JX)
(3.15) =X (M (JX,X1)) - W (Vx, JX, X1) — h' (JX,Vx, X7)

+ (X)W (T X, X1) + 2 (X)) (T X, X1),
which is equivalent to

— 2ihN(Vx X1, X1) + 14 (JX)
(3.16) =i[X1(h'(X,X1))] — i (Vx, X, X1) — ih' (X, Vx, X1)

+ i (X1)hN(X, X)) + i (X)) A3 (X, XY),
because V is a complex connection, X is holomorphic and A7 are C-bilinear.
Multiplying the equation by 4 and comparing with we obtain

(JX) =i (X).
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Using the Codazzi equations (1.4) and (1.5) in an analogous way we prove
similarly that

THJX) =it} (X)
for j,k € {1.2}. Using this fact and the fact that [JX,Y] = J[X,Y] for
holomorphic Y we can observe that

. 1,
(3.17) idrf(X,Y) — drj (JX,Y) = 5(ZXT]’?(Y) — (JX)}(Y))
for arbitrary X and holomorphic Y. In the following only the vector field Y

is holomorphic. Adding up the Ricci equations ([1.8) and ((1.10]) and using the
fact that 7 + 753 = 0, we obtain

Y X, 8Y) — hN(Y, $1X) + h3(X, S2Y) — h3(Y, SoX)
=7 (V)mH(X) = £ (V)72 (X) + (V)7 (X) = 2 (Y)7{(X) = 0.

Putting JX instead of X in this equation and comparing the result with (3.18])
multiplied by 7 we get

(3.19) Y (Y, S1(JX) — JS1X) + h2(Y, So(JX) — JS2X) = 0.
Putting Y = X in (3.19)), we obtain
RY(X1,81(JX) — JS1X) =0,

(3.18)

which gives

(3.20) S1(JX) = JS1 X =a(X)X,

for some a(X) € C. Putting Y = X5 in the equation (3.19)), we get
h%(Xy, So(JX) — JS2X) =0

and, in consequence,

(3.21) So(JX) — JSX = (X)X,

for B(X) € C. We now use the Ricci equation and apply :

h2(JX,81Y) — h*(Y,S1(JX)) —ih*(X,81Y) + ih?(Y, 51 X)
= LX) - (UX)()).
Putting Y = X5 in this equation yields

h%(Xo,81(JX) — JS1X) =0,

whence «(X) = 0. Similarly, applying the Ricci equation we get
R (X1, So(JX) — JS,X) =0,

whence $(X) = 0. Thus both S; and Sz are complex. This completes the
proof. O
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REMARK. We could prove the last theorem more easily, using the construc-
tion of the associated normal frame (Lemma [2.2]). Here we wanted to use only
the conditions imposed on the affine normal bundle, as in Theorem

~ THEOREM 3.9. Assume that there is an equiaffine plane bundle & such that
Vg is totally symmetric. Then

1) the normal bundle o §atisﬁes the condition Vg = 0;

2) 0 =6 if and only if Vg = 0.

~ ProOF. Let u ={X3, X2} be a holomorphic null frame. Let {£1,&} and
{&1,&2} be the corresponding transversal frames that span o and &, respec-
tively. Let also

&G =&+ 7,
& =5+ 2.
We have
Vg(X1, Xa, Xo) = —29(Vx, X2, X2)
=—29(Vx, Xo + h'(X1, X2) Z1 + h*(X1, X2) Zo, Xo)
=Vg(X1, X2, X3) = Vg(X2, X1, X2)
= —29(Vx, X1 + (X2, X1)Z1 + h2(Xa, X1) Z2, X1)
=—-2¢9(Vx,X1,X2) =Vg(Xo, X1,X9) =0
due to the properties of o (Corollary . In the analogous way we obtain
Vg(X2, X1, X1) = 0. Taking into account also we can see that Vg = 0.
Then it suffices to prove the ‘if’ part of the second assertion. Let & satisfy

Vg = 0. But, in particular, it satisfies (3.12) then, so it coincides with the
affine normal bundle o. It completes the proof of the lemma. O

4. Other canonically determined transversal bundles. In this sec-
tion we adopt the constructions of Burstin, Mayer and Klingenberg to the
complex case (see [2], [4]).

Let M be a nondegenerate complex surface in C* and g be an affine metric
defined locally on M. Let o be a complex transversal bundle over M with the
induced connection V. If V defines the Levi-Civita connection for g, then we
define a tensor K by the formula:

(4.1) K(X,Y)=VxY - VyY,

which is symmetric because both connections are torsion-free. We see that the
connection V is independent of the choice of an affine metric g, then so is K.
Let {X1, X2} be a null holomorphic frame on M and {&;,&} — the associated



240

transversal frame in . The Laplacian of the immersion z of the surface is now
given by the following formula:

(4.2) Ayr = Dx, Xo + Dx, X1 — Vx, Xo — Vx, X1.

Using the Gauss formula and the tensor K as well as the form of h7, we see that
Agz = 2K (X1, X2). For another affine metric § = cg, we have Agx = ¢?A .
We define a tensor 7 over R, as follows:

. 1
(4.3) n(X,Y) = DxY = VxY = 2g(X.Y)Ag.

Let o be a transversal bundle. Using K and a given transversal frame {&1, &2},
we write

(4.4) n(X,Y)=K(X,Y)+h (X, Y)é + h3(X,Y)E — %g(X,Y)Agx.

We can see that 7 is also a tensor over C. Since n(Xi, X2) = 0, where { X1, X2}
is the frame associated with {1, &2}, the image of 7 is spanned by two vectors
(X1, X1) and n(X2, X2). Moreover we notice that it does not depend on the
choice of an affine metric g. We define the Burstin-Mayer transversal bundle
as the transversal bundle spanned by the image of the tensor n. We denote it
by opar- Notice that if we use a frame of og;s in formula , we get

- 1
(4.5) VxY =VxY + §g(X, Y)Agz,

taking its tangent component and considering , where V denotes the con-
nection induced by the bundle opjys. It is a holomorphic connection because
V is holomorphic and the Laplacian is also a holomorphic vector field.

The following theorem shows when the Burstin—-Mayer bundle is equiaffine.

THEOREM 4.1. Let V be the connection induced by the transversal bundle
opm, V - the Levi-Civita connection for an affine metric g and w, — the
complex volume element for g. Then the following conditions are equivalent:

1) V=V;
2) Vw, = 0;
3) Agx =0.

Proor. Equation shows that 1) and 3) are equivalent. Condition 1)
implies that Vg = 0, whence Vw, = 0 by its definition. Assume now that
Vwy = 0 and we will use the notation KxY instead of K (X,Y’). We have thus
Kxw, = 0. But by equation KxY = 1g(X,Y)Ayz, which implies

(Kxwg)(Y, Z) =Xwy(Y, Z) — Xwy(Y, Z) — we(KxY, Z) — wy(Y, Kx Z)

(4.6) 1 1
:§g(X, Y)wg(Agz, Z) — §Q(Xa Z)wg(Agz,Y).
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Taking a null frame {Xi, X}, put X = Z = X;, Y = X}, in (4.6), where
J.k e {1,2} and j # k. We get wy(Agx, X;) = 0 for j = 1,2, but this means
that Agxz = 0. The proof is then completed. O

In the following we present the next construction following an idea of Klin-
genberg ([4]). We fix a transversal bundle o and its local frame {£1,&2}. Then
the cubic forms C7 and C5 are defined in the following way:

(4.7) Ci(X.Y,Z) = (VxW)(Y, Z) + 7, (X)W (Y, Z) + T (X)h*(Y, Z),

where A/ and T]k are induced by the frame {&1,&2}.
Let {X1, X2} be a null frame on M. We will show that there is exactly one
transversal bundle o such that the following equations are satisfied:

(
(4.8) C1(X1,X2,X2) =0,
C2(X2, X2, X2) =0,
Ca(X2,X1,X7) =0,

where the cubic forms are defined with respect to the frame associated to
{X1,X5}. First we notice that the above equations do not depend on the
choice of an affine metric. Then we show that on an arbitrary nondegenerate
surface there exists a desired bundle.

LEMMA 4.2. Let {X1, X2} be a null frame on M. Then there exists exactly
one transversal bundle o such that equations (4.8)) are satisfied, where the cubic
forms are induced by the frame associated to {X1, Xs} in o.

PROOF. Let 0, 6 be two arbitrary transversal bundles and {1, &2}, {51, 52}
— their frames associated to {X1, X2}. By Lemma there are such tangent
vector fields Z; and Zy that & = 51 + Z1 and & = & + Z5. Using formulas
(T.15) and (T.16) we get hi = hJ for j = 1,2. Comparing Dx¢; with ngj, we
obtain

THX) = 7H(X) + W (X, Z)

for all j, k. The cubic forms induced by {£;, &} and {&;, 52} are related in the
following way:
Ci(Xj, X5, X;) = Cj(X;5, X5, Xj) — W (X5, Z;),

(4.9) ) |
Ci(Xj, Xi, Xi) = Cj(Xy, Xi, Xi) — W (X, Zg),
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where j,k = 1,2 and j # k. If Z1 = a Xy + bXs and Zy = ¢X; + dXo, then
equations (4.9)) give:

( ) +a = Ci )
él(X XQ,X2)+C— 1(X1,X2,X2),
(X2 ) )

02(X27X17X1) +b= 02(X2,X1,X1)-

Having the bundle &, choose functions a, b, ¢, d such that the right hand sides
of the above equations vanish. We see that the bundle o satisfying these
conditions is unique. This completes the proof of the lemma. O

Since the fundamental forms are C-linear and the cubic forms are sym-
metric in each two arguments, the cubic forms are also complex tensors. We
prove that the transversal bundle constructed in the previous lemma does not
depend on the choice of a null frame { X7, X5}.

LEMMA 4.3. Let {X1, Xo}, { X1, X2} be two tangent null frames and {&1, &},
{51,52} be the associated transversal frames in the same transversal bundle o.
If equations are true for X1, Xo and the cubic forms induced by {&1,&2},
then, they are true for {X1, Xo} and the cubic forms induced by {&1,&}. Thus
both tangent frames induce the same transversal bundle because of the unque-

ness in Lemma [].2

PROOF. The null frames are related by X; = vX1, X, = W_l_{(z whereas
the associated transversal frame satisfy the relations & = 72¢; and & = v 2&,,

where v is a function. Formulas and imply that hl = ~72h! and
h? = 42h%. Computing Dx&; and Dx (v2£1) we get 71 (X) = 7} (X)—|—2fy*1X( )
and 75 (X) = v*74(X). Analogously, we get 72(X) = v 472(X) and 72(X) =
73(X) — 297X (7). Having V = V, we obtain

C1 =~72Cy,
ég = "}/202.

Now we easily check that equations (4.8)) are satisfied for C’j and X for j = 1,2.
The proof is completed. O

The last two lemmas allow us to define the Klingenberg transversal bundle
as the bundle satisfying Lemma for any null frame {X;, Xo}. We will
denote this bundle by og.

THEOREM 4.4. Let V denote the connection induced on a nondegenerate
complex surface M in C* by the Klingenberg transversal bundle o . Consider
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the following conditions:

1) Vwy, =0;
2) Vg=0;
3) Agx =0.

Then 1) implies 2) and 2) implies 3). Moreover, condition 2) implies that
OK = OBM-

PROOF. First we prove the implication 1) to 2). Take a null frame { X1, X2}
and the associated transversal frame {&1,&2}. Let functions aq, ..., ag satisfy
the equalities with respect to V and {Xi, X2}. By Lemma and its
proof we get that a; + a4 = 0, a5 + ag = 0 and 7{ + 72 = 0. Equations
give

Symmetry of the cubic forms leads to the following implications:
Cl(XQ,Xl,XQ) =0 implies a7 = 0,
CQ(Xl,XQ,Xl) =0 implies as = 0,
Cl(Xl,XQ,Xl) = Cl(Xg,Xl,Xl) implies —as = —2(15 + Tll(XQ),
CQ(XQ,Xl,XQ) = CQ(Xl,XQ,X2> implies —ag = —2a4 + T22(X1>

Combining the obtained equations, we get as = ag = 0.

Since the bundle is equiaffine, equations and are satisfied. The proof
of Lemma shows that as = a7 = 0 imply equations Vg(X1, X7,X1) =0
and Vg(Xsg, X9, Xo) = 0. Moreover we have Vg(Xa, X1, X1) = —2a6 = 0 and
vg(Xl,XQ,XQ) = —2&3 = 0. Thus Vg =0.

We then prove the implication from 2) to 3). Since Vg = 0 means that
V = @, and further, K = 0, we immediately obtain Az = 0.

To prove the last statement assume that Vg = 0. Rewrite the definition
of the tensor 7, using o as the transversal bundle. Then we have n(X,Y) =
RY(X,Y)& + h%(X,Y)&, whence opy C o which also implies the equality
between the two bundles. The proof of the theorem has been completed. [

We see that the bundle o is holomorphic because we can take a holomor-
phic transversal bundle and holomorphic null frames in its construction done
in the proof of Lemma. As a result we get a holomorhic transversal frame
spanning og.

At the end we remark that there are nondegenerate surfaces that do not

satisfy the condition Ajz = 0. The surface z(u,v) = (u,u?, uv,uv?) is an
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example. Thus the Klingenberg equiaffine transversal bundle does not exist on
every nondegenerate complex surface in C*.
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