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ÄÎ„Â·ÓË‰˚ ãË ‚ÓÁÌËÍ‡˛Ú Í‡Í ËÌÙËÌËÚÂÁË-
Ï‡Î¸Ì˚Â Ó·˙ÂÍÚ˚ ‰Îfl „ÛÔÔÓË‰Ó‚ ãË, „Î‡‚Ì˚ı
‡ÒÒÎÓÂÌËÈ, ‚ÂÍÚÓÌ˚ı ‡ÒÒÎÓÂÌËÈ ([1], ÒÏ. Ú‡ÍÊÂ
[2, 3]), Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓ ÔÓÎÌ˚ı ÒÎÓÂÌËÈ (íë-ÒÎÓÂ-
ÌËÈ), ÌÂÁ‡ÏÍÌÛÚ˚ı ÔÓ‰„ÛÔÔ ãË [4], ÏÌÓ„ÓÓ·‡ÁËÈ
èÛ‡ÒÒÓÌ‡ Ë ‰. àı ‡Î„Â·‡Ë˜ÂÒÍËÂ ‡Ì‡ÎÓ„Ë ËÁ‚Â-
ÒÚÌ˚ Í‡Í ÔÒÂ‚‰Ó‡Î„Â·˚ ãË, Ì‡Á˚‚‡ÂÏ˚Â Ú‡ÍÊÂ
‡Î„Â·‡ÏË ãË–ê‡ÈÌı‡Ú‡.

ÄÎ„Â·ÓË‰ ãË Ì‡ ÏÌÓ„ÓÓ·‡ÁËË å ÒÓÒÚÓËÚ ËÁ
ÚÓÈÍË L
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ÒÎÓÂÌËÂ Ì‡ ÏÌÓ„ÓÓ·‡ÁËË M
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 →
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, Ì‡Á˚‚‡-
ÂÏÓÂ ‡ÌÍÂÓÏ, fl‚ÎflÂÚÒfl ÎËÌÂÈÌ˚Ï „ÓÏÓÏÓÙËÁ-
ÏÓÏ ‚ÂÍÚÓÌ˚ı ‡ÒÒÎÓÂÌËÈ, ‰Îfl ÍÓÚÓÓ„Ó ‚˚ÔÓÎ-
ÌflÂÚÒfl ÛÒÎÓ‚ËÂ ãÂÈ·ÌËˆ‡

ÄÌÍÂ ÒÓı‡ÌflÂÚ ÓÔÂ‡ˆË˛ ÍÓÏÏÛÚËÓ‚‡ÌËfl
ÒÂ˜ÂÌËÈ, 
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°
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] [5]. ÄÎ·Â·ÓË‰ ãË

Ì‡Á˚‚‡ÂÚÒfl Ú‡ÌÁËÚË‚Ì˚Ï ‡Î„Â·ÓË‰ÓÏ, ÂÒÎË ‡Ì-
ÍÂ 

 

γL

 

 fl‚ÎflÂÚÒfl ÔÓÒÎÓÈÌ˚Ï ˝ÔËÏÓÙËÁÏÓÏ. ÑÎfl
Ú‡ÌÁËÚË‚Ì˚ı ‡Î„Â·ÓË‰Ó‚ ãË ËÏÂÂÚ ÏÂÒÚÓ ÚÓ˜Ì‡fl
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 Ó·‡ÁÛÂÚ ‚ÂÍÚÓ-
ÌÓÂ ‡ÒÒÎÓÂÌËÂ, fl‚Îfl˛˘ÂÂÒfl ‡ÒÒÎÓÂÌËÂÏ ‡Î„Â·
ãË. ùÚÓ ‡ÒÒÎÓÂÌËÂ Ì‡Á˚‚‡ÂÚÒfl ÔËÒÓÂ‰ËÌÂÌÌ˚Ï
Í ‡ÒÒÎÓÂÌË˛ L
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 ÒÎÛÊËÚ ‡Î„Â·‡ ãË Ò ÂÒÚÂÒÚ‚ÂÌÌÓÈ
ÓÔÂ‡ˆËÂÈ ÍÓÏÏÛÚËÓ‚‡ÌËfl. ÄÎ„Â·‡ ãË 

 

gx

 

 Ì‡Á˚-
‚‡ÂÚÒfl ËÁÓÚÓÔÌÓÈ ‡Î„Â·ÓÈ ãË ‡Î„Â·ÓË‰‡ L
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. ã˛·ÓÈ Ú‡ÌÁËÚË‚Ì˚È ‡Î„Â·ÓË‰ ãË
L

 

 Ì‡ ÒÚfl„Ë‚‡ÂÏÓÏ ÏÌÓ„ÓÓ·‡ÁËË å ËÁÓÏÓÙÂÌ
ÚË‚Ë‡Î¸ÌÓÏÛ ‡Î„Â·ÓË‰Û ãË [6], [7].
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) ÂÒÚ¸ ÔÓÒÚ‡ÌÒÚ‚Ó
G

 

-Ô‡‚ÓËÌ‚‡Ë‡ÌÚÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÙÓÏ
Ì‡ P

 

, ‡ HL

 

(M

 

)

 

 ≅ H

 

(

 

Ωr

 

(P

 

)). ÉÓÏÓÏÓÙËÁÏ i

 

 fl‚ÎflÂÚÒfl
ËÁÓÏÓÙËÁÏÓÏ ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ „ÛÔÔ‡ G Ò‚flÁ‡Ì‡ Ë
ÍÓÏÔ‡ÍÚÌ‡.

ç‡Ò ·Û‰ÛÚ ËÌÚÂÂÒÓ‚‡Ú¸ Ú‡ÌÁËÚË‚Ì˚Â ‡Î„Â·-
ÓË‰˚ ãË, ‡Î„Â·‡ ÍÓ„ÓÏÓÎÓ„ËÈ HL(M) ÍÓÚÓ˚ı
ÒÌ‡·ÊÂÌ‡ ‰‚ÓÈÒÚ‚ÂÌÌÓÒÚ¸˛ èÛ‡ÌÍ‡Â [8]. í‡ÌÁË-
ÚË‚Ì˚Â ÛÌËÏÓ‰ÛÎflÌ˚Â, ËÌ‚‡Ë‡ÌÚÌÓ ÓËÂÌÚËÓ-
‚‡ÌÌ˚Â (TUIO) ‡Î„Â·ÓË‰˚ ãË [9] fl‚Îfl˛ÚÒfl ÔË-
ÏÂ‡ÏË Ú‡ÍËı ‡Î„Â·ÓË‰Ó‚. èÛÒÚ¸ ε ∈ Sec ∧n g ÂÒÚ¸
ÌÂÍÓÚÓ‡fl ÓËÂÌÚËÛ˛˘‡fl ÙÓÏ‡ ‡ÒÒÎÓÂÌËfl g.
îÛÌ‰‡ÏÂÌÚ‡Î¸ÌÛ˛ ÓÎ¸ Ë„‡ÂÚ ÔÓÒÎÓÈÌ˚È ËÌÚÂ„-

‡Î [9] : (M) → (M) , ÍÓÚÓ˚È ÔË‚Ó-

‰ËÚ Í „ÓÏÓÏÓÙËÁÏÛ ‚ ÍÓ„ÓÏÓÎÓ„Ëflı

è  Ë Ï Â  ˚. 1. ÄÎ„Â·ÓË‰ ãË A(P) „Î‡‚ÌÓ„Ó G-
‡ÒÒÎÓflÌËfl P → M fl‚ÎflÂÚÒfl TUIO-‡Î„Â·ÓË‰ÓÏ
ãË [9] ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ „ÛÔÔ‡ G Ó·Î‡‰‡ÂÚ Ò‚ÓÈÒÚ-
‚ÓÏ: det(AdGa) = +1, a ∈ G.

2. ÄÎ„Â·ÓË‰ ãË Ä(M; ^) Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓ Ô‡-
‡ÎÎÂÎËÁÛÂÏÓ„Ó ÒÎÓÂÌËfl Ì‡ ÍÓÏÔ‡ÍÚÌÓÏ Ó‰ÌÓ-
Ò‚flÁÌÓÏ ÏÌÓ„ÓÓ·‡ÁËË fl‚ÎflÂÚÒfl TUIO-‡Î„Â·ÓË-
‰ÓÏ ãË.

3. ÄÎ„Â·ÓË‰ ãË A(G, H) ÌÂÍÓÚÓÓÈ ÌÂÁ‡ÏÍÌÛ-
ÚÓÈ ÔÓ‰„ÛÔÔ˚ ãË H Ò „ÛÔÔÂ ãË G (Ú.Â. ‡Î„Â·ÓË‰
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äÛ·‡ÒÍË, åË˘ÂÌÍÓ

ÒÎÓÂÌËfl ÎÂ‚˚ı ÍÎ‡ÒÒÓ‚ ÒÏÂÊÌÓÒÚË ÔÓ‰„ÛÔÔ˚ H ‚
„ÛÔÔÂ G) fl‚ÎflÂÚÒfl TUIO-‡Î„Â·ÓË‰ÓÏ ãË. èË
˝ÚÓÏ ÔËÒÓÂ‰ËÌÂÌÌÓÂ ‡ÒÒÎÓÂÌËÂ ‡Î„Â· ãË ̋ ÚÓ„Ó
‡Î„Â·ÓË‰‡ ãË A(G; H) fl‚ÎflÂÚÒfl ÚË‚Ë‡Î¸Ì˚Ï
‡ÒÒÎÓÂÌËÂÏ ‡·ÂÎÂ‚˚ı ‡Î„Â· ãË [4].

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÏÌÓ„ÓÓ·‡ÁËÂ M Ò‚flÁÌÓ Ë
ÓËÂÌÚËÓ‚‡ÌÌÓ. íÓ„‰‡ ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ
èÛ‡ÌÍ‡Â

fl‚ÎflÂÚÒfl ÌÂ‚˚ÓÊ‰ÂÌÌ˚Ï, Ú.Â. HL(M) ≅ (HL, c(M))*.

Ç ÒÎÛ˜‡Â, ÍÓ„‰‡ ÏÌÓ„ÓÓ·‡ÁËÂ å fl‚ÎflÂÚÒfl ÍÓÏ-
Ô‡ÍÚÌ˚Ï Ò‚flÁÌ˚Ï ÓËÂÌÚËÓ‚‡ÌÌ˚Ï ÏÌÓ„ÓÓ·‡-
ÁËÂÏ Ë m + n = 4k, ÔÓÎÛ˜‡ÂÚÒfl ÒËÏÏÂÚË˜ÂÒÍ‡fl Í‚‡-
‰‡ÚË˜Ì‡fl ÙÓÏ‡ Ì‡ ÍÓ„ÓÏÓÎÓ„Ëflı, Ë ÂÂ ÒË„Ì‡ÚÛ‡
Ó·ÓÁÌ‡˜‡ÂÚÒfl ˜ÂÂÁ Signε(L) Ë Ì‡Á˚‚‡ÂÚÒfl ÒË„Ì‡-
ÚÛÓÈ ‡Î„Â·ÓË‰‡ L. Ç ÓÒÚ‡Î¸Ì˚ı ÒÎÛ˜‡flı (Ú.Â.
ÍÓ„‰‡ m + n ≠ 0 (mod 4)) ÔÓ ÓÔÂ‰ÂÎÂÌË˛ ÔÓÎ‡„‡ÂÏ
Signε(L) = 0.

Ç ‡·ÓÚÂ [8] ·˚Î‡ ÔÓÒÚ‡‚ÎÂÌ‡ Á‡‰‡˜‡ ‚˚˜ËÒÎÂ-
ÌËfl ÒË„Ì‡ÚÛ˚ Signε(L) Ë Ì‡ıÓÊ‰ÂÌËfl ÛÒÎÓ‚Ëfl, ÔË
ÍÓÚÓ˚ı ˝Ú‡ ÒË„Ì‡ÚÛ‡ ÚË‚Ë‡Î¸Ì‡, Signε(L) = 0.

ÑÎfl ËÁÛ˜ÂÌËfl ÒË„Ì‡ÚÛ˚ ‡Î„Â·ÓË‰‡ L Ï˚ ËÒ-
ÔÓÎ¸ÁÛÂÏ ÚÂıÌËÍÛ ÒÔÂÍÚ‡Î¸Ì˚ı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓÒÚÂÈ ÍÓÏÔÎÂÍÒ‡ óÂı‡–‰Â ê‡Ï‡ K**, ‰ËÙÙÂÂÌ-
ˆË‡Î¸Ì˚ı ÙÓÏ ‡Î„Â·ÓË‰‡ L, ‡Ì‡ÎÓ„Ë˜ÌÓ„Ó ÍÓÏ-
ÔÎÂÍÒÛ óÂı‡–‰Â ê‡Ï‡ ‰Îfl ÏÌÓ„ÓÓ·‡ÁËfl, Ë
‚ÓÒÔÓÎ¸ÁÛÂÏÒfl ËÁ‚ÂÒÚÌ˚ÏË ÏÂÚÓ‰‡ÏË Ë ÛÚ‚ÂÊ‰Â-
ÌËflÏË ËÁ ‡·ÓÚ˚ [10].

ê‡ÒÒÏÓÚËÏ ÔÓËÁ‚ÓÎ¸Ì˚È Ú‡ÌÁËÚË‚Ì˚È ‡Î-
„Â·ÓË‰ ãË L Ì‡ ÏÌÓ„ÓÓ·‡ÁËË M Ò ËÁÓÚÓÔÌ˚ÏË
‡Î„Â·‡ÏË ãË g|x, ÍÓÚÓ˚Â ËÁÓÏÓÙÌ˚ ‰‡ÌÌÓÈ ‡Î-

„Â·Â ãË g. ÖÒÎË ÓÚÍ˚ÚÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó U ⊂ M
‰ËÙÙÂÓÏÓÙÌÓ Â‚ÍÎË‰Ó‚Û ÔÓÒÚ‡ÌÒÚ‚Û Rm, ÚÓ
Ó„‡ÌË˜ÂÌËÂ L|U ‡Î„Â·ÓË‰‡ L Ì‡ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó U
fl‚ÎflÂÚÒfl ÚË‚Ë‡Î¸Ì˚Ï ‡Î„Â·ÓË‰ÓÏ ãË, ÚÓ˜ÌÂÂ,
ËÁÓÏÓÙÌÓ ÚË‚Ë‡Î¸ÌÓÏÛ ‡Î„Â·ÓË‰Û TU × g.
é·ÓÁÌ‡˜ËÏ ‰Îfl Í‡ÚÍÓÒÚË ‡Î„Â·Û ÍÓ„ÓÏÓÎÓ„ËÈ

(U) ̃ ÂÂÁ HL(U). ëÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ ä˛ÌÌÂÚ‡,

ËÏÂÂÏ (ÒÏ. [8])

ê‡ÒÒÏÓÚËÏ Ú‡Í Ì‡Á˚‚‡ÂÏÓÂ ıÓÓ¯ÂÂ ÔÓÍ˚-
ÚËÂ U = {(Uα}α ∈ J ÏÌÓ„ÓÓ·‡ÁËfl M, Ú.Â. ÍÓ„‰‡ ‚ÒÂ
ÏÌÓÊÂÒÚ‚‡ ÔÓÍ˚ÚËfl Uα Ë ‚ÒÂ Ëı ÌÂÔÛÒÚ˚Â ÍÓÌÂ˜-

Ì˚Â ÔÂÂÒÂ˜ÂÌËfl  ‰ËÙÙÂÓÏÓÙÌ˚ Â‚ÍÎË-

‰Ó‚Û ÔÓÒÚ‡ÌÒÚ‚Û Rm. é·‡ÁÛÂÏ ‰‚ÓÈÌÓÈ ÍÓÏ-
ÔÎÂÍÒ ÚËÔ‡ óÂı‡–‰Â ê‡Ï‡

HL* M( ) HL c,
m n *–+

M( ) R,→×

α β,( ) ° α β∧
L

#

∫ α β∧
L

∫ 
 
 

M

∫= /

HL|U

HL U( ) H g( ) H U( ) H g( ).≅⊗≅

Uαi
i

∩

p, q ≥ 0, Ò ÂÒÚÂÒÚ‚ÂÌÌÓÈ ÏÛÎ¸ÚËÔÎËÍ‡ÚË‚ÌÓÈ ÒÚÛÍ-
ÚÛÓÈ ∪: Kp, q × Kr, s → Kp + r,  q + s.

ùÚÓÚ ÍÓÏÔÎÂÍÒ ËÏÂÂÚ ‰‚‡ ÂÒÚÂÒÚ‚ÂÌÌ˚ı „‡-
ÌË˜Ì˚ı „ÓÏÓÏÓÙËÁÏ‡: „ÓËÁÓÌÚ‡Î¸Ì˚È d Ë ‚Â-
ÚËÍ‡Î¸Ì˚È δ. ÉÓËÁÓÌÚ‡Î¸Ì˚È „ÓÏÓÏÓÙËÁÏ d:

Cp(U, ) → Cp(U, ) ‰ÂÈÒÚ‚ÛÂÚ Í‡Í ‚ÌÂ¯ÌÂÂ

‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÙÓÏ
Ì‡ ‡Î„Â·ÓË‰Â L: d = (–1)pdL. ÇÂÚËÍ‡Î¸Ì˚È „ÓÏÓ-

ÏÓÙËÁÏ δ: Cp(u, ) → Cp + 1(U, ) ‰ÂÈÒÚ‚ÛÂÚ

Í‡Í ÍÓ„‡ÌË˜Ì˚È ÓÔÂ‡ÚÓ ‚ ÍÓˆÂÔflı ÔÓÍ˚ÚËfl

ÉÓÏÓÏÓÙËÁÏ˚ d Ë δ fl‚Îfl˛ÚÒfl ‡ÌÚË‰ËÙÙÂÂÌ-
ˆËÓ‚‡ÌËflÏË ÒÚÂÔÂÌË +1 ÔÓ ÓÚÌÓ¯ÂÌË˛ Í ÒÛÏÏ‡-
ÌÓÈ „‡‰ÛËÓ‚ÍÂ. èÓ˝ÚÓÏÛ Ì‡·Ó (K, Kp, q, ∪, d, δ)
Ó·‡ÁÛÂÚ ‰‚ÓÈÌÓÈ ÍÓÏÔÎÂÍÒ ÔÂ‚Ó„Ó Í‚‡‰‡ÌÚ‡ Ò
ÏÛÎ¸ÚËÔÎËÍ‡ÚË‚ÌÓÈ ÒÚÛÍÚÛÓÈ. ëÛÏÏ‡Ì˚È ÓÔÂ-
‡ÚÓ D = d + δ ÚÓÊÂ fl‚ÎflÂÚÒfl ‡ÌÚË‰ËÙÙÂÂÌˆË-
Ó‚‡ÌËÂÏ. äÓÏÔÎÂÍÒ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÙÓÏ
‡Î„Â·ÓË‰‡ ‚ÍÎ‡‰˚‚‡ÂÚÒfl ‚ ‰‚ÓÈÌÓÈ ÍÓÏÔÎÂÍÒ K,

r:  → K0, * ⊂ K(*) Ë ÔÓÓÊ‰‡ÂÚ „ÓÏÓÏÓÙËÁÏ

ÍÓ„ÓÏÓÎÓ„ËÈ r#: (M) → H(*)(K, D).

Ä„ÛÏÂÌÚËÓ‚‡ÌÌ‡fl ÒÚÓÍ‡ ‚ ‰‚ÓÈÌÓÏ ÍÓÏ-
ÔÎÂÍÒÂ

fl‚ÎflÂÚÒfl ÚÓ˜ÌÓÈ. ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÚ‡Ì‰‡ÚÌÓ ÔÓ-
ÎÛ˜‡ÂÚÒfl ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡Á·ËÂÌËfl Â‰ËÌËˆ˚
{ρα}, ÔÓ‰˜ËÌÂÌÌÓ„Ó ÔÓÍ˚ÚË˛ U = {Uα}, Ë ÓÔÂ‡-

ÚÓ‡ ˆÂÔÌÓÈ „ÓÏÓÚÓÔËË H: Kp,  q → Kp – 1, q,

(Hω  = . ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

„ÓÏÓÏÓÙËÁÏ r#: (M) → H(*)(K, D) fl‚ÎflÂÚÒfl

ËÁÓÏÓÙËÁÏÓÏ „‡‰ÛËÓ‚‡ÌÌ˚ı ‡Î„Â· ÍÓ„ÓÏÓ-
ÎÓ„ËÈ.

ê‡ÒÒÏÓÚËÏ Û·˚‚‡˛˘Û˛ ÙËÎ¸Ú‡ˆË˛ Kj =

= Kp, q. ëÓ„Î‡ÒÌÓ Ó·˘ÂÈ ÍÓÌÒÚÛÍˆËË ÒÔÂÍ-

Ú‡Î¸ÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË (ÒÏ, Ì‡ÔËÏÂ, [11,
1.4.2]), ‰Îfl ÛÍ‡Á‡ÌÌÓÈ ÙËÎ¸Ú‡ˆËË ÏÓÊÌÓ ÔÓÒÚÓ-
ËÚ¸ ÒÔÂÍÚ‡Î¸ÌÛ˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ „‡‰ÛËÓ-

‚‡ÌÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÍÓÎÂˆ ( , ds), ds:

 →  ‰Îfl ÍÓÚÓ˚ı  = H( , ds),

ÔË˜ÂÏ ÍÓÎ¸ˆÓ  ÔËÒÓÂ‰ËÌÂÌÓ Í ÍÓÎ¸ˆÛ ÍÓ„Ó-

K
p q,

C
p

U ΩL

q,( ) :=  ΩL

q
Uα0…αp( ),

α0 … αp< <
∏=

ΩL

q ΩL

q 1+

ΩL

q ΩL

q

δω( )α0…αp 1+
1–( )iωα0…ι̂…αp 1+

Uα0…αp 1+
.

i 0=

p 1+

∑=

ΩL
*

HL*

δδr
0 ΩL

q
M( ) K

0 q,
K

1 q, …→ → → →

)α0…αp 1–
ρα ωαα0…αp 1–

⋅α∑
HL*

p j q 0≥,≥
∩⊕

Es
p q,

Es
p q,

Es
p s q s– 1+,+

Es 1+

p q,
Es
p q,

E∞
p q,
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ÏÓÎÓ„ËÈ H (K, d) ÔÓ ÓÚÌÓ¯ÂÌË˛ Í ÙËÎ¸Ú‡ˆËË,
ËÌ‰ÛˆËÓ‚‡ÌÌÓÈ ÙËÎ¸Ú‡ˆËÂÈ {Kj}

èÂ‚˚Â ‰‚‡ ˜ÎÂÌ‡ ÒÔÂÍÚ‡Î¸ÌÓÈ ÔÓÒÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓÒÚË (Es, ds) ‚˚„Îfl‰flÚ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

(  = Kp, q = Cp(U, ), d0 = d = (–1)jdL;  =

= Hp, q(K, d) = Cp(U, ), d1 = δ#:  → , „‰Â

 = (U ° (U)) ÂÒÚ¸ ÔÂ‰ÔÛ˜ÓÍ ÍÓ„ÓÏÓÎÓ„ËÈ

ÚËÔ‡ ãÂÂ, fl‚Îfl˛˘ËÈÒfl ÎÓÍ‡Î¸ÌÓ-ÔÓÒÚÓflÌÌ˚Ï
ÔÛ˜ÍÓÏ Ì‡ ıÓÓ¯ÂÏ ÔÓÍ˚ÚËË ÒÓ ÁÌ‡˜ÂÌËÂÏ ‚
„ÛÔÔÂ (ÚÓ˜ÌÂÂ, ‚ ‡Î„Â·Â) H*(g). ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
‚ÚÓÓÈ ˜ÎÂÌ ÒÔÂÍÚ‡Î¸ÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË

 ‚˚˜ËÒÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ

Ç ÔËÒÓÂ‰ËÌÂÌÌÓÏ ‡ÒÒÎÓÂÌËË g ÒÓ ÒÎÓÂÏ ËÁÓ-
ÚÓÔÌ‡fl ‡Î„Â·‡ ãË g ÙÛÌÍˆËË ÒÍÎÂÈÍË λx Ì‡ ÔÂ-
ÂÒÂ˜ÂÌËË Í‡Ú fl‚Îfl˛ÚÒfl ÌÂÔÂ˚‚Ì˚ÏË ÙÛÌÍ-
ˆËflÏË ÒÓ ÁÌ‡˜ÂÌËÂÏ ‚ ÒÚÛÍÚÛÌÓÈ „ÛÔÔÂ Aut(g),
ÚÓÔÓÎÓ„Ëfl ‚ ÍÓÚÓÓÈ ÓÚÎË˜Ì‡ ÓÚ ÍÎ‡ÒÒË˜ÂÒÍÓÈ Ë
Á‡‰‡ÂÚÒfl ÔÓ ÒÎÂ‰Û˛˘ÂÏÛ Ô‡‚ËÎÛ. èÛÒÚ¸ ϕ ∈
Aut(g) – ÔÓËÁ‚ÓÎ¸Ì˚È ‡‚ÚÓÏÓÙËÁÏ ‡Î„Â·˚ ãË
g, ‡ ϕ*: H*(g) → H*(g) Ó·ÓÁÌ‡˜‡ÂÚ ËÌ‰ÛˆËÓ‚‡Ì-
Ì˚È ‡‚ÚÓÏÓÙËÁÏ „ÛÔÔ ÍÓ„ÓÏÓÎÓ„ËÈ. óÂÂÁ Au-
th(g) Ó·ÓÁÌ‡˜ËÏ ÒÚ‡ˆËÓÌ‡ÌÛ˛ ÔÓ‰„ÛÔÔÛ ‰ÂÈÒÚ-
‚Ëfl ‚ ÍÓ„ÓÏÓÎÓ„Ëflı, Ú.Â. ÔÓ‰„ÛÔÔÛ Ú‡ÍËı ‡‚ÚÓ-
ÏÓÙËÁÏÓ‚ ϕ ∈ Aut(g), ‰Îfl ÍÓÚÓ˚ı ϕ* = Id.
àÁÏÂÌËÏ ÚÓÔÓÎÓ„Ë˛ ‚ „ÛÔÔÂ Aut(g), ‰Ó·‡‚Ë‚ Í
ÓÚÍ˚Ú˚Ï ÏÌÓÊÂÒÚ‚‡Ï Â˘Â Ó‰ÌÓ – ÔÓ‰„ÛÔÔÛ Au-
th(g). ÉÛÔÔÛ Aut(g) Ò ÌÓ‚ÓÈ ÚÓÔÓÎÓ„ËÂÈ Ó·ÓÁÌ‡-

˜ËÏ ˜ÂÂÁ Auts(g). üÒÌÓ, ˜ÚÓ Ù‡ÍÚÓ-„ÛÔÔ‡ Au-

ts(g)/Auth(g) fl‚ÎflÂÚÒfl ‰ËÒÍÂÚÌÓÈ „ÛÔÔÓÈ, ‡ ‡Ò-
ÒÎÓÂÌËÂ H*(g) fl‚ÎflÂÚÒfl ÔÎÓÒÍËÏ ‡ÒÒÎÓÂÌËÂÏ, Ú.Â.
‚ÒÂ ÙÛÌÍˆËË ÒÍÎÂÈÍË fl‚Îfl˛ÚÒfl ÎÓÍ‡Î¸ÌÓ-ÔÓÒÚÓ-
flÌÌ˚ÏË ÙÛÌÍˆËflÏË.

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÔÂ‰ÔÛ˜ÓÍ  fl‚ÎflÂÚÒfl

ÔÓÒÚÓflÌÌ˚Ï Ì‡ ÌÂÍÓÚÓÓÏ ıÓÓ¯ÂÏ ÔÓÍ˚ÚËË u,
Ú.Â. ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ÏÓÌÓ‰ÓÏËË ÙÛÌ‰‡ÏÂÌÚ‡Î¸-
ÌÓÈ „ÛÔÔ˚ ÏÌÓ„ÓÓ·‡ÁËfl å ‰Îfl ÔËÒÓÂ‰ËÌÂÌÌÓ-
„Ó ‡ÒÒÎÓflÌËfl ËÁÓÚÓÔÌ˚ı ‡Î„Â· ãË ÚË‚Ë‡Î¸ÌÓ.
íÓ„‰‡

ã Â Ï Ï ‡ 1. [10]. ÖÒÎË ‰ËÙÙÂÂÌˆË‡Î¸Ì‡fl „‡-
‰ÛËÓ‚‡ÌÌ‡fl ‡Î„Â·‡ (A*, ∪, d) fl‚ÎflÂÚÒfl ‡Î„Â·-
ÓÈ èÛ‡ÌÍ‡Â, ‰ËÙÙÂÂÌˆË‡Î ÍÓÚÓÓÈ fl‚ÎflÂÚÒfl
‰ËÙÙÂÂÌˆË‡ÎÓÏ èÛ‡ÌÍ‡Â, ÚÓ ÂÂ „‡‰ÛËÓ‚‡Ì-
Ì‡fl ‡Î„Â·‡ ÍÓ„ÓÏÓÎÓ„ËÈ (H* (A), ∪) fl‚ÎflÂÚÒfl ‡Î-
„Â·ÓÈ èÛ‡ÌÍ‡Â ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ„Ó ÊÂ ˝ÎÂÏÂÌ-

Ú‡ 0 ≠ ξ ∈  = (A, d) Ë ‚˚ÔÓÎÌÂÌÓ ‡‚ÂÌÒÚ‚Ó
SighA = SignH(A).

E0

p q, ΩL

q
E1

p q,

*L

q
E1

p q,
E1

p 1 q,+

*L
* HL*

Es
j i,

E2

p q,
H
p q,
H K D,( ) δ#,( ) H

δ#

j
U *L

q,( ).= =

*L
*

E2

j i,
H

δ#

i
U *L

i,( ) H
i

U H
i

g( ),( ) ≅≅=

≅ H i U R,( ) H
i

g( ) HdR
i
M( ) H

i
g( ).⊗≅⊗

A
n0

H
n0

éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÂÒÎË L ÂÒÚ¸ Ú‡ÌÁËÚË‚Ì˚È
‡Î„Â·ÓË‰ ãË Ì‡ ÍÓÏÔ‡ÍÚÌÓÏ ÓËÂÌÚËÓ‚‡ÌÌÓÏ
ÏÌÓ„ÓÓ·‡ÁËË å, Û ÍÓÚÓÓ„Ó ËÁÓÚÓÔÌ˚Â ‡Î„Â·-
˚ ãË g|x ≅ g ÛÌËÏÓ‰ÛÎflÌ˚, ‡ ÏÓÌÓ‰ÓÏËfl ‚ ÍÓ-
„ÓÏÓÎÓ„Ëflı ÔËÒÓÂ‰ËÌÂÌÌÓ„Ó ‡ÒÒÎÓÂÌËfl g ËÁÓ-
ÚÓÔÌ˚ı ‡Î„Â· ãË ÚË‚Ë‡Î¸Ì‡, ÚÓ ‰Îfl ÒÔÂÍÚ‡Î¸-
ÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ıÓÓ¯Â„Ó ÔÓÍ˚ÚËfl
ËÏÂ˛Ú ÏÂÒÚÓ ‡‚ÂÌÒÚ‚‡

éÒÚ‡ÎÓÒ¸ ‰ÓÍ‡Á‡Ú¸ ‡‚ÂÌÒÚ‚Ó SignE∞ =
SignHL(M), ÍÓÚÓÓÂ ÒÎÂ‰ÛÂÚ ËÁ Ò‡‚ÌÂÌËfl Û·˚‚‡-
˛˘ÂÈ ÙËÎ¸Ú‡ˆËË Ò ÔËÒÓÂ‰ËÌÂÌÌÓÈ „‡‰ÛËÓ‚-
ÍÓÈ. Ç ÂÁÛÎ¸Ú‡ÚÂ ËÏÂÂÚ ÏÂÒÚÓ ÒÎÂ‰Û˛˘‡fl

í Â Ó  Â Ï ‡ 2 (ÚÂÓÂÏ‡ óÂÌ‡–ïËˆÂ·Ûı‡–
ëÂ‡ ‰Îfl Ú‡ÌÁËÚË‚Ì˚ı ‡Î„Â·ÓË‰Ó‚ ãË). èÛÒÚ¸
L – ÔÓËÁ‚ÓÎ¸Ì˚È Ú‡ÌÁËÚË‚Ì˚È ÛÌËÏÓ‰ÛÎfl-
Ì˚È ËÌ‚‡Ë‡ÌÚÌÓ ÓËÂÌÚËÓ‚‡ÌÌ˚È ‡Î„Â·ÓË‰
ãË Ì‡ ÍÓÏÔ‡ÍÚÌÓÏ ÓËÂÌÚËÓ‚‡ÌÌÓÏ Ò‚flÁÌÓÏ
ÏÌÓ„ÓÓ·‡ÁËË, Û ÍÓÚÓÓ„Ó ËÁÓÚÓÔÌ‡fl ‡Î„Â·‡
ãË ‡‚Ì‡ g, ‡ „ÛÔÔ‡ ÏÓÌÓ‰ÓÏËÈ ÚË‚Ë‡Î¸Ì‡.
íÓ„‰‡

Ç ˜‡ÒÚÌÓÒÚË, ÚÂÓÂÏ‡ 2 ‚˚ÔÓÎÌflÂÚÒfl ‚ ÒÎÂ‰Û˛-
˘Ëı ÒÎÛ˜‡flı:

1) ÏÌÓ„ÓÓ·‡ÁËÂ å fl‚ÎflÂÚÒfl Ó‰ÌÓÒ‚flÁÌ˚Ï,

2) ËÁÓÚÓÔÌ‡fl ‡Î„Â·‡ ãË g ÂÒÚ¸ ÔÓÒÚ‡fl ‡Î„Â-
·‡ Ó‰ÌÓ„Ó ËÁ ÚËÔÓ‚ Bl, Cl, E7, E8, F4, G2 (ÒÏ. [12, ‰Ó-
·‡‚ÎÂÌËÂ Ñ. 8]),

3) ÔËÒÓÂ‰ËÌÂÌÌÓÂ ‡ÒÒÎÓÂÌËÂ ‡Î„Â· ãË g
ÚË‚Ë‡Î¸ÌÓ ÔÓ ÓÚÌÓ¯ÂÌË˛ Í ÒÚÛÍÚÛÌÓÈ „ÛÔÔÂ
Auts(g). ç‡ÔËÏÂ, ÍÓ„‰‡ ‡Î„Â·ÓË‰ ãË A(G; H)
ÂÒÚ¸ ‡Î„Â·ÓË‰ ãË Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓ ÔÓÎÌÓ„Ó ÒÎÓÂ-
ÌËfl ÎÂ‚˚ı ÍÎ‡ÒÒÓ‚ ÒÏÂÊÌÓÒÚË ÌÂÁ‡ÏÍÌÛÚÓÈ ÔÓ‰-
„ÛÔÔ˚ ãË H ‚ ÔÓËÁ‚ÓÎ¸ÌÓÈ „ÛÔÔÂ ãË G.

èÓÎÌÓÂ ËÁÎÓÊÂÌËÂ ·Û‰ÂÚ ÓÔÛ·ÎËÍÓ‚‡ÌÓ ÔÓÁ-
ÊÂ, „‰Â ·Û‰ÂÚ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÒË„Ì‡ÚÛ‡ Ú‡ÌÁËÚË‚-
ÌÓ„Ó ÛÌËÏÓ‰ÛÎflÌÓ„Ó ‡Î„Â·ÓË‰‡ ãË ÚË‚Ë‡Î¸Ì‡
Ë ‚ ÒÎÛ˜‡Â ÍÓÌÂ˜ÌÓÈ ÏÓÌÓ‰ÓÏËË, ‡ Ú‡ÍÊÂ ÔË‚Â-
‰ÂÌ ÔËÏÂ ‡Î„Â·ÓË‰‡ ãË (Ò ·ÂÒÍÓÌÂ˜ÌÓÈ ÏÓÌÓ-
‰ÓÏËÂÈ) Ò ÌÂÚË‚Ë‡Î¸ÌÓÈ ÒË„Ì‡ÚÛÓÈ.

ê‡·ÓÚ‡ ·˚Î‡ ˜‡ÒÚË˜ÌÓ ÔÂ‰ÒÚ‡‚ÎÂÌ‡ Ì‡ åÂÊ-
‰ÛÌ‡Ó‰ÌÓÏ ÍÓÌ„ÂÒÒÂ Ï‡ÚÂÏ‡ÚËÍÓ‚ ‚ èÂÍËÌÂ (‡‚-
„ÛÒÚ 2002 „.)

èÂ‚˚È ‡‚ÚÓ ‡·ÓÚ‡Î ÔË ÔÓ‰‰ÂÊÍÂ „‡ÌÚ‡,
ÔËÒÛÊ‰ÂÌÌÓ„Ó Ù‡ÍÛÎ¸ÚÂÚÓÏ ÚÂıÌË˜ÂÒÍÓÈ ÙËÁË-
ÍË, ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ÚÂıÌËÍË Ë ÔËÍÎ‡‰ÌÓÈ Ï‡ÚÂ-
Ï‡ÚËÍË íÂıÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡ ãÓ‰ÁË (èÓÎ¸-
¯‡), ‚ÚÓÓÈ ‡‚ÚÓ – ÔË ˜‡ÒÚË˜ÌÓÈ ÔÓ‰‰ÂÊÍÂ
êÓÒÒËÈÒÍÓ„Ó ÙÓÌ‰‡ ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡-
ÌËÈ („‡ÌÚ 02−01−00574) Ë ÙÓÌ‰‡ “ìÌË‚ÂÒËÚÂÚ˚
êÓÒÒËË” (ÍÓÌÚ‡ÍÚ ìê.04.03.009).

0 SignM Signg⋅ SignE2 … SignE∞.= = = =

SignL SignE2 SignM Signg⋅ 0.= = =
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