Series Logo Volume 00, Number 00, Xxxx 19xx

TRANSITIVE LIE ALGEBROIDS OF RANK 1 AND LOCALLY CONFORMAL SYMPLECTIC STRUCTURES

ROMAN KADOBIANSKI, JAN KUBARSKI, VITALIJ KUSHNIREVITCH, AND ROBERT WOLAK

Abstract. The aim of the paper is the study of transitive Lie algebroids with the trivial 1-rank adjoint bundle of isotropy Lie algebras g ∼= M × R. We show that a locally conformal symplectic (l.c.s.) structure defines such a Lie algebroid, so our algebroids are a natural generalisation of l.c.s. structures. We prove that such a Lie algebroid has the Poincaré duality property for the Lie algebroid cohomology (TUIO-property) if and only if the top dimensional cohomology space is non trivial. Moreover, if an algebroid is defined by a l.c.s. structure, then this algebroid is a TUIO-Lie algebroid if and only if the associated l.c.s. structure is a globally conformal symplectic structure.

1. Introduction

Lie algebroids play important role in geometry. They appear as naturally associated to many well-known and important geometrical objects like G-principal fibre bundles, TC-foliations, Poisson and Jacobi manifolds or singular foliations, cf. [P], [M], [MO], [K1], [K2], [K3], [C-D-W], [K-S]. Moreover, a Lie algebroid is naturally associated to any Lie pseudogroup. The cohomology ring defined by a Lie algebroid is a suitable setting characteristic classes of such a geometrical structure - they generalise the classical theory of characteristic classes, cf. [K2], [K4], [K7], [C], [F]. Therefore, we think, that it is important to study the properties of this cohomology ring, in particular the Poincaré duality property. In this respect the second author proved the following theorem, [K6].

Received by the editors 12.02.2002.

2000 Mathematics Subject Classification. Primary 58H05; Secondary 22A30, 35F05, 37J05, 53C12, 55M05, 57R30.

Research work partially supported by KBN Grant PB 173/PO/97/13.

© 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page 1

2 KADOBIANSKI, KUBARSKI, KUSHNIREVITCH, AND WOLAK

Theorem 1.1. Let A = (A, [[·, ·]], γ) be a transitive Lie algebroid on a connected oriented m-manifold M and let 0 −→ g −→ A^γ−→ T M −→ 0. (1.1)

be the Atiyah sequence of A. Assume that (a) the isotropy Lie algebras g_{|x} are unimodular, (b) there exists a non-singular cross-section ε ∈ Sec ⋀_n g, n = rank g, invariant with respect to the adjoint representation;

then the family of bilinear homomorphisms

P^k : H^k_A (M) × H^{n+m−k}_{A,c} (M) −→ R, ([Φ] , [Ψ]) −→ ∫ M ∫ (A,ε) Φ ∧ Ψ, (k = 0, 1, ..., n+m) yields a Poincaré duality P : H_A (M)×H_{A,c} (M) → R (for the fibre integral ∫_{(A,ε)} , see [K5]). In particular, if M is, in addition, compact, then the cohomology algebra H^∗_A (M) of real Adifferential forms is finite-dimensional and satisfies the Poincaré duality.

The transitive Lie algebroid fulfilling properties (a) and (b) from the above theorem is called a TUIO-Lie algebroid [K5] (transitive unimodular invariantly oriented). For examples of TUIO-Lie algebroids of some principal bundles, nonclosed Lie subgroups and TP-foliations see [K6].

The second author discovered a very important fact that for the Lie algebroid A = A (M, F) associated to a TC-foliation F on a manifold M there is an isomorphism of differential graded algebras Ω (A (M, F)) ∼= Ω_b (M, F) [K6, Th.6.10]. Therefore the cohomology algebra H_{A(M,F)} (W ) of the Lie algebroid A (M, F) satisfies the Poincaré duality if and only if the basic cohomology of the foliated manifold (M, F) satisfies the Poincaré duality (W is the basic manifold of (M, F)). Additionally, in compact orientable case for q = codim F H^q (M/F) = H^q_{A(M,F)} (W ) = 0 or R.

The Poincaré property is a very important one for a transversely orientable Riemannian foliation F on a compact manifold M as the following conditions are equivalent [E-H], [K-T], [Ma] and [T]: (1) the basic cohomology H (M/F) satisfies the Poincaré duality; (2) H^q (M/F) ≠ 0;

(3) the foliation F is minimalizable.

It is well-known that on the total space B of the principal bundle B(M, SO(q); F) of orthonormal frames of the normal bundle of F there exists a foliation F_1 whose leaves are holonomy coverings of leaves of F.

LIE ALGEBROIDS AND LCS STRUCTURES 3

Moreover, this foliation is transversely parallelizable. Its codimension is equal to q + q (q − 1) /2 and H^q (M, F) = H^{q+q(q−1)/2} (B, F_1) , cf. [E-H-S]. Let A_{F1} the Lie algebroid of the foliation F_1. Combining the above results we have the following equivalence:

• The foliation F is minimalisable if and only if A_{F1} is a TUIO-Lie algebroid.

The epimorphy of the fibre integral ∫_{(A,ε)} : Ω^∗_{(A,ε)} (M) → Ω^{∗−n} (M) [K5, Prop.4.2.1(e) ] easily gives the following implication [K6] (by assuming the compactness and the orientability of M):

A is a T UIO-Lie algebroid =⇒ H^{n+m}_A (M) ≠ 0.

(1.2)

(Remark: Theorem 1.1 yields more: H^{n+m}_A (M) = R).

Open question. Can the implication in (1.2) be changed by the equivalence?

The paper is dedicated to the study of transitive Lie algebroids with the trivial 1-rank adjoint bundle of isotropy Lie algebras g ∼= M × R. We discover that a locally conformal symplectic structure defines such a Lie algebroid. We prove that this algebroid is a TUIO-Lie algebroid if and only if the associated l.c.s. structure is a globally conformal symplectic structure.

2. Main results

We recall [K2], [K5] that a connection λ : T M → A in a transitive Lie algebroid A determines a covariant derivative ∇ in the adjoint bundle g by the formula: ∇_X ν = [[λX, ν]], ν ∈ Sec g. If the structural Lie algebras g_{|x} are abelian, then to all connections λ there corresponds the same covariant derivative ∇ in g, called then canonical or characteristic, and ∇ is flat.

Each flat covariant derivative in g = M × R is of the form

∇_X f = ∂_X f + ω (X) · f

where ω is a closed 1-differentiable form on M. Such one closed forms define new cohomology operators, [G-L] and [H-R1].

According to the general structure theorem [K1], [M], we obtain: • Each transitive Lie algebroid on M with a trivial adjoint bundle g ∼= M × R is isomorphic to A = (M × R) ⨁ T M (2.1)

4 KADOBIANSKI, KUBARSKI, KUSHNIREVITCH, AND WOLAK

with γ = pr_2 : (M × R) ⨁ T M → T M as the anchor and the bracket [[·, ·]] in Sec A defined via some flat covariant derivative ∇ in M × R and a 2-form Ω ∈ Ω^2 (M) fulfilling the Bianchi identity ∇Ω = 0 in the following way [[(f, X) , (g, Y )]] = (−Ω (X, Y ) + ∇_X g − ∇_Y f, [X, Y ]) . The flat covariant derivative ∇ is then characteristic.

Therefore the condition ∇Ω = 0 is equivalent to dΩ = −ω∧Ω. Hence a transitive Lie algebroid with trivial adjoint bundle is determined by the following data: a closed 1-form ω and a 2-form Ω such that dΩ = −ω ∧ Ω. According to [H-R1] the pair (−ω, Ω) determinig Lie algebroid (2.1) it is precisely a locally conformal symplectic structure on our manifold provided that the 2-form Ω is non-degenerate. Therefore our transitive algebroid of rank 1 are a natural generalisation of the locally conformal symplectic structure. When the 1-form ω is exact the structure is called globally conformal symplectic. For more information about these structures see [G-L], [H-R1], [H-R2], [V].

Let α be any closed 1-form on M, it defines an operator (see [G-L] and [H-R1]) d^α : Ω^∗(M) −→ Ω^{∗+1}(M), γ −→ dγ + α ∧ γ. Oviously d^αd^α = 0 and the corresponding cohomology we denote by H^∗_α(M).

• If two forms α and α^′ are cohomologous in H^1_{DR}(M) then H^∗_α(M) is isomorphic to H^∗_α′ (M).

For completeness, we show this briefly. If α^′ = α +^{dφ}_φ , φ > 0, then the linear isomorphism on cycles Z_α → Z_α′ , γ →^γ_φ , transforms d^αexact forms into d^{α′} -exact forms giving an isomorphism on cohomology. Notice that, the inverse homomorphism is given by Z_α′ → Z_α, γ^′ → φγ^′ =^{γ′}_{1/φ} , and α = α^′ −^{dφ}_φ = α^′ +^{d(1/φ)}_{1/φ} . In particular if α is an exact form then H^∗_α(M) ∼= H^∗_{DR}(M).

The second fundamental theorem on d^α-cohomology is the following [it was discovered by [G-L], for a short elementary proof see [H-R1]]:

(G-L) if α is not exact ( M is connected and orientable, dim M = m, but M can be compact or not) then H^m_α (M) = 0, i.e. the following differential equation Δ = dγ + α ∧ γ has a global solution γ ∈ Ω^{m−1} (M) for each m-form Δ ∈ Ω^m (M) .

With this notation in mind, we prove the following theorem:

LIE ALGEBROIDS AND LCS STRUCTURES 5

Theorem 2.1. Let M be a connected orientable m-manifold. If ∇ is an flat covariant derivative in g =M × R and ∇_X f = ∂_X f + ω (X) · f for a closed 1-differential form ω ∈ Ω^1 (M) , then (a) the Lie algebroid A, see (2.1), is a TUIO-Lie algebroid if and only if the form ω is exact, in particular, if H^1 (M) = 0, then A is a TUIO-Lie algebroid, (b) H^{1+m}_A (M) = H^m_{−ω}(M), (c) H^{1+m}_{A,c} (M) = H^m_{−ω,c}(M),

The above theorem permits us to demonstrate our main result:

Theorem 2.2. Let M be a compact orientable m-manifold and let A be a transitive Lie algebroid with trivial 1-rank adjoint bundle of isotropy Lie algebras in g ∼= M × R. Then A is a TUIO-Lie algebroid if and only if H^{1+m}_A (M) ≠ 0.

Proof. We have only to demonstrate that the condition H^{1+m}_A (M) ≠ 0 implies that A is a TUIO-Lie algebroid. If H^{1+m}_A (M) ≠ 0 Theorem 2.1 ensures that H^m_{−ω}(M) ≠ 0. In that case the 1-form −ω must be exact as for non-exact 1-forms α H^m_α (M) = 0, cf. [G-L] and [H-R1]. So according to Theorem 2.1 as the form ω is exact, the Lie algebroid A is a TUIO-Lie algebroid.

For local conformally symplectic structures we have the following corollary:

Corollary 2.1. Let (ω, Ω) be locally conformal symplectic structure on M. Then the associated transitive Lie algebroid of rank 1 is a TUIOalgebroid if and only if the locally conformal symplectic structure is a global conformal symplectic structure.

3. Proof of theorem 2.1

First we have to show that the transitive Lie algebroid (2.1) described above is a TUIO-Lie algebroid if and only if ω is exact. If f is ad_Ainvariant, then f is ∇-constant and, by assuming that f is non-singular, we obtain ω = d(− ln(f)) and, conversely, if ω = d(f̃), then f = e^{−f̃} is a non-singular ad_A-invariant cross-section of g = M × R.

Denote by pr_1 : (M × R) ⨁ T M → M × R the projection onto the first factor. Let d_A be the exterior derivative of A-differential forms Ω_A (M) = Sec ⋀ A^⋆. For a homomorphism of Lie algebroids F : A^′ → A over t : M^′ → M the pullback of differential forms F^⋆ : Ω_A (M) → Ω_A′ (M^′) is defined by (F^⋆Ψ)_{|x} (v_1, ..., v_k) = Ψ_{|tx} (F v_1, ..., F v_k) and the following equalities F^⋆ (Ψ ∧ Φ) = F^⋆Ψ∧F^⋆Φ, F^⋆ (d_AΨ) = d_A′ (Ψ) hold.

6 KADOBIANSKI, KUBARSKI, KUSHNIREVITCH, AND WOLAK

Represent the algebra of A-differential forms for A = (M × R) ⨁ T M as the skew tensor product of the anticommutative graded algebras

Ω_A (M) = Sec (⋀ (M × R)^⋆ ⨂ ⋀ T^⋆M ) = ⋀ R^⋆ ⨂ Ω (M)

where ⋀ R^⋆ is the exterior algebra over a one-dimensional graded vector space (homogeneous of degree 1). Therefore each (k + 1)-form Φ^{k+1} ∈ Ω^{k+1}_A (M) has the unique representation of the form

Φ^{k+1} = 1 ⊗ φ^{k+1} + 1^⋆ ⊗ φ^k

(3.1)

where φ^k and φ^{k+1} are differential forms on M of degrees k and k + 1, respectively, and 1^⋆ =id_R. Clearly, 1 ⊗ φ^{k+1} = γ^⋆φ^{k+1} and 1^⋆ ⊗ φ^k = pr^⋆_1 (ε^⋆) ∧ γ^⋆φ^k for the cross-section ε^⋆ of M × R^⋆ defined by ε^⋆ (x) ≡1^⋆. The structure of the skew tensor product of the anticommutative graded algebras ⋀ R^⋆ and Ω (M) is given by ( 1 ⊗ φ^{k+1} + 1^⋆ ⊗ φ^k ) ∧ ( 1 ⊗ ψ^{l+1} + 1^⋆ ⊗ ψ^l ) = 1 ⊗ ( φ^{k+1} ∧ ψ^{l+1} ) + 1^⋆ ⊗ ( φ^k ∧ ψ^{l+1} + (−1)^{k+1} φ^{k+1} ∧ ψ^l ) . Via representation (3.1) we easily show that the differential d_A in ⋀ R^⋆ ⨂ Ω (M) is given by d_A ( 1 ⊗ φ^k + 1^⋆ ⊗ φ^{k−1} ) = 1 ⊗ ( dφ^k + Ω ∧ φ^{k−1} ) + 1^⋆ ⊗ ( ω ∧ φ^{k−1} − dφ^{k−1} ) . To see this, we have, at first, d_A ( 1 ⊗ φ^k ) = d_A ( γ^⋆φ^k ) = γ^⋆ ( dφ^k ) = 1 ⊗ dφ^k and d_A (1^⋆ ⊗ 1) = d_A (pr^⋆_1 (ε^⋆)) = 1 ⊗ Ω + 1^⋆ ⊗ ω;

indeed,

d_A (pr^⋆_1 (ε^⋆)) ((f, X) , (g, Y )) = ∂_X g − ∂_Y f − pr^⋆_1 (ε^⋆) ([[(f, X) , (g, Y )]]) = ∂_X g − ∂_Y f − pr^⋆_1 (ε^⋆) (−Ω (X, Y ) + ∇_X g − ∇_Y f, [X, Y ]) = ∂_X g − ∂_Y f − (−Ω (X, Y ) + ∇_X g − ∇_Y f) = ∂_X g − ∂_Y f + Ω (X, Y ) − (∂_X g + ω (X) · g) + ∂_Y f + ω (Y ) · f = Ω (X, Y ) − ω (X) · g + ω (Y ) · f = Ω (X, Y ) + pr^⋆_1 (ε^⋆) ∧ pr^⋆_1 (ω) ((f, X) , (g, Y )) = (1 ⊗ Ω + 1^⋆ ⊗ ω) ((f, X) , (g, Y )) .

LIE ALGEBROIDS AND LCS STRUCTURES 7 So d_A ( 1 ⊗ φ^k + 1^⋆ ⊗ φ^{k−1} ) = d_A ( 1 ⊗ φ^k ) + d_A ( (1^⋆ ⊗ 1) ∧ ( 1 ⊗ φ^{k−1} )) = 1 ⊗ dφ^k + d_A (1^⋆ ⊗ 1) ∧ ( 1 ⊗ φ^{k−1} ) − (1^⋆ ⊗ 1) ∧ d_A ( 1 ⊗ φ^{k−1} ) = 1 ⊗ dφ^k + (1 ⊗ Ω + 1^⋆ ⊗ ω) ∧ ( 1 ⊗ φ^{k−1} ) − (1^⋆ ⊗ 1) ∧ ( 1 ⊗ dφ^{k−1} ) = 1 ⊗ ( dφ^k + Ω ∧ φ^{k−1} ) + 1^⋆ ⊗ ( ω ∧ φ^{k−1} ) − 1^⋆ ⊗ dφ^{k−1} = 1 ⊗ ( dφ^k + Ω ∧ φ^{k−1} ) + 1^⋆ ⊗ ( ω ∧ φ^{k−1} − dφ^{k−1} ) . We look at the graded algebra ⋀ R^⋆ ⨂ Ω (M) as follows: ⋀ R^⋆ ⨂ Ω (M) = ( R ⨂ Ω^⋆ (M) ) ⨁ ( R^⋆ ⨂ Ω^{⋆−1} (M) ) ≡ Ω^⋆ (M) ⨁ Ω^{⋆−1} (M) 1 ⊗ φ^k + 1^⋆ ⊗ φ^{k−1} −→ ( φ^k, φ^{k−1} ) , ( φ^k, φ^{k−1} ) ∧ ( ψ^k, ψ^{k−1} ) = ( φ^{k+1} ∧ ψ^{l+1}, φ^k ∧ ψ^{l+1} + (−1)^{k+1} φ^{k+1} ∧ ψ^l ) , Therefore the exterior derivative on the level of k-forms is then given

by the formula

d^k_A : Ω^k (M) ⨁ Ω^{k−1} (M) −→ Ω^{k+1} (M) ⨁ Ω^k (M) d_A ( φ^k, φ^{k−1} ) = ( dφ^k + Ω ∧ φ^{k−1}, ω ∧ φ^{k−1} − dφ^{k−1} ) . In particular, d_A ( φ^k, φ^{k−1} ) = 0 if and only if dφ^k = −Ω ∧ φ^{k−1} and dφ^{k−1} = ω ∧ φ^{k−1}. Let m = dim M. The maximal degree of A-differential forms is m+1,

Ω^{m+1}_A ≡ Ω^{m+1} (M) ⨁ Ω^m (M) = 0 ⨁ Ω^m (M) = Ω^m (M) and d^m_A : Ω^m_A (M) ≡ Ω^m (M) ⊕ Ω^{m−1} (M) −→ Ω^m (M) ≡ Ω^{m+1}_A (M) , ( φ^m, φ^{m−1} ) −→ ω ∧ φ^{m−1} − dφ^{m−1}. Put d̄^{k−1} : Ω^{k−1} (M) −→ Ω^k (M) , φ^{k−1} −→ ω ∧ φ^{k−1} − dφ^{k−1}. Clearly d̄ = −d^{−ω} and d̄ ∘ d̄ = 0,

H^{m+1}_A (M) = H^m ( Ω (M) , d̄ ) = H^m_{−ω} ( Ω (M) , d̄ ) , and H^{m+1}_A (M) does not depend on the 2-form Ω.

8 KADOBIANSKI, KUBARSKI, KUSHNIREVITCH, AND WOLAK

Analogously

H^{m+1}_{A,c} (M) = H^m_c ( Ω (M) , d̄ ) = H^m_{−ω,c} ( Ω (M) , d̄ ) , which ends the proof.

Therefore H^{m+1}_A (M) = 0 if and only if, for each m-form Δ ∈ Ω^m (M) , there exists an m − 1-form φ ∈ Ω^{m−1} (M) such that Δ = ω ∧ φ − dφ. References

[C-D-W] A. Coste, P. Dazord, A. Weinstein, Groupoides symplectiques, Publ. Dep.

Math. Universite de Lyon 1, 2/A (1987).

[C] M. Crainic, Differentiable and algebroid cohomology, Van Est isomorphisms, and characteristic classes, preprint, arXiv:math.DG/0008064.

[F] R.L.Fernandes, Lie algebroids, holonomy and characteristic classes, preprint DG/007132.

[E-H] A. El Kacimi-Alaoui, G.Hector, Décomposition de Hodge basique pour un feuilletage Riemannien, Ann. Inst. Fourier, Grenoble 36, 3 (1986), 207-227.

[E-H-S] A. El Kacimi-Alaoui, G.Hector, V. Sergiescu La cohomologie basique d’un feuilletage riemannien est de dimension finie, Math. Z. 188 (1985), 593- 599.

[H-R1] S. Heller, T. Rybicki, On the group of diffeomorphisms preserving a locally conformal symplectic structure, Ann. Glob. Analys. And Geom. 17 (1999), 475-502.

[H-R2] S. Heller, T. Rybicki, Reduction for locally conformal symplectic manifolds, J. Geom. Phys. 37 (2001), 262-271.

[G-L] F. Guedira, A. Lichnerowicz, Géometrie des algèbres de Lie locales de Kirillov, J. Math. Pures Appl. 63 (1984), 407-484.

[K-T] F. W. Kamber, P. Tondeur , Hodge de rham theory for Riemannian foliations, Math. Ann. 277 (1987), 415–431.

[K1] J.Kubarski, Lie algebroid of a principal fibre bundle, Publ. Dep. Math.

Université de Lyon 1, 1/A, 1989.

[K2] —, The Chern-Weil homomorphism of regular Lie algebroids, Publ. Dep.

Math. Université de Lyon 1, 1991.

[K3] —, A criterion for the Minimal Closedness of the Lie Subalgebra Corresponding to a Connected Nonclosed Lie Subgroup, REVISTA MATEMAT- ICA de la Universidad Complutense de Madrid, Vol.4, nu 2 y 3; 1991, 159-176.

[K4] —, Algebroid nature of the characteristic classes of flat nundles, Homotopy and geometry, Banach Center Publications, Vol.45, Inst. of Math. Polish Academy of Sciences, Warszawa 1998, 199-224.

[K5] —, Fibre integral in regular Lie algebroids, New Developments in Differential Geometry, Budapest 1996, 173-202. Proceedings of the Conference on Differential Geometry, Budapest, Hungary, July 27-30, 1996; Kluwer Academic Publishers 1999.

[K6] —, Poincaré duality for transitive unimodular invariantly oriented Lie algebroids, Topology and Its Applicationes, in press.

LIE ALGEBROIDS AND LCS STRUCTURES 9

[K7] —, Weil algebra and secondary characteristic homomorphism of regular Lie algebroids, Lie algebroids and related topics in differential geometry, Banach Center Publications, Vol.51, Inst. of Math. Polish Academy of Sciences, Warszawa 2001, 135-173.

[M] K. Mackenzie, Lie groupoids and Lie algebroids in Differential Geometry, London Mathematical Society Lecture Note Series 124, Cambridge, 1987.

[K-S] Y. Kerbrat, Z. Souici-Benhammadi, Verietes de Jacobi et groupoides de contact, C.R.Acad.Sci.Paris, Ser.I Math 317 (1993), no. 1, 81-86.

[Ma] X. Masa, Duality and minimality in Riemannian foliations, Comm. Math.

Helv. 67 (1992), 17-27.

[MO] —, Riemannian foliations, Progress in Mathematics Vol. 73, Birkhäuser Boston Basel, 1988.

[P] J.Pradines, Theorie de Lie pour les groupoides differentiables dans la categorie des groupoides, Calcul differential dans la categorie des groupoides infinitesimaux, C.R.Acad.Sci. Ser.A-B, Paris, 264, (1967), 245-248.

[T] Ph. Tondeur, Geometry of Foliations, Birkhäuser Boston Basel, 1997. [V] I. Vaisman, Locally conformal symplectic manifolds, Internat. J. Math.

and Math. Sci. 8 (1985), 521-536.

Roman Kadobianski and Vitalij Kushnirevitch: National Technical University of Ukraine, ”Kiev Polytechnic Institute”, UKRAINE, prosp. Peremogy 37, Kiev 03056

E-mail address: tskafits@adam.kiev.ua

Jan Kubarski: Institute of mathematics, Technical University of Łódź, PL-90-924 Łódź, Al. Politechniki 11, POLAND

E-mail address: kubarski@ck-sg.p.lodz.pl

Robert Wolak: Institute of Mathematics of the Jagiellonian University, Cracow, PL-30-059 Kraków, ul.Reymonta 4, POLAND E-mail address: wolak@im.uj.edu.pl