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Indeed, h = w — 9 [wdz is continuous compactly supported with fR hdx =0
R
and thus it has a unique compactly supported primitive.

Hence
R/fwx:!f(w—wR/wdy)dx:

- R/ fudy)dz = 0

R

or

for any w € C§°(R) and thus f = const almost everywhere.

Step 3. Next, if v( f f(y)dy for f € Ly 1oc(R), then v is continuous
and the generahzed derlvatlve of v, Dv, equals f. In the proof, we can put
zo = 0. Then

0o 0

/vd)dx—//f @iz~ [ ([ f)

—o0 T

0 0

F)( / Sy~ [ 1) [ &)y
- [ 1wotay
R

With these results, let u € Lq jo.(R) be the distributional derivative Du €

x

Ly 10c(R) and set a(z f Du(t)dt. Then Du = Du almost everywhere and

hence u + C' = u almost everywhere. Defining u = u + C, we see that u is
continuous and has integral representation and thus it is differentiable almost
everywhere.

1.2 Fundamental Theorems of Functional Analysis

The foundation of classical functional analysis are the four theorems which
we formulate and discuss below.

1.2.1 Hahn—Banach Theorem

Theorem 1.12. (Hahn—-Banach) Let X be a normed space, Xy a linear sub-
space of X, and x5 a continuous linear functional defined on Xo. Then there
exists a continuous linear functional z* defined on X such that x*(z) = 23 (z)
for x € Xy and ||z*|| = |||
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The Hahn—Banach theorem has a multitude of applications. For us, the
most important one is in the theory of the dual space to X. The space L(X,R)
(or L(X,C)) of all continuous functionals is denoted by X* and referred to as
the dual space. The Hahn—-Banach theorem implies that X* is nonempty (as
one can easily construct a continuous linear functional on a one-dimensional
space) and, moreover, there are sufficiently many bounded functionals to sep-
arate points of x; that is, for any two points x1,z2 € X there is £* € X* such
that *(z1) = 0 and z*(x2) = 1. The Banach space X** = (X*)* is called the
second dual. Every element x € X can be identified with an element of X**
by the evaluation formula

z(z*) = " (x); (1.21)

that is, X can be viewed as a subspace of X**. To indicate that there is some
symmetry between X and its dual and second dual we shall often write

¥ (x) =<a™, x> xx X,

where the subscript X™* x X is suppressed if no ambiguity is possible.

In general X # X**. Spaces for which X = X** are called reflezive. Exam-
ples of reflexive spaces are rendered by Hilbert and L, spaces with 1 < p < oo.
However, the spaces L and L., as well as nontrivial spaces of continuous
functions, fail to be reflexive.

Ezxample 1.13.If 1 < p < oo, then the dual to L,({2) can be identified with
L,(£2) where 1/p+1/¢q =1, and the duality pairing is given by

<f.g>= / fX)g(x)dx, | € Ly(R2), g€ Ly(12). (1.22)
N

This shows, in particular, that Lo(£2) is a Hilbert space and the above duality
pairing gives the scalar product in the real case. If Ly(£2) is considered over
the complex field, then in order to get a scalar product, (1.22) should be
modified by taking the complex adjoint of g.

Moreover, as mentioned above, the spaces L,(2) with 1 < p < oo are
reflexive. On the other hand, if p = 1, then (L1(§2))* = Lo (£2) with duality
pairing given again by (1.22). However, the dual to L, is much larger than
L1 (£2) and thus L, (£2) is not a reflexive space.

Another important corollary of the Hahn—Banach theorem is that for each
0 # x € X there is an element Z* € X* that satisfies |Z*]] = ||z| and
<z*,z>= ||z||. In general, the correspondence x — Z* is multi-valued: this is
the case in Lq-spaces and spaces of continuous functions it becomes, however,
single-valued if the unit ball in X is strictly convex (e.g., in Hilbert spaces or
LP-spaces with 1 < p < oo; see [82]).

1.2.2 Spanning theorem and its application

A workhorse of analysis is the spanning criterion.
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Theorem 1.14. Let X be a normed space and {y;} C X. Then z € Y :=
Lin{y;} if and only if

Vorex <a¥,y; >=0 implies <z*,z>=0.

Proof. In one direction it follows easily from linearity and continuity.

Conversely, assume < z*,z >= 0 for all * annihilating Y and z # Y.
Thus, infyey ||z — y|| = d > 0 (from closedness). Define Z = Lin{Y, z} and
define a functional y* on Z by < y*,£ >=< y*,y + az >= a. We have

y
ly +azll = lalll + 2]l = |ald

hence

ly+ ozl _ o
22l =g

and y* is bounded. By H.-B. theorem, we extend it to ¥* on X with < y*, 2 >=
OonY and < g*,z >=1#0.

| <y, ¢>=lal <

Next we consider the Mintz theorem.

Theorem 1.15. Let (\;)jen be a sequence of positive numbers tending to co.
The functions {ti};en span the space of all continuous functions on [0,1]
that vanish at t = 0 if and only if

— 1
S =
j=1""

Proof. We prove the ‘sufficient’ part. Let * be a bounded linear functional
that vanishes on all t*i:

<z th >=0, jeN.
For ¢ € C such that R¢ > 0, the functions ¢ — t¢ are analytic functions with
values in C([0, 1]) This can be proved by showing that
$6+h _ 4¢
li = (Int)t¢
Califr—lm h (In?)

uniformly in ¢ € [0,1]. Then
FQ) =< a*t¢ >

is a scalar analytic function of ¢ with ®¢ > 0. We can assume that ||z*|| < 1.

Then c Ly - Q\S
If(Ol <1 e

for R¢ > 0 and f(A;) =0 for any j € N.
Next, for a given N, we define a Blaschke product by

{4}‘} N

1*‘7{\56

c(C2,]
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¢ '

By(¢) =] L. ‘
RN S YV

We see that By (¢) = 0 if and only if ¢ = A;, |Bn(¢)| — 1 both as R — 0 9 ?\ )\
- \

and |¢| — oo. Hence -

for ;

gn(€) :

is analytic in 8¢ > 0. Moreover, for an@here is dg > 0 such that for any
5é50 we have |By(¢)] > 1—¢€ on R¢ = 4§ and [¢| = §~*. Hence for any e l

WMQNQ v (Ol <1+ |
1

there and by the maximum principle the inequality extends to the interior of&(BU (3 - \
- the domain. Taking € — 0 we obtain |gn(¢)] <1 on R¢ > 0.
_ -~
[ 6 (E) Assume now there is k£ > 0 for which f(k) # 0. Then we have o @ RE%
AL

O
= \Jc@tr@')k___ AN Y. <1“°‘¢'M \g@)/ Z
S ey IRl e 9 220l

Note, that this estimate is uniform in N. If we writw 4 ,_(_
Ti(1re.) ¢C Mok 2k WGuL RO\

N —k A —k ™
’ ’ PR\ I -
Z\ Lﬂ[‘w &M) ‘éL - then, by A\; — oo almost all terms bigger then 1. Remembering that bound- A\ = g(k)
f e
= J

edness of the product is equivalent to the boundedness of the sum Y\J -

QJ«U"‘ Q) fo i 1
SMQ&EAL(*LJ_ A e

L . 1} O we see that we arrived at contradiction with the assumption. Hence, we must

- " have f(k) =0 for any k > 0. This means, however, that any functional that
vanishes on {t"i} vanishes also on t* for any k. But, by the Stone- Weierstrass
theorem, it must vanish on any continuous function (taking value 0 at zero).
Hence, by the spanning criterion, any such continuous function belongs to the
closed linear span of {t*i}.

Non-reflexiveness of C([—l, 1])
Consider the Banach space X = C([—1,1]) normed with the sup norm. If X
was reflexive, then we could identify X** with X and thus, for every z* € X*

there would be x € X such that

]l =1, <a* z>=|z". (1.23)

M s ytey " L= A
AR A
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Let us define z* € X* by o '

<z >:/1signtx(t)dt. . - g X (HM - g‘((qﬂ

~ 0
Then
| <2,z > <2z (1.24)

Indeed, restrict our attention to ||z|| = 1. We see then that | < z*,z > | <2
Clearly, for the integral to attain maximum possible values, the integral ¥hould
be of opposite values. We can focus on the case when the integral over %1, 0)
is negative and over (0,1) is positive and then for the best values, x(t) must 1
negative on (—1,0) and positive on (0,1). Then, each term is at most 1 and
for this z(t) = 1 for t € (0,1) and z(t) = —1 for t € (—1,0). But this is
impossible as g is continuous at 0. On the other hand, by choosing z(t) to be
—1for —1 <t < —e, 1 for e <t < 1 and linear between —e and € we see that

—

<z, x>=2-—c¢

with [|z]] = 1. Hence, ||z*|| = 2. However, this is impossible by (1.24).

Norms of functionals

important consequence for the relation between X and X** in a nonreflexive
case. Let B, B*, B** denote the unit balls in X, X* X™** respectively. Because
x* € X* is an operator over X, the definition of the operator norm gives

Ezample 1.16. The existence of an element z* satisfying <z*, >= ||z|| has an
el Speco

|lz*]| x+ = :1612| <z* x> |= Slelg <z, x>, (1.25) X X
Lkt x*
and similarly, for z € X considered as an element of X** according to (1.21), K{() /X -> N
we have X
|z]|x= = sup | <z*,x>]|= sup <z*,a>. (1.26)
@ €B* z*eB*
NIFY e -1l < x\
Thus, ||z]|x+ < ||z||x. On the other hand, “r ® =
X €
|zl x =<&*,2>< sup <a*,z>= ||z|x==
T*eB*
and
[l x = [zl x- (1.27)

Hence, in particular, the identification given by (1.21) is an isometry and X

Js a closed subspace of X,

oy
K
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First comments on weak convergence

The existence of a large number of functionals over X allows us to intro-
duce new types of convergence. Apart from the standard norm (or strong)
convergence where (2, )neny C X converges to z if

lim o, — 2] =0, A 5{/ h7

we define weak convergence by saying that (z,)nen weakly converges to x, if Q %5
for any z* € X*,
. * _ *
nth;O <&t rp>=<a’,r>. (_,Q/i %\ 4
In a similar manner, we say that (z})neny C X* converges x-weakly to «* if, l!? 3 N—w&.
for any =z € X,
D lim <zl z>=<a’,x> . L‘L""‘" Q 5 v’cf
oo

Remark 1.17. It is worthwhile to note that we have a concept of a weakly

convergent or weakly Cauchy sequence if the finite limit lim,,_, ., <z*,x,> ﬂl < X j -
exists for any x* € X*. In general, in this case we do not have a limit element. ¥

If every weakly convergent sequence converges weakly to an element of X, the x % )C = P ->
Banach space is said to be weakly sequentially complete. It can be proved that é‘ X
reflexive spaces and L spaces are weakly sequentially complete. On the other A)C ‘j}

hand, no space containing a subspace isomorphic to the space ¢y (of sequences
that converge to 0) is weakly sequentially complete (see, e.g., [6]). b/
% %’37 =0

Remark 1.18. In finite dimensional spaces weak and strong convergence i ‘ex
equivalent which can be seen by taking x* being the coordinate vectors. Then
weak convergence reduces to coordinate-wise convergence.

However, the weak convergence is indeed weaker than the convergence in
norm. For example, consider any orthonormal basis {e,},>1 of a separable
Hilbert space X Then ||e,|| = 1 but for any f € X we know that the series

>(N io:<f,en>en ?( (S() ¢ SRN L.;BX

o RV

converges in X and, equivalently, W

- X e 1R
dI<fien> P <0 ©

Thus . V

A
lim < f,e, >=0 X, X
im < f,e aryt A X

n— oo

(ngm!for any f € X(=X"*) and so (e, )n>0 weakly converges to zero.

O
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1.2.3 Banach—Steinhaus Theorem

Another fundamental theorem of functional analysis is the Banach—Steinhaus
theorem, or the Uniform Boundedness Principle. It is based on a fundamental
topological results known as the Baire Category Theorem.

Theorem 1.19. Let X be a complete metric space and let {X,}n>1 be a

sequence of closed subsets in X. If IntX,, = 0 for any n > 1, then
o0

Int U X, = 0. Equivalently, taking complements, we can state that a count-

n=1
able intersection of open dense sets is dense.

Remark 1.20. Baire’s theorem is often used in the following equivalent form:

if X is a complete metric space and {X,,},>1 is a countable family of closed
oo

sets such that |J X, = X, then IntX,, # () at least for one n.

n=1

Chaotic dynamical systems

We assume that X is a complete metric space, called the state space. In gen-
eral, a dynamical system on X is just a family of states (x(t)):er parametrized
by some parameter ¢ (time). Two main types of dynamical systems occur in
applications: those for which the time variable is discrete (like the observation
times) and those for which it is continuous.

Theories for discrete and continuous dynamical systems are to some extent
parallel. In what follows mainly we will be concerned with continuous dynam-
ical systems. Also, to fix attention we shall discuss only systems defined for
t > 0, that are sometimes called semidynamical systems. Thus by a contin-
uous dynamical system we will understand a family of functions (operators)
(x(t,-))t>0 such that for each ¢, x(¢,-) : X — X is a continuous function, for
each xq the function ¢t — x(¢, %) is continuous with x(0,x¢) = xo. Moreover,
typically it is required that the following semigroup property is satisfied (both
in discrete and continuous case)

x(t 4 s,x0) = x(t,x(s,%0)), t,s >0, (1.28)

which expresses the fact that the final state of the system can be obtained as
the superposition of intermediate states.
Often discrete dynamical systems arise from iterations of a function

x(t+1,%0) = f(x(¢t,%0)), teN, (1.29)

while when ¢ is continuous, the dynamics are usually described by a differential

equation
d: .
dit( =x= A(x), x(0)=x¢ teR,. (1.30)

)



22 1 Basic Facts from Functional Analysis and Banach Lattices

Let (X,d) be a metric space where, to avoid non-degeneracy, we assume
that X # {x(t,p)}+>0 for any p € X , that is, the space does not degenerates
to a single orbit). We say that the dynamical system (x(¢)):>0 on (X,d) is
topologically transitive if for any two non-empty open sets U,V C X there is
to > 0 such that x(t,U) NV # 0. A periodic point of (x(t));>0 is any point
+ p € X satisfying g
— x(T,p) = p,

for some T' > 0. The smallest such T is called the period of p. We say that the
system has sensitive dependence on initial conditions, abbreviated as sdic, if
there exists 6 > 0 such that for every p € X and a neighbourhood N, of p
there exists a point y € N, and ¢y, > 0 such that the distance between x(to, p)
and x(to,y) is larger than . This property captures the idea that in chaotic
systems minute errors in experimental readings eventually lead to large scale
divergence, and is widely understood to be the central idea in chaos.

With this preliminaries we are able to state Devaney’s definition of chaos
(as applied to continuous dynamical systems).

NS

A

e

Definition 1.21. Let X be a metric space. A dynamical system (x(t))i>0 in
X is said to be chaotic in X if

1. (x(t))t>0 is transitive, ()( A?{ AK; . }
I i .7

2. the set of periodic points of (x(t))it>0 s dense in X,

3. (x(1)) ez has sdic [ >(; (¢,0))
|

To summarize, chaotic systems have three ingredients: indecomposabil-
ity (property 1), unpredictability (property 3), and an element of regularity £)

(property 2). N /
It is then a remarkable observation that properties 1. and 2 together imply
sdic.

Theorem 1.22. If (x(t))i>0 is topologically transitive and has dense set of
periodic points, then it has sdic. /\

We say that X is non-degenerate, if continuous images of a compact in-
tervals are nowhere dense in X. Z

Lemma 1.23. Let X be a non-degenerate metric space. If the orbit O(p) = X
{x(t,p) }1>0 is dense in X, then also the orbit O(x(s,p)) = {x(t,p)}i>s is ~
dense in X, for any s > 0. T

%{—é ,Q)§ Proof. Assume that O(x(s,p)) is not dense in X, then there is an open
. L N4 ball B such that B N O(x(s,p)) = 0. However, each point of the ball is a /\l’l (/AVQ

limit point of the whole orbit O(p), thus we must have {x(t,p)}o<i<s =
. — {x(t,p) }o<i<s O B which contradicts the assumption of noml
O(q:)) To fix terminology we say that a semigroup having a dense trajectory is

called hypercyclic. We note that by continuity O(p) = {x(¢, p) }+cq, where Q

_—
- <
- €>((’(:I P)'h«k; is the set of positive rational numbers, therefore hypercyclic semigroups can A @/ 3(%)
- .

% exist only in separable spaces. £
72 o>
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By X}, we denote the set of hypercyclic vectors, that is,
n=1{p € X; O(p) is dense in X'}

Note that if (x())¢>0 has one hypercyclic vector, then it has a dense set of
hypercyclic vectors as each of the point on the orbit O(p) is hypercyclic (by
the first part of the proof above).

Theorem 1.24. Let (x(t))i>0 be a strongly continuous semigroup of continu-
ous operators (possibly nonlinear) on a complete (sepamb metric space X .
The following conditions are equivalent:

1. Xy, is dense in X,
2. (x(t))e>0 s topologically transitive.

Proof. Let as take the set of nonegative rational numbers and enumerate
them as {¢1,t2,...}. Consider now the family {x(¢,)}nen. Clearly, the orbit of
p through (x(¢))¢>0 is dense in X if and only if the set {x(¢,,)p}nen is dense.

Consider now the covering of X by the enumerated sequence of balls B,,
centered at points of a countable subset of X with rational radii. Since each
x(tm) is continuous, the sets

UX (tn, Bm)

neN

are open. Next we claim that

In fact, let p € X, that is, p is hypercyclic. It means that x(t,,p) visits
each neigbourhood of each point of X for some n. In particular, for each m
there must be n such that x(t,,p) € B,, or p € x~'(t,, B,,) which means
pe () Gnm

meN
Conversely, if p € () G, then for each m there is n such that p €
meN

x " Y(tn, Bm), that is, x(t,,p) € By,. This means that {x(t,,p)}nen is dense.

The next claim is condition 2. is equivalent to each set G, being dense
in X. If G,,, were not dense, then for some B,., B, Nx~(t,, B,,) = 0 for any
n. But then x(¢,, B,) N B, = 0 for any n. Since the continuous semigroup is
topologically transitive, we know that there is y € B, such that x(to,y) € By,
for some tg. Since By, is open, x(t,y) € B,, for t from some neighbourhood
of ty and this neighbourhood must contain rational numbers.

The converse is immediate as for given open U and V we find B,, C V
and since G, is dense U N G,, # 0. Thus U N x"1(t,, B,,) # 0 for some n,
hence x(t,,,U) N B, # 0.

wfvo
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So, if (x(t));>0 is topologically transitive, then X, is the intersection of a
countable collection of open dense sets, and by Baire Theorem in a complete
space such an intersection must be still dense, thus X} is dense.

Conversely, if Xj is dense, then each term of the intersection must be
dense, thus each G,, is dense which yields the transitivity. m

Back to the Banach—Steinhaus Theorem { Lﬂ\ A “

To understand its importance, let us reflect for a moment on possible types of
convergence of sequences of operators. Because the space £(X,Y") can be made A
a normed space by introducing the norm (1.11), the most natural concept of \1/

A ) ,A convergence of a sequence (A, )neny would be with respect to this norm. Such
a convergence is referred to as the uniform operator convergence. However, for
many purposes this notion is too strong and we work with the pointwise or H N {
strong convergence: the sequence (A, )nen is said to converge strongly if, for

;& V4 >) A each © € X, the sequence (A4,2),cn converges in the norm of Y. In the same

A — X

way we define uniform and strong boundedness of a subset of L(X,Y). <§ ” A }
e Yo Note that if Y = R (or C), then strong convergence coincides with x-weak g A
convergence. nﬂ “
A

g C[\,\Y\/\,B After these preliminaries we can formulate the Banach—Steinhaus theorem.

Theorem 1.25. Assume that X is a Banach space andY is a normed space. %
0V

Then a subset of ,C(X Y) is uniformly bounded if and only if it is strongl gl
\G/ a\d U ,X\u)(“ bounded. ;/‘V( C f (x \(

One of the most important consequences of the Banach—Steinhaus theo— )
)L M '\/l WA t{/
LTJ\ rem is that a strongly converging sequence of bounded operators is always : H A
* -

converging to a linear bounded operator. That is, if for each x there is y, Wc)l %
that '/TJ

B JE&Anxzyag, {Am(ﬁ‘r%)ﬂ % C /\ @V’\
n A gm,qg /&;{l( then there is A € L(X,Y) satisfying Av = y,. \!/ Z\"" )(”&‘wl ' & C A

—_—

W\« Further comments on weak convergence Lﬂ
Example 1.26. We can use the above result to get a better understanding & 'mé& X
‘ I [& 'v\\\ é \J\ the concept of weak convergence and, in particular, to clarify the relation be- L)

tween reflexive and weakly sequentially complete spaces. First, by considering
elements of X* as operators in £L(X,C), we see that every x-weakly converg- z [ |

ing sequence of functionals converges to an element of X* in x-weak topology.

On the other hand, for a weakly converging sequence (2, )nen C X, such an ?< ~ 3
approach requires that x,,,n € N, be identified with elements of X** and thus, < X )
by the Banach—Steinhaus theorem, a weakly converging sequence always has

a limit x € X**. If X is reflexive, then z € X and X is weakly sequentially

complete. However, for nonreflexive X we might have z € X** \ X and then

(Zn)nen does not converge weakly to any element of X.

<X K> <VMXK> —s Qyu
L e

%*;*7 X X
| n X @X <’( Y D,
L= 50 ?
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On the other hand, (1.27) implies that a weakly convergent sequence in
a normed space is norm bounded. Indeed, we con, en such that for
each z* € X* < z*,x, > converges. Treating x,, as elements of X** we
see that the numerical sequences < z,,2* > are bounded for each z* € X*.
X* is a Banach space (even if X is not ). Then ([|s[|)n>0 is bounded by the “ 1'% ”
Banach-Steinhaus theorem, B Y *
We can also prove the’partial reverse of this inequality: if (Tn)nen is a (s b
sequence in a normed space X weakly converging to x, then oo

(1.31) by B~
ol &L\“o
\
XM[{(

|lz|| < liminf ||z, ||.
n—oo

To prove this, there is x* € X* such that

[ =1, [ <2z >]=|z|. 4
Hence ~ 13 ‘DUL\MM (0‘:3
(\.23)
lz]| = <2z >|=]| hm <z* xy > | <liminf| < 2* mn>|hm1nf||xn||

e f\’\ LRI ew W
However, we point out that a theorem proved by Mazur (e.g., see [172],
p. 120) says that if x,, — = weakly, then there is a sequence of convex com-
binations of elements of (z,,),en that converges to « in norm. To prove this
result, let us introduce the concept of the support function of a set. For a set

M we define
Sa(z™) = sup < 2™,z >. Q
xeM

Lemma 1.27. If X is a normed space over R and M is a closed convex subset
ofX) then z € M if and only if < z*,z >< Sy(z*) for any x* € X*. ﬂ = [ K B
0

A crucial result is

Proof. If z € M, then < z*, 2z >< sup < a*,z >= Sps(z*) by definition. ¢
zeM
If z ¢ M then, by closedness, there is a ball B(z,r) not intersecting with S {K’ -F)
M. By the geometric version of the Hahn-Banach theorem, there is a linear

functional z* and a constant ¢ such that for any € M and y € B(z,r) we

have T K
Sn@ILCceR 5V M&J XHQ X7 4/@

be Since y = z + rv, |jv|| < 1, we have <& 7
2 y=z+ c® 9 M: 6{()! YJ

g&)za«iéj‘;
c<< 2" 2+M> <zZz>4r<z’ \.z/>

g £27, 240V =L + ciadd2" v _—
Using the fact that infy <1 < 2* ;(>_ — A K fwe obtain ~
_w_,_)

L C f§<f’z+rv>=<z,z>—rnz I Su )7 Sugf
On'the other hand n \ A LA e @(01‘7
\ &A= O] ietil= sup L271460
| / ke Bl L x f‘)”
=127 = Er@,’\}f © Sep (x0T
ke @(Q\.U K« @(o\ 1)
SO H

> C
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-2 Su(z") <e<< 2% z>—r|z"
— e
/—\ which yields
m E.< 25,2 >> Sy(2) +r)|2%|| > Sm (=)
and completes the proof.

With this result we can prove the Mazur theorem.
Let K be a closed convex set and (2, )nen be a sequence weakly converging

to :CW Consider Sk (x*). We have
| ¥ S S S | gtes ok

for any z* € X*. But this implies Hostne < e

Lt fQLu?/LE. M\}C— \/\ <z*,x >< Sk(z*) e of

Couvarx Co kot

and the result follows by the above lemma.
s S ‘U'w(}‘j s Coru
s , bewghy iy

o

JA)_) e,..L [0 The Banach-Steinhaus theorem and converg T sets

M couve X We notc? another important corollary of the Banach—Steinhaus theorem which
we use in the sequel.

Corollary 1.28. A sequence of operators (Ay)nen is strongly convergent if
A ~ < {'\,c\—] and only if it is convergent uniformly on compact sets.

“
Csw ""0‘/{ ' Proof. It is enough to consider convergence to 0. If (A,)nen converges
strongly, then by the Banach-Steinhaus theorem, a = sup, ¢y [|[An| < +o00.

\va Ax ,_)A& Next, if 2 C X is compact, then for any ¢ we can find a finite set N, =
N {x1,...,2} such that for any x € (2 there is ; € N, with ||z — z;|| < €/2a.
Because N is finite, we can find ng such that for all m > ng and i =1,...,k

we have ||A,x;|| < ¢/2 and hence “’d\u(’(’" k) SNALNI X—xe|

A DA An| € I Anill + allz—n] < e

68\/ aﬂ-‘a for any = € 2. The converse statement is obvious. O
(,JMNF‘L ‘)9 We conclude this unit by presenting a frequently used result related to the
Banach—Steinhaus theorem.

4 o Proposition 1.29. Let X, Y be Banach spaces and (Ayp)nen C L(X,Y) be a
[TIN ()/“,M sequence of operators satisfying sup, cy ||An|| < M for some M > 0. If there
x_o a'ﬂo is a dense subset D C X such that (AnZ)nen is a Cauchy sequence for any

P Y1 e D, then (Anx)nen converges for any x € X to some A € L(X,Y).

X Proof. Let us fixe > 0 and y € X. For this € we find z € D with ||[z—y|| < ¢/M
/-- and for this x we find ng such that |4,z — A,,z| < € for all n,m > ng. Thus,
L
\:) [Any = Amyll < [|Anz = Amz|| + [[An(z = )l + [[Am(z = y)|| < 3e.
c = Hence, (Any)nen is a Cauchy sequence for any y € X and, because Y is

B a Banach space, it converges and an application of the Banach—Steinhaus
' theorem ends the proof. |

) ¢ L,(Con3)
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Application—limits of integral expressions ﬂ( M
— - %C\h)
Consider an equation describing growth of, say, cells
ON  9(g(m)N)
_t = — N 1 1.32
B + o uw(m)N(t,m), m € (0,1), (1.32)
with the boundary condition
g(0)N(t,0) =0 (1.33)
and with the initial condition
N(0,m) = No(m) for m € [0,1]. (1.34)

Here N(m) denotes cells’ density with respect to their size/mass and we con-
sider the problem in L, ([0, 1]).

Consider the ‘formal’ equation for the stationary version of the equation
(the resolvent equation)

Ry n ANGn) + QN ()Y + N m) = Sy € L@ 2D
- '\) whose solution is given by —Pﬂ é g (s)
e —j %/\' S’) I-
[ e=AG(m)- Qm)
WQ (v =1 N)\( ) ﬁi__—_\ )\G(s)-'rQ(s)f ds P (’i 35
= u\)(
7] where G(m fo (1/g(s ds and Q(m )) ds. To shorten no-
‘7\_ AN tation we denote
) g“’- M e a(m) = e ACI=QEm) () AGm)+Qm).

Our aim is to show that g(m)Nyx(m) — 0 as m — 1~ provided 1/g or p is not
integrable close to 1. If the latter condition is satisfied, then ey(m) — oo and
e Mm) = 0asm— 1.

Indeed, consider the family of functionals {§m}m€ 1—¢,1) for some € > 0
defined by

for f € L'0,1]. We have u‘“—*

m 1
e f1 < e_x(m) / ex(s)]f(s)] ds < / 1£(s)]ds

on account of monotonicity of ey. Moreover, for f with support in [0,1 — J]
with any 6 > 0 we have lim,, - &, f = 0 and, by Proposition 1.29, the above

limit extends by density for any f € L0, 1].

zu: —- O Vo op AS
Sl coneree Cn o3 &e Ld(toﬂ)
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1.2.4 Weak compactness

In finite dimensional spaces normed spaces we have Bolzano-Weierstrass theo-
rem stating that from any bounded sequence of elements of X, one can select
a convergent subsequence. In other words, a closed unit ball in X, is compact.
There is no infinite dimensional normed space in which the unit ball is
compact.
Weak compactness comes to the rescue. Let us begin with (separable)
Hilbert spaces.

Theorem 1.30. Each bounded sequence (un)nen in a separable Hilbert space
X has a weakly convergent subsequence.

Proof. Let {vj}ren be dense in X and consider numerical sequences ((ty,, Uk))nen
for any k. From Banach-Steinhaus theorem and 4 I /X
- (=

0
1y w At A
(o<l gOL :

we see that for each k these sequences are bounded and henc: each has
vergent subsequence. We use the diagonal procedure: first we select (u1p,)nen
such that (u1,,v1) — a1, then from (u1,)nen we select (ugy,)nen such that
(ugn,v2) — ag and continue by induction. Finally, we take the diagonal se-
quence w;, = Up, which has the property that (w,,vy) — ag. This follows
from the fact that elements of (w,),en belong to (ug, for n > k. Since
{vi }ren is dense in X and (u,,),en 1S notm bounded, Proposition 1.29 implies
((wn, v))nen converges to, say, a(v) for any v € X and v — a(v) is a bounded
(anti) linear functional on X. By the Riesz representation theorem, there is
w € X such that a(v) = (v, w) and thus w, — w.

If X is not separable, then we can consider Y = Lin{u,}nen which is
separable and apply the above theorem in Y getting an element w € Y for
which

(wp,v) = (w,v), vey.

Let now z € X. By orthogonal decomposition, z = v + v+ by linearity and
continuity (as w € Y)

(wn, 2) = (wn,v) = (w,v) = (w, 2) ( L w
and so w,, = w in X. “

Corollary 1.31. Closed unit ball in X is weakly sequentially compact.

Proof. We have
(v,wy) = (v,w), n— o0

for any v. We can assume w = 0 We prove that for any k there are indices
ni,...,nk such that
E~ Y wn, + ...+ wp,) =0
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