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1

Basic Facts from Functional Analysis and
Banach Lattices

1.1 Spaces and Operators

1.1.1 General Notation

The symbol =’ denotes ‘equal by definition’. The sets of all natural (not
including 0), integer, real, and complex numbers are denoted by N, Z, R, C,
respectively. If A € C, then we write R A for its real part, S\ for its imagi-
nary part, and \ for its complex conjugate. The symbols [a,b], (a,b) denote,
respectively, closed and open intervals in R. Moreover,

N := {0,1,2,...}.

If there is a need to emphasise that we deal with multidimensional quantities,
we use boldface characters, for example x = (z1,...,z,) € R™. Usually we
use the Euclidean norm in R", denoted by

N2
x| =4[ 2=
i=1

If 2 is a subset of any topological space X, then by 2 and Int £2 we denote,
respectively, the closure and the interior of {2 with respect to X. If (X, d) is
a metric space with metric d, we denote by

By = {ye X; d(z,y) <7}

the closed ball with centre z and radius r. If X is also a linear space, then the
ball with radius r, centred at the origin, is denoted by B,..

Let f be a function defined on a set {2 and z € 2. We use one of the
following symbols to denote this function: f, x — f(z), and f(-). The symbol
f(z) is in general reserved to denote the value of f at a, however, occasionally,
we abuse this convention and use it to denote the function itself.
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If {@, }nen is a family of elements of some set, then the sequence of these
elements, that is, the function n — z,, is denoted by (x,)nen. However,
for simplicity, we often abuse this notation and use (x,)nen also to denote
{xn}n€N~

The derivative operator is usually denoted by 0. However, as we occa-
sionally need to distinguish different types of derivatives of the same func-
tion, we use other commonly accepted symbols for differentiation. To indicate
the variable with respect to which we differentiate we write 0y, 0,972, . ... If
x = (21,...,2n) € R", then Ox := (Jg,, - .., 0s,) is the gradient operator.

If 8:=(B1,...,5n), Bi > 0is a multi-index with |3]| := 81 + -+ + 8 =k,
then symbol 92 f is any derivative of f of order k. Thus, Zfﬁ‘zoﬁﬁ f means
the sum of all derivatives of f of order less than or equal to k.

If 2 C R” is an open set, then for k& € N the symbol C*(§2) denotes
the set of k times continuously differentiable functions in 2. We denote by
C(£2) := C%(£2) the set of all continuous functions in 2 and

C>®(0) = ﬁ CF(0).
k=0

Functions from C*(§2) need not be bounded in §2. If they are required to be
bounded together with their derivatives up to the order k, then the corre-
sponding set is denoted by C*(£2).

For a continuous function f, defined on 2, we define the support of f as

suppf = {x € ; f(z) # 0}.

The set of all functions with compact support in {2 which have continuous
derivatives of order smaller than or equal to k is denoted by C&(£2). As above,
Co(92) := CJ(£2) is the set of all continuous functions with compact support
in 2 and

Coo(2) = [ Ch(12).
k=0

Another important standard class of spaces are the spaces L,(£2), 1 < p <
00, of functions integrable with power p. To define them, let us establish some
general notation and terminology. We begin with a measure space (2, X, ),
where (2 is a set, X' is a o-algebra of subsets of 2, and p is a o-additive
measure on Y. We say that p is o-finite if {2 is a countable union of sets of
finite measure.

In most applications in this book, 2 C R™ and X is the o-algebra of
Lebesgue measurable sets. However, occasionally we need the family of Borel
sets which, by definition, is the smallest o-algebra which contains all open
sets. The measure p in the former case is called the Lebesgue measure and in
the latter the Borel measure. Such measures are o-finite.

A function f : 2 — R is said to be measurable (with respect to X, or with
respect to p) if f71(B) € X for any Borel subset B of R. Because ¥ is a
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o-algebra, f is measurable if (and only if) preimages of semi-infinite intervals
are in X

Remark 1.1. The difference between Lebesgue and Borel measurability is visi-
ble if one considers compositions of functions. Precisely, if f is continuous and
g is measurable on R, then f o g is measurable but, without any additional
assumptions, g o f is not. The reason for this is that the preimage of {z > a}
through f is open and preimages of open sets through Lebesgue measurable
functions are measurable. On the other hand, preimage of {x > a} through ¢
is only a Lebesgue measurable set and preimages of such sets through contin-
uous are not necessarily measurable. To have measurability of g o f one has
to assume that preimages of sets of measure zero through f are of measure
zero (e.g., f is Lipschitz continuous).

We identify two functions which differ from each other on a set of p-
measure zero, therefore, when speaking of a function in the context of mea-
sure spaces, we usually mean a class of equivalence of functions. For most
applications the distinction between a function and a class of functions is
irrelevant.

One of the most important results in applications is the Luzin theorem.

Theorem 1.2. If f is Lebesque measurable and f(x) = 0 in the complement of
a set A with u(A) < oo, then for any € > 0 there exists a function g € Co(R™)

such that supycgn g(X) < supyepn f(x) and p({x; f(x) # g(x)}) <e.

In other words, the theorem implies that there is a sequence of compactly
supported continuous functions converging to f almost everywhere. Indeed, for
any n we find a continuous function ¢,, such that for A,, = {x; ¢,(x) # f(x)}
we have

Define

We see that if x ¢ A, then there is k such that for any n > k, x ¢ Ay, that is,
¢n(x) = f(x) and hence ¢, (x) — f(x) whenever x ¢ A. On the other hand,

o0
) 1
O<pld) < i D 7 =0

and hence (¢, )nen converges to f almost everywhere.

The space of equivalence classes of all measurable real functions on (2 is
denoted by Lo(£2,du) or simply Lo({2).

The integral of a measurable function f with respect to measure p over a
set {2 is written as
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/fdu=/f(><)dux?
2 (]

where the second version is used if there is a need to indicate the variable of
integration. If i is the Lebesgue measure, we abbreviate dux = dx.

For 1 < p < oo, the spaces L,({2) are defined as the subspaces of L ({2)
consisting of functions for which

1/p
191 =1y = | [17GaPax | <ox. (1.1)
10}

The space L,({2) with the above norm is a Banach space. It is customary to
complete the scale of L, spaces by the space L ({2) defined to be the space
of all Lebesgue measurable functions which are bounded almost everywhere
in §2, that is, bounded everywhere except possibly on a set of measure zero.
The corresponding norm is defined by

[flloo == 1f 2wy := mf{M; p({x € 2; |f(x)| > M}) = 0}. (1.2)

The expression on the right-hand side of (1.2) is frequently referred to as the
essential supremum of f over {2 and denoted esssup,cq |f(x)].
If 1u(£2) < oo, then for 1 < p < p’ < oo we have

Ly () C Ly(2) (1.3)

and, for f € Loo(£2),
I7loe = Tim_ £l (14)

which justifies the notation. However,

() Lp(2) # Lo (£2),

1<p<o©

as demonstrated by the function f(z) = Inz, x € (0,1]. If u(2) = oo, then
neither (1.3) nor (1.4) hold.

Occasionally we need functions from Lo ({2) which are L, only on compact
subsets of R™. Spaces of such functions are denoted by L, jo.(£2). A function
f € L1,10c(£2) is called locally integrable (in (2).

Let £2 C R™ be an open set. It is clear that

C5o(92) € Ly(92)
for 1 <p < oco.If p € [1,00), then we have even more: C§°(2) is dense in

Lyp(92).

C5o(92) = Ly(£2), (1.5)

where the closure is taken in the Lj,-norm.
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Ezample 1.3. Having in mind further applications, it is worthwhile to have
some understanding of the structure of this result; see [?, Lemma 2.18]. Let
us define the function

w(x) = exp(‘x‘i_l) for |x| <1, (1.6)
0 for x| > 1.

This is a C§°(R™) function with support Bj.

Using this function we construct the family
we(x) = Cew(x/e),

where C, are constants chosen so that fRn we(x)dx = 1; these are also C3°(R")
functions with support B, often referred to as mollifiers. Using them, we
define the regularisation (or mollification) of f by taking the convolution

(o F)(x) = / Flx = y)wely)dy = / fWwelx—y)dy. (1)

R R

Precisely speaking, if {2 # R", we integrate outside the domain of definition
of f. Thus, in such cases below, we consider f to be extended by 0 outside {2.
Then, we have

Theorem 1.4. With the notation above,
1. Letp € [1,00). If f € L,(£2), then

lim ||J. % f — f|l, = 0.
Jim [l Jex f = fllp

2.If f€ C(R2), then J. x f — f uniformly on any G e N. B
3. If 2 is compact and f € C(12), then J. *x f — f uniformly on 2.

Proof. For 1.-3., even if p({2) = oo, then any f € L,({2) can be approxi-
mated by (essentially) bounded (simple) functions with compact supports. It
is enough to consider a real nonnegative function u. For such a u, there is
a monotonically increasing sequence (s, )nen of nonnegative simple functions
converging point-wise to u on £2. Since 0 < s,,(x) < u(x), we have s, € L,,({2),
(u(x) — sp(x))? < uP(x) and thus s,, — u in L,(£2) by the Dominated Con-
vergence Theorem. Thus there exists a function s in the sequence for which
lu—s|l, < ¢€/2.Since p < oo and s is simple, the support of s must have finite
volume. We can also assume that s(x) = 0 outside {2. By the Luzin theorem,
there is ¢ € Co(R™) such that |p(x)| < ||s]| for all x € R™ and

€ B o) # s} < ()

4|5loo
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Hence €

Aflslloo

s = ¢llp < lls = blloo

<

|

and [|u — ¢, <e.

Therefore, first we prove the result for continuous compactly supported
functions.

Because the effective domain of integration in the second integral is By ,
Je % f is well defined whenever f is locally integrable and, similarly, if the
support of f is bounded, then supp(J,  f) is also bounded and it is contained
in the e-neighbourhood of suppf. The functions f. are infinitely differentiable
with

L (Je + )(x) = / F(3)0Bue(x — y)dy (18)
J

for any 8. By Hoélder inequality, if f € L,(R"™), then J. * f € L,(R"™) with

e fllp < [1£1l» (1.9)

for any € > 0. Indeed, for p =1

J s seax < [1s] | [ yyix ) dy =115

R~ R n

For p > 1, we have

% ()] = / F()welx — y)dy

n

1/q 1/p

Juds=yiy | | [1r@)Pex- vy

n n

1/p

IN

/ ) Pwe(x — y)dy

and, as above,

n

/ % F)Pdx < / F@)P / we(x — y)dx | dy = |||
R™ R»

Next (remember f is compactly supported continuous function, and thus it is
uniformly continuous)
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U+ 16 = 16| = | [ F3)clx = y)dy — [ ool y)dy
n Rn

s/uwwwwm4x—wws sup () — F)].

—y||I<
) eyl <e

By the compactness of support, and thus uniform continuity, of f we obtain
Je x f = f and, again by compactness of the support,

f=lim fo  inLy(R") (1.10)

as well as in C(f2), where in the latter case we extend f outside {2 by a
continuous function (e.g. by the Urysohn theorem).
To extend the result to an arbitrary f € L,(£2), let ¢ € Cy(£2) such that

If = dllp <nand |[Jcx ¢ =9, <n

[Jex f=fllp < e f=Jexd)llp+ [T+ &= ollp + [[f =4l
<2f =9l +11Jex ¢ — ol < 3n

for sufficiently small e.

As an example of application, we shall consider a generalization of the du
Bois-Reymond lemma. Let {2 C R™ be an open set and let u € Ly jo.(£2) be
such that

[ utsexax =0
(]

for any C§5°(£2). Then u = 0 almost everywhere on 2. To prove this state-
ment, let g € Loo(2) such that suppg is a compact set in 2. We define
9m = J1/m * g. Then g,, € C§°(§2) for large m. Since a compactly supported
bounded function is integrable, we have g,, — g in L;({2) and thus there is
a subsequence (denoted by the same indices) such that g, — ¢ almost ev-
erywhere. Moreover, ||gm|lco < ||¢]/co- Using compactness of the supports and
dominated convergence theorem, we obtain

[ uxlgtoxyix =o.

2

If we take any compact set K C {2 and define g = signu on K and 0 otherwise,
we find that for any K,

/ lu(x)|dx = 0.

K

Hence u = 0 almost everywhere on K and, since K was arbitrary, this holds
almost everywhere on (2.
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Remark 1.5. We observe that, if f is nonnegative, then f. are also nonnegative
by (1.7) and hence any non-negative f € L,(R"™) can be approximated by
nonnegative, infinitely differentiable, functions with compact support.

Remark 1.6. Spaces L, (§2) often are defined as the completion of Cy({2) in
the L,(£2) norm, thus avoiding introduction of measure theory. The theorem
above shows that these two definitions are equivalent.

1.1.2 Operators

Let X,Y be real or complex Banach spaces with the norm denoted by || - || or
- Ilx-

An operator from X to Y is a linear rule A : D(A) — Y, where D(A) is a
linear subspace of X, called the domain of A. The set of operators from X to
Y is denoted by L(X,Y). Operators taking their values in the space of scalars
are called functionals. We use the notation (A, D(A)) to denote the operator
A with domain D(A). If A € L(X, X), then we say that A (or (4, D(A))) is
an operator in X.

By L(X,Y), we denote the space of all bounded operators between X and
Y; L(X, X) is abbreviated as £(X). The space £(X,Y") can be made a Banach
space by introducing the norm of an operator X by

[All = sup [[Az]| = sup [[Az]. (1.11)
lell<1 loll=1

If (A,D(A)) is an operator in X and Y C X, then the part of the operator A
in Y is defined as
Ayy = Ay (1.12)

on the domain
D(Ay)={ze DA)NY; Az € Y}.

A restriction of (A,D(A)) to D C D(A) is denoted by A|p. For A,B €
L(X,Y), we write A C B if D(A) C D(B) and B|pa) = A.

Two operators A, B € L(X) are said to commute if AB = BA. Tt is not
easy to extend this definition to unbounded operators due to the difficulties
with defining the domains of the composition. The extension is usually done to
the case when one of the operators is bounded. Thus, an operator A € L(X)
is said to commute with B € £L(X) if

BA C AB. (1.13)

This means that for any x € D(A), Bz € D(A) and BAz = ABx.
We define the image of A by

ImA={yeY; y= Ax for some x € D(A)}

and the kernel of A by
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KerA = {x € D(A); Az =0}.

We note a simple result which is frequently used throughout the book.

Proposition 1.7. Suppose that A, B € L(X,Y) satisfy: A C B, Ker B = {0},
and ImA =Y. Then A= B.

Proof. If D(A) # D(B), we take x € D(B) \ D(A) and let y = Bx. Because
A is onto, there is ' € D(A) such that y = Axz’. Because ' € D(A) C D(B)
and A C B, we have y = Az’ = Bz’ and Bz’ = Bz. Because KerB = {0},
we obtain & = 2’ which is a contradiction with = ¢ D(A). O

Furthermore, the graph of A is defined as
GA)={(z,y) e X xY; z € D(A),y = Az}. (1.14)

We say that the operator A is closed if G(A) is a closed subspace of X x Y.
Equivalently, A is closed if and only if for any sequence (2, )nen C D(A), if
lim, oo T, = z in X and lim, oo Az, =y in Y, then 2 € D(A) and y = Ax.

An operator A in X is closable if the closure of its graph G(A) is itself a
graph of an operator, that is, if (0,y) € G(A) implies y = 0. Equivalently, A is
closable if and only if for any sequence (x,,)nen C D(A), if lim,, 00 2, = 0 in
X and lim,, _,oo Az, =y in Y, then y = 0. In such a case the operator whose
graph is G(A) is called the closure of A and denoted by A.

By definition, when A is closable, then

D(A) = {z € X; thereis (,)nen C D(A) and y € X such that
l|zn — || = 0 and ||Az, —y|| — 0},
Ax =y.

For any operator A, its domain D(A) is a normed space under the graph norm
[zl peay = llzllx + | Az]ly- (1.15)

The operator A : D(A) — Y is always bounded with respect to the graph
norm, and A is closed if and only if D(A) is a Banach space under (1.15).

The differentiation operator

One of the simplest and most often used unbounded, but closed or closable,
operators is the operator of differentiation. If X is any of the spaces C([0, 1])

or L,([0,1]), then considering f,(z) := C,z™, where C,, = 1 in the former
case and C,, = (np + 1)1/? in the latter, we see that in all cases || f.| = 1.
However,

A A
nll ™ np+1—p
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in L,([0,1]) and ||f,,|| = n in C([0,1]), so that the operator of differentiation
is unbounded.

Let us define T'f = f’ as an unbounded operator on D(T) = {f € X; Tf €
X}, where X is any of the above spaces. We can easily see that in X = C([0, 1])
the operator T is closed. Indeed, let us take (f,)nen such that lim, o frn = f
and lim, o Tf, = ¢ in X. This means that (f,)nen and (f},)nen converge
uniformly to, respectively, f and g, and from basic calculus f is differentiable
and f' =g.

The picture changes, however, in L, spaces. To simplify the notation, we
take p = 1 and consider the sequence of functions

for 0 <z <
(a:f%)z for%<x§
— f0r§+ <

)

| wmz S
Nl Nl

+1,
2" w<ws<l
These are differentiable functions and it is easy to see that (f,)nen converges
in L1([0,1]) to the function f given by f(z) = 0 for z € [0,1/2] and f(x) =
x—1/2 for x € (1/2,1] and the derivatives converge to g(z) = 0 if x € [0,1/2]
and to g(z) = 1 otherwise. The function f, however, is not differentiable and
so T is not closed. On the other hand, g seems to be a good candidate for the
derivative of f in some more general sense. Let us develop this idea further.
First, we show that T is closable. Let (f)nen and (f),)nen converge in X to
f and g, respectively. Then, for any ¢ € C5°((0,1)), we have, integrating by

parts,
/ S (2)pla)de = — / fu()d (x)dc
0 0

and because we can pass to the limit on both sides, we obtain

[ s@itwds =~ [ @) @)aa. (1.16)
0 0

Using the equivalent characterization of closability, we put f = 0, so that

/19($)¢($)d1’ =0

for any ¢ € C5°((0,1)) which yields g(z) = 0 almost everywhere on [0, 1].
Hence g = 0 in L1 ([0, 1]) and consequently T is closable.

The domain of T in Ly ([0, 1]) is called the Sobolev space Wi ([0, 1]) which
is discussed in more detail in Subsection ?7.

These considerations can be extended to hold in any {2 C R". In particular,
we can use (1.16) to generalize the operation of differentiation in the following
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way: we say that a function g € L1 jo.(£2) is the generalised (or distributional)
derivative of f € Ly j100(12) of order «, denoted by 0% f, if

/ 9(x)p(x)dx = (~1)1! / F(x)026(x)dx (1.17)
(9]

0

for any ¢ € C3°(£2).

This operation is well defined. This follows from the du Bois Reymond
lemma.

From the considerations above it is clear that 92 is a closed operator
extending the classical differentiation operator (from C!#l(£2)). One can also
prove that 97 is the closure of the classical differentiation operator.

Proposition 1.8. If 2 = R", then 0° is the closure of the classical differen-
tiation operator.

Proof. We use (1.7) and (1.8). Indeed, let f € L,(R™) and g = 9° f € L,(R").
We consider f. := Je x f — f in L,. By the Fubini theorem, we prove

/ (o % £)(x)0% p(x)dx = / we(y) / £(x - ¥)0P $(x)dxdy
Rn

Rn Rn

— (- / we(y) / o(x — ¥)$(x)dxdy

R R™

— (- / (J. % g)b(x)dx

R™

so that 0P f. = J. % 0°f = J.x g — g as € — 0 in L,(R™). This shows that
action of the distributional derivative can be obtained as the closure of the
classical derivation.

Otherwise the proof is more complicated (see, e.g., [?, Theorem 3.16]) since
we do not know whether we can extend f outside {2 in such a way that the
extension still will have the generalized derivative. We shall discuss it later.

Ezample 1.9. A non closable operator. Let us consider the space X =
L2((0,1)) and the operator K : X — Y, Y = X x C (with the Euclidean
norm), defined by

Kv=<w,v(1) > (1.18)

on the domain D(K) consisting of continuous functions on [0, 1]. We have the
following lemma

Lemma 1.10. K is not closable, but has a bounded inverse. ImK is dense in
Y.
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Proof. Let f € C*([0,1]) be such that

_ JOofor0<z<1/3
f(m)_{lfor2/3<x§1.

To construct such a function, we can consider e.g. J. * f, where

= 1 for 2 _e<z<1
— 3 )
flz) = {0 otherwise

and € < 1/3. Let v,(z) = f(2™) for 0 < 2 < 1. Clearly, v, € D(K) and
vp — 01n Lo((0,1)) as

1

1 1
/fQ(z”)da: = / 2 (a™)dx = % / 27U £2 () dz.
0 3-1/n 1/3

However, Kv, =< v,,1 >—=< 0,1 >#< 0,0 >.
Further, K is one-to-one with K ~!(v,v(1)) = v and

1= (v, v = [0l < [lol]* + o (D).

To prove that ImK is dense in Y, let < y,a > Y. We know that
C§°((0,1)) € D(K) is dense in Z = L5((0,1)). Let (¢,) be sequence of C§°-
functions which approximate y in L2(0,1) and put w,, = ¢,, + av,. We have
Kw, =< w,,a >=><y,a >.

Absolutely continuous functions

In one-dimensional spaces the concept of the generalised derivative is closely
related to a classical notion of absolutely continuous function. Let I = [a,b] C
R! be a bounded interval. We say that f : I — C is absolutely continuous if, for
any € > 0, there is § > 0 such that for any finite collection {(a, b;)}; of disjoint
intervals in [a, b] satisfying >, (b; —a;) < &, we have )", [ f(b;)— f(a;)| < €. The
fundamental theorem of calculus, [?, Theorem 8.18], states that any absolutely
continuous function f is differentiable almost everywhere, its derivative f’ is
Lebesgue integrable on [a,b], and f(t) — f(a) = f(j f'(s)ds. It can be proved
(e.g., [?, Theorem VIIIL.2]) that absolutely continuous functions on [a,b] are
exactly integrable functions having integrable generalised derivatives and the
generalised derivative of f coincides with the classical derivative of f almost
everywhere.
Let us explore this connection. We prove

Theorem 1.11. Assume that u € L1 10.(R) and its generalized derivative Du
also satisfies Du € Lq 1o.(R). Then there is a continuous representation u of
u such that



1.1 Spaces and Operators 13

u(z) =C+ | Du(t)dt
/

for some constant C' and thus u is differentiable almost everywhere.

Proof. The proof is carried out in three steps. In Step 1, we prove that if
x
F@) = [ fw)d. (1.19)

where f € Lqj0.(R), then F is differentiable almost everywhere (it is ab-
solutely continuous) and f is its derivative. In Step 2, we show that if an
L 10c(R) function has the generalised derivative equal to zero, then it is con-
stant (almost everywhere). Finally, in Step 3, we show that the generalised
derivative of F' defined by (1.19) coincides with f, which will allow to draw
the final conclusion.

Step 1. Consider
x+h
1

Apf(x) = 7 / f(y)dy.

x

Clearly it is a jointly continuous function on R} x R. Further, denote

H f(x) = sup Ap|f[(z).
h>0

We restrict considerations to some bounded open interval I. Then Ay, f(z) —
f(x) if there is no n such that x € S,, = {z; limsup;_,o |Anf(z) — f(z)| >
1/n}. Thus, we have to prove u(S,) = 0 for any n.

Then we can assume that f is of bounded support and therefore, by the
Theorem 1.4, for any € there is a continuous function g with bounded support
with [} |f(z) — g(z)|dz < e. From this it follows that

¢> / (@) - g(a)lde > / (@) — ga))dz
I {z; |f(z)—g(z)|>1/n)

> ~u({s 1) — o) = 1/n}),
that is,

pi{z; |f(z) = g(x)] = 1/n}) < ne. (1.20)
Fix any € and corresponding g. Then

limsup | Ay f(2) = f(2)] < sup [An(f(2)—g(2))|+ lim |Ang(2)—g(2)[+]f () —g(2)|
0 h>0 —

h—

The second term is zero by the continuity of g. We begin with estimating the
first term. For a given ¢ consider an open set E, = {x € I; Hp(z) > a} (E, is
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open as it is the sum of the sets {z € I; Ap|p|(x) > a} over h > 0, where the
latter are open by continuity of Ay|¢|. For any « € E, we find r, such that
Ay |¢|(z) > . Consider intervals I, . = (€ —ry,x+ry). Thus, E, is covered
by these intervals. From the theory of Lebesque measure, the measure of any
measurable set S is supremum over measures of compact sets K C S. Thus,
for any ¢ < u(E,) we can find compact set K C E, with ¢ < pu(K) C u(Ey)
and a finite cover of K by I, », , % =1,...,ikx. Let us modify this cover in
the following way. Let I; be the element of maximum length 2r;, centred at
x1, Io be the largest of the remaining which are disjoint with I;, centred at
T2, and so on, until the collection is exhausted with j = J. According to the
construction, if some I, ., is not in the selected list, then there is j such that
Iy, r, N1 # 0. Let as take the smallest such j, that is, the largest ;. Then
2r,, is at most equal to the length of I;, 2r;, and thus I, re, C IJ* where
the latter is the interval with the same centre as I; but with length 6r;. The

collection of I} also covers K and, since A, |¢|(z;) = _1 fwﬁr] lo(y)|dy > «,
we obtain
J 6 SR 6
<6 < — dy < = d
c< ;m_ a; / [6(y)ldy < a/|¢<y)| y,
= =1 J

since the intervals I}, and thus (z;, x;+7;), do not overlap (and we can restrict
h to be small enough for the intervals to be in I). Passing with ¢ — p(E,) we
get

W(Ea) = p({e € I Hé(z) > a}) < / 16(y)dy.

Using this estimate for ¢ = f — g and combining it with (1.20), we see that
for any € > 0 we have
1w(Sy,) < 6ne + ne

and, since € is arbitrary, 1(Sy) = 0 for any n. So, we have differentiability of
r — f;o f(y)dy almost everywhere.
Step 2. Next, we observe that if f € Ly j,.(R) satisfies

R/ f¢'dz =0

for any ¢ € C§°(R), then f = const almost everywhere. To prove this, we
observe that if 1) € C§°(R) satisfies [; ¢»dz = 1, then for any w € C§°(R)
there is ¢ € C§°(R) satisfying

(;S’:w—z/JR/wdx.
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Indeed, h = w — 9 [wdz is continuous compactly supported with fR hdx =0
R
and thus it has a unique compactly supported primitive.

Hence
R/fwx:!f(w—wR/wdy)dx:

- R/ fudy)dz = 0

R

or

for any w € C§°(R) and thus f = const almost everywhere.

Step 3. Next, if v( f f(y)dy for f € Ly 1oc(R), then v is continuous
and the generahzed derlvatlve of v, Dv, equals f. In the proof, we can put
zo = 0. Then

0o 0

/vd)dx—//f @iz~ [ ([ f)

—o0 T

0 0

F)( / Sy~ [ 1) [ &)y
- [ 1wotay
R

With these results, let u € Lq jo.(R) be the distributional derivative Du €

x

Ly 10c(R) and set a(z f Du(t)dt. Then Du = Du almost everywhere and

hence u + C' = u almost everywhere. Defining u = u + C, we see that u is
continuous and has integral representation and thus it is differentiable almost
everywhere.

1.2 Fundamental Theorems of Functional Analysis

The foundation of classical functional analysis are the four theorems which
we formulate and discuss below.

1.2.1 Hahn—Banach Theorem

Theorem 1.12. (Hahn—-Banach) Let X be a normed space, Xy a linear sub-
space of X, and x5 a continuous linear functional defined on Xo. Then there
exists a continuous linear functional z* defined on X such that x*(z) = 23 (z)
for x € Xy and ||z*|| = |||
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The Hahn—Banach theorem has a multitude of applications. For us, the
most important one is in the theory of the dual space to X. The space L(X,R)
(or L(X,C)) of all continuous functionals is denoted by X* and referred to as
the dual space. The Hahn—-Banach theorem implies that X* is nonempty (as
one can easily construct a continuous linear functional on a one-dimensional
space) and, moreover, there are sufficiently many bounded functionals to sep-
arate points of x; that is, for any two points x1,z2 € X there is £* € X* such
that *(z1) = 0 and z*(x2) = 1. The Banach space X** = (X*)* is called the
second dual. Every element x € X can be identified with an element of X**
by the evaluation formula

z(z*) = " (x); (1.21)

that is, X can be viewed as a subspace of X**. To indicate that there is some
symmetry between X and its dual and second dual we shall often write

¥ (x) =<a™, x> xx X,

where the subscript X™* x X is suppressed if no ambiguity is possible.

In general X # X**. Spaces for which X = X** are called reflezive. Exam-
ples of reflexive spaces are rendered by Hilbert and L, spaces with 1 < p < oo.
However, the spaces L and L., as well as nontrivial spaces of continuous
functions, fail to be reflexive.

Ezxample 1.13.If 1 < p < oo, then the dual to L,({2) can be identified with
L,(£2) where 1/p+1/¢q =1, and the duality pairing is given by

<f.g>= / fX)g(x)dx, | € Ly(R2), g€ Ly(12). (1.22)
N

This shows, in particular, that Lo(£2) is a Hilbert space and the above duality
pairing gives the scalar product in the real case. If Ly(£2) is considered over
the complex field, then in order to get a scalar product, (1.22) should be
modified by taking the complex adjoint of g.

Moreover, as mentioned above, the spaces L,(2) with 1 < p < oo are
reflexive. On the other hand, if p = 1, then (L1(§2))* = Lo (£2) with duality
pairing given again by (1.22). However, the dual to L, is much larger than
L1 (£2) and thus L, (£2) is not a reflexive space.

Another important corollary of the Hahn—Banach theorem is that for each
0 # x € X there is an element Z* € X* that satisfies |Z*]] = ||z| and
<z*,z>= ||z||. In general, the correspondence x — Z* is multi-valued: this is
the case in Lq-spaces and spaces of continuous functions it becomes, however,
single-valued if the unit ball in X is strictly convex (e.g., in Hilbert spaces or
LP-spaces with 1 < p < oo; see [?]).

1.2.2 Spanning theorem and its application

A workhorse of analysis is the spanning criterion.
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Theorem 1.14. Let X be a normed space and {y;} C X. Then z € Y :=
Lin{y;} if and only if

Vorex <a¥,y; >=0 implies <z*,z>=0.

Proof. In one direction it follows easily from linearity and continuity.

Conversely, assume < z*,z >= 0 for all * annihilating Y and z # Y.
Thus, infyey ||z — y|| = d > 0 (from closedness). Define Z = Lin{Y, z} and
define a functional y* on Z by < y*,£ >=< y*,y + az >= a. We have

y
ly +azll = lalll + 2]l = |ald

hence

ly+ ozl _ o
22l =g

and y* is bounded. By H.-B. theorem, we extend it to ¥* on X with < y*, 2 >=
OonY and < g*,z >=1#0.

| <y, ¢>=lal <

Next we consider the Mintz theorem.

Theorem 1.15. Let (\;)jen be a sequence of positive numbers tending to co.
The functions {ti};en span the space of all continuous functions on [0,1]
that vanish at t = 0 if and only if

— 1
S =
j=1""

Proof. We prove the ‘sufficient’ part. Let * be a bounded linear functional
that vanishes on all t*i:

<z th >=0, jeN.
For ¢ € C such that R¢ > 0, the functions ¢ — t¢ are analytic functions with
values in C([0, 1]) This can be proved by showing that
$6+h _ 4¢
lim = (In )t

C>h—0

uniformly in ¢ € [0,1]. Then
FQ) =< a*t¢ >

is a scalar analytic function of ¢ with ®¢ > 0. We can assume that ||z*|| < 1.
Then

If(OI<1

for R¢ > 0 and f(A;) =0 for any j € N.
Next, for a given N, we define a Blaschke product by
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N
C—A
Bn(() = .
(9 Ecw

We see that By (¢) = 0 if and only if ¢ = A;, |Bn(¢)| — 1 both as R — 0
and |¢| — oo. Hence
f(Q)

- By(Q)

is analytic in R¢ > 0. Moreover, for any € there is g > 0 such that for any
§ > 6o we have |By(¢)| > 1 —¢€ on R¢ = § and |[¢| = 6~!. Hence for any e

gn(€)

lgn ()] < 1+e

there and by the maximum principle the inequality extends to the interior of
the domain. Taking € — 0 we obtain |gn(¢)] <1 on R¢ > 0.
Assume now there is k£ > 0 for which f(k) # 0. Then we have

N
Jj=1

Note, that this estimate is uniform in N. If we write

>\j+k‘< 1
A= k|7 (k)

Ntk 2%
N—k Nk

then, by A; — oo almost all terms bigger then 1. Remembering that bound-
edness of the product is equivalent to the boundedness of the sum

Yo
Z)\‘—k
j=1""

we see that we arrived at contradiction with the assumption. Hence, we must
have f(k) = 0 for any k& > 0. This means, however, that any functional that
vanishes on {t"i} vanishes also on t* for any k. But, by the Stone- Weierstrass
theorem, it must vanish on any continuous function (taking value 0 at zero).
Hence, by the spanning criterion, any such continuous function belongs to the
closed linear span of {t*i}.

Non-reflexiveness of C([—1,1])

Consider the Banach space X = C([—1,1]) normed with the sup norm. If X
was reflexive, then we could identify X** with X and thus, for every z* € X*
there would be z € X such that

|lz|| =1, <z*,z>=|z"|. (1.23)
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Let us define z* € X* by
1
<zt x>= /Signtm(t)dt.
21

Then
| <z* x> | <2|z]. (1.24)

Indeed, restrict our attention to ||z|| = 1. We see then that | < z*,z > | < 2.
Clearly, for the integral to attain maximum possible values, the integral should
be of opposite values. We can focus on the case when the integral over (—1,0)
is negative and over (0,1) is positive and then for the best values, x(t) must
negative on (—1,0) and positive on (0,1). Then, each term is at most 1 and
for this z(t) = 1 for t € (0,1) and z(t) = —1 for t € (—1,0). But this is
impossible as g is continuous at 0. On the other hand, by choosing z(t) to be
—1for —1 <t < —e, 1 for e <t < 1 and linear between —e and € we see that

<z, x>=2-—c¢

with [|z]] = 1. Hence, ||z*|| = 2. However, this is impossible by (1.24).

Norms of functionals

Ezample 1.16. The existence of an element z* satisfying <z*, >= ||z|| has an
important consequence for the relation between X and X** in a nonreflexive
case. Let B, B*, B** denote the unit balls in X, X* X™** respectively. Because
x* € X* is an operator over X, the definition of the operator norm gives

lz*||x+ = sup | <z*,z> | = sup <z*, x>, (1.25)
r€B z€B
and similarly, for € X considered as an element of X** according to (1.21),
we have
|z]|x= = sup | <z*,x>]|= sup <z*,a>. (1.26)
r*eB* r*eB*

Thus, ||z]|x+ < ||z||x. On the other hand,

|zl x =<&*,2>< sup <a*,z>= ||z|x==
T*eB*

and
2] xe = [z x- (1.27)

Hence, in particular, the identification given by (1.21) is an isometry and X
is a closed subspace of X**.
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First comments on weak convergence

The existence of a large number of functionals over X allows us to intro-
duce new types of convergence. Apart from the standard norm (or strong)
convergence where (2, )neny C X converges to z if

lim ||z, —z| =0,
n— o0

we define weak convergence by saying that (x,)nen weakly converges to x, if
for any z* € X*,

lim <z* z,>=<z* x> .
n—oo

In a similar manner, we say that (z})neny C X* converges x-weakly to «* if,
for any =z € X,

lim <a),z>=<zx*, x> .

n—oo
Remark 1.17. It is worthwhile to note that we have a concept of a weakly
convergent or weakly Cauchy sequence if the finite limit lim, o <x*,z,>
exists for any x* € X*. In general, in this case we do not have a limit element.
If every weakly convergent sequence converges weakly to an element of X, the
Banach space is said to be weakly sequentially complete. It can be proved that
reflexive spaces and L spaces are weakly sequentially complete. On the other
hand, no space containing a subspace isomorphic to the space ¢y (of sequences
that converge to 0) is weakly sequentially complete (see, e.g., [?]).

Remark 1.18. In finite dimensional spaces weak and strong convergence is
equivalent which can be seen by taking x* being the coordinate vectors. Then
weak convergence reduces to coordinate-wise convergence.

However, the weak convergence is indeed weaker than the convergence in
norm. For example, consider any orthonormal basis {e,},>1 of a separable
Hilbert space X. Then |le,|| = 1 but for any f € X we know that the series

o0
> < fren>en
n=1

converges in X and, equivalently,
o0
dI<fien> P <0
n=1

Thus
lim < f,e, >=0

n— oo

for any f € X(= X*) and so (e, )n>0 weakly converges to zero.
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1.2.3 Banach—Steinhaus Theorem

Another fundamental theorem of functional analysis is the Banach—Steinhaus
theorem, or the Uniform Boundedness Principle. It is based on a fundamental
topological results known as the Baire Category Theorem.

Theorem 1.19. Let X be a complete metric space and let {X,}n>1 be a

sequence of closed subsets in X. If IntX,, = 0 for any n > 1, then
o0

Int |J X, = 0. Fquivalently, taking complements, we can state that a count-

n=1
able intersection of open dense sets is dense.

Remark 1.20. Baire’s theorem is often used in the following equivalent form:

if X is a complete metric space and {X,,},>1 is a countable family of closed
oo

sets such that |J X, = X, then IntX,, # () at least for one n.

n=1

Chaotic dynamical systems

We assume that X is a complete metric space, called the state space. In gen-
eral, a dynamical system on X is just a family of states (x(t)):er parametrized
by some parameter ¢ (time). Two main types of dynamical systems occur in
applications: those for which the time variable is discrete (like the observation
times) and those for which it is continuous.

Theories for discrete and continuous dynamical systems are to some extent
parallel. In what follows mainly we will be concerned with continuous dynam-
ical systems. Also, to fix attention we shall discuss only systems defined for
t > 0, that are sometimes called semidynamical systems. Thus by a contin-
uous dynamical system we will understand a family of functions (operators)
(x(t,-))t>0 such that for each ¢, x(¢,-) : X — X is a continuous function, for
each xq the function ¢t — x(¢, %) is continuous with x(0,x¢) = xo. Moreover,
typically it is required that the following semigroup property is satisfied (both
in discrete and continuous case)

x(t 4 s,x0) = x(t,x(s,%0)), t,s >0, (1.28)

which expresses the fact that the final state of the system can be obtained as
the superposition of intermediate states.
Often discrete dynamical systems arise from iterations of a function

x(t+1,%0) = f(x(¢t,%0)), teN, (1.29)

while when ¢ is continuous, the dynamics are usually described by a differential

equation
d: .
dit( =x= A(x), x(0)=x¢ teR,. (1.30)
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Let (X,d) be a metric space where, to avoid non-degeneracy, we assume
that X # {x(t,p)}+>0 for any p € X , that is, the space does not degenerates
to a single orbit). We say that the dynamical system (x(¢)):>0 on (X,d) is
topologically transitive if for any two non-empty open sets U,V C X there is
to > 0 such that x(t,U) NV # 0. A periodic point of (x(t));>0 is any point
p € X satisfying

x(T,p) = p,

for some T' > 0. The smallest such T is called the period of p. We say that the
system has sensitive dependence on initial conditions, abbreviated as sdic, if
there exists 6 > 0 such that for every p € X and a neighbourhood N, of p
there exists a point y € N, and ¢y, > 0 such that the distance between x(to, p)
and x(to,y) is larger than . This property captures the idea that in chaotic
systems minute errors in experimental readings eventually lead to large scale
divergence, and is widely understood to be the central idea in chaos.

With this preliminaries we are able to state Devaney’s definition of chaos
(as applied to continuous dynamical systems).

Definition 1.21. Let X be a metric space. A dynamical system (x(t))i>0 in
X is said to be chaotic in X if

1. (x(t))t>0 is transitive,
2. the set of periodic points of (x(t))i>0 is dense in X,
3. (x(t))¢>0 has sdic.

To summarize, chaotic systems have three ingredients: indecomposabil-
ity (property 1), unpredictability (property 3), and an element of regularity
(property 2).

It is then a remarkable observation that properties 1. and 2 together imply
sdic.

Theorem 1.22. If (x(t))i>0 is topologically transitive and has dense set of
periodic points, then it has sdic.

We say that X is non-degenerate, if continuous images of a compact in-
tervals are nowhere dense in X.

Lemma 1.23. Let X be a non-degenerate metric space. If the orbit O(p) =
{x(t,p)}1>0 is dense in X, then also the orbit O(x(s,p)) = {x(t,p)}i>s is
dense in X, for any s > 0.

Proof. Assume that O(x(s,p)) is not dense in X, then there is an open
ball B such that B N O(x(s,p)) = 0. However, each point of the ball is a
limit point of the whole orbit O(p), thus we must have {x(t,p)}o<i<s =
{x(t,p) }o<i<s O B which contradicts the assumption of nondegeneracy. B

To fix terminology we say that a semigroup having a dense trajectory is
called hypercyclic. We note that by continuity O(p) = {x(¢, p) }+cq, where Q
is the set of positive rational numbers, therefore hypercyclic semigroups can
exist only in separable spaces.
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By X}, we denote the set of hypercyclic vectors, that is,
Xn={p € X; O(p) is dense in X'}

Note that if (x())¢>0 has one hypercyclic vector, then it has a dense set of
hypercyclic vectors as each of the point on the orbit O(p) is hypercyclic (by
the first part of the proof above).

Theorem 1.24. Let (x(t))i>0 be a strongly continuous semigroup of continu-
ous operators (possibly nonlinear) on a complete (separable) metric space X .
The following conditions are equivalent:

1. Xy, is dense in X,
2. (x(t))e>0 s topologically transitive.

Proof. Let as take the set of nonegative rational numbers and enumerate
them as {¢1,t2,...}. Consider now the family {x(¢,)}nen. Clearly, the orbit of
p through (x(¢))¢>0 is dense in X if and only if the set {x(¢,,)p}nen is dense.

Consider now the covering of X by the enumerated sequence of balls B,,
centered at points of a countable subset of X with rational radii. Since each
x(tm) is continuous, the sets

Gm = U X_l(thm)

neN

are open. Next we claim that

Xp= () Gm.
meN

In fact, let p € X, that is, p is hypercyclic. It means that x(t,,p) visits
each neigbourhood of each point of X for some n. In particular, for each m
there must be n such that x(t,,p) € B,, or p € x~'(t,, B,,) which means

pe N Gn.
meN

Conversely, if p € () G, then for each m there is n such that p €
meN

x " Y(tn, Bm), that is, x(t,,p) € By,. This means that {x(t,,p)}nen is dense.

The next claim is condition 2. is equivalent to each set G, being dense
in X. If G,,, were not dense, then for some B,., B, Nx~(t,, B,,) = 0 for any
n. But then x(¢,, B,) N B, = 0 for any n. Since the continuous semigroup is
topologically transitive, we know that there is y € B, such that x(to,y) € By,
for some tg. Since By, is open, x(t,y) € B,, for t from some neighbourhood
of ty and this neighbourhood must contain rational numbers.

The converse is immediate as for given open U and V we find B,, C V
and since G, is dense U N G,, # 0. Thus U N x"1(t,, B,,) # 0 for some n,
hence x(t,,,U) N B, # 0.
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So, if (x(t));>0 is topologically transitive, then X, is the intersection of a
countable collection of open dense sets, and by Baire Theorem in a complete
space such an intersection must be still dense, thus X} is dense.

Conversely, if Xj is dense, then each term of the intersection must be
dense, thus each G,, is dense which yields the transitivity. m

Back to the Banach—Steinhaus Theorem

To understand its importance, let us reflect for a moment on possible types of
convergence of sequences of operators. Because the space £(X,Y") can be made
a normed space by introducing the norm (1.11), the most natural concept of
convergence of a sequence (A, )neny would be with respect to this norm. Such
a convergence is referred to as the uniform operator convergence. However, for
many purposes this notion is too strong and we work with the pointwise or
strong convergence: the sequence (A, )nen is said to converge strongly if, for
each © € X, the sequence (A4,2),cn converges in the norm of Y. In the same
way we define uniform and strong boundedness of a subset of L(X,Y).

Note that if Y = R (or C), then strong convergence coincides with x-weak
convergence.

After these preliminaries we can formulate the Banach—Steinhaus theorem.

Theorem 1.25. Assume that X is a Banach space andY is a normed space.
Then a subset of L(X,Y) is uniformly bounded if and only if it is strongly
bounded.

One of the most important consequences of the Banach—Steinhaus theo-
rem is that a strongly converging sequence of bounded operators is always
converging to a linear bounded operator. That is, if for each x there is y,, such
that

lim A,z =y,
n—oo

then there is A € L(X,Y) satisfying Az = y,,.

Further comments on weak convergence

Example 1.26. We can use the above result to get a better understanding of
the concept of weak convergence and, in particular, to clarify the relation be-
tween reflexive and weakly sequentially complete spaces. First, by considering
elements of X* as operators in £(X,C), we see that every x-weakly converg-
ing sequence of functionals converges to an element of X* in x-weak topology.
On the other hand, for a weakly converging sequence (x,)nen C X, such an
approach requires that x,,,n € N, be identified with elements of X** and thus,
by the Banach—Steinhaus theorem, a weakly converging sequence always has
a limit x € X**. If X is reflexive, then z € X and X is weakly sequentially
complete. However, for nonreflexive X we might have z € X** \ X and then
(Zn)nen does not converge weakly to any element of X.
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On the other hand, (1.27) implies that a weakly convergent sequence in
a normed space is norm bounded. Indeed, we consider (z,,),en such that for
each z* € X* < z*,x, > converges. Treating x, as elements of X** we
see that the numerical sequences < z,,2* > are bounded for each z* € X*.
X* is a Banach space (even if X is not). Then (||, ||)n>0 is bounded by the
Banach-Steinhaus theorem.

We can also prove the partial reverse of this inequality: if (z,)nen is a
sequence in a normed space X weakly converging to x, then

||| < liminf [|z,,]]. (1.31)
n—oo
To prove this, there is x* € X* such that
" =1, <z z>]=]z
Hence
|zl =] <z, z>|=|lim <z%, 2, >|<liminf| < 2", 2, > |liminf ||z, ||.
n—oo n—oo n— oo

However, we point out that a theorem proved by Mazur (e.g., see [?], p.
120) says that if x,, — = weakly, then there is a sequence of convex combina-~
tions of elements of (z,)nen that converges to z in norm. To prove this result,
let us introduce the concept of the support function of a set. For a set M we
define

Sy(z™) = sup < 2™,z >.
zeM

A crucial result is

Lemma 1.27. If X is a normed space over R and M is a closed convex subset
of X then z € M if and only if < x*,z >< Sy(a*) for any z* € X*.
Proof. If z € M, then < z*,z >< sup < z*,z >= Sy(z*) by definition.
zeM

If z ¢ M then, by closedness, there is a ball B(z,r) not intersecting with
M. By the geometric version of the Hahn-Banach theorem, there is a linear
functional z* and a constant ¢ such that for any x € M and y € B(z,r) we
have

<z r><c<<zy>.

Since y = z + rv, ||v]| < 1, we have
c<< M z+re>=<zYz>+4r<z' 1 >.
Using the fact that inf),<; < 2%, 2 >= —||z*||, we obtain
c<<zf z4rr >=<z" 2> —r|2"].

On the other hand
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which yields
< 2%, 2>> Sy(2") + )27 > Su (")
and completes the proof.
With this result we can prove the Mazur theorem.

Let K be a closed convex set and (2, )nen be a sequence weakly converging
to z € K. Consider Sk (z*). We have

<z*xn >< Sk(x¥)
for any z* € X*. But this implies
<a*,x>< Sk(x¥)

and the result follows by the above lemma.

The Banach-Steinhaus theorem and convergence on subsets

We note another important corollary of the Banach—Steinhaus theorem which
we use in the sequel.

Corollary 1.28. A sequence of operators (Ay)nen is strongly convergent if
and only if it is convergent uniformly on compact sets.

Proof. Tt is enough to consider convergence to 0. If (A,)neny converges
strongly, then by the Banach-Steinhaus theorem, a = sup, ¢y [|[An| < +o00.
Next, if 2 C X is compact, then for any € we can find a finite set N, =
{x1,...,2} such that for any x € (2 there is ; € N, with ||z — z;|| < €/2a.
Because N is finite, we can find ng such that for all m > ng and i =1,...,k
we have ||A,x;|| < ¢/2 and hence

[Anz]| = [|Anzi|| + allz — i < €
for any = € 2. The converse statement is obvious. O
We conclude this unit by presenting a frequently used result related to the

Banach—Steinhaus theorem.

Proposition 1.29. Let X,Y be Banach spaces and (Ap)neny C L(X,Y) be a
sequence of operators satisfying sup, cy ||An|| < M for some M > 0. If there
is a dense subset D C X such that (Apx)nen s a Cauchy sequence for any
x € D, then (A,x)nen converges for any x € X to some A € L(X,Y).

Proof. Let us fixe > 0 and y € X. For this € we find z € D with ||[z—y|| < ¢/M
and for this x we find ng such that | A,z — A, x| < € for all n, m > ng. Thus,

[Any — Amyl| < [|Anz — Amz| + [[An(z = y)l| + [[Am(z — y) || < 3e.

Hence, (Any)nen is a Cauchy sequence for any y € X and, because Y is
a Banach space, it converges and an application of the Banach—Steinhaus
theorem ends the proof. |
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Application—limits of integral expressions

Consider an equation describing growth of, say, cells

ON n d(g(m)N)

e T —u(m)N(t,m), me(0,1), (1.32)

with the boundary condition
g(0)N(t,0) =0 (1.33)

and with the initial condition
N(0,m) = No(m) for m € [0,1]. (1.34)

Here N(m) denotes cells’ density with respect to their size/mass and we con-
sider the problem in L, (][0, 1]).

Consider the ‘formal’ equation for the stationary version of the equation
(the resolvent equation)

AN (m) + (g(m)N(m))" + p(m)N(m) = f(m) € Ly ([0, 1)),
whose solution is given by

e~ AG(m)=Q(m)

Ni(m) = /Om Q) £(5) ds (1.35)

g(m)

where G(m) = [;"(1/9(s)) ds and Q(m) = [;"(u(s)/g(s)) ds. To shorten no-
tation we denote

e_x(m) = ef>\G(m)*Q(m)7 ex(m) = AG(M)+Q(m)

Our aim is to show that g(m)Nyx(m) — 0 as m — 1~ provided 1/g or p is not
integrable close to 1. If the latter condition is satisfied, then ey(m) — oo and
e Mm) = 0asm— 1.

Indeed, consider the family of functionals {{m },mep—e,1) for some € > 0
defined by

nf = coalm) [ er()f(5)ds
0
for f € L0,1]. We have
m 1
nf < extm) [ ex@relds < [ 1feo)ds
on account of monotonicity of ey. Moreover, for f with support in [0,1 — J]

with any § > 0 we have lim,,,_,1- &, f = 0 and, by Proposition 1.29, the above
limit extends by density for any f € L]0, 1].
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1.2.4 Weak compactness

In finite dimensional spaces normed spaces we have Bolzano-Weierstrass theo-
rem stating that from any bounded sequence of elements of X, one can select
a convergent subsequence. In other words, a closed unit ball in X, is compact.
There is no infinite dimensional normed space in which the unit ball is
compact.
Weak compactness comes to the rescue. Let us begin with (separable)
Hilbert spaces.

Theorem 1.30. Each bounded sequence (un)nen in a separable Hilbert space
X has a weakly convergent subsequence.

Proof. Let {vj}ren be dense in X and consider numerical sequences ((ty,, Uk))nen
for any k. From Banach-Steinhaus theorem and

|ty vp)| < [l

we see that for each k these sequences are bounded and hence each has a con-
vergent subsequence. We use the diagonal procedure: first we select (u1p,)nen
such that (u1,,v1) — a1, then from (u1,)nen we select (ugy,)nen such that
(ugn,v2) — ag and continue by induction. Finally, we take the diagonal se-
quence w;, = Up, which has the property that (w,,vr) — ag. This follows
from the fact that elements of (wp,)nen belong to (ug, for nm > k. Since
{vk }ren is dense in X and (uy,)nen is norm bounded, Proposition 1.29 implies
((wn, v))nen converges to, say, a(v) for any v € X and v — a(v) is a bounded
(anti) linear functional on X. By the Riesz representation theorem, there is
w € X such that a(v) = (v, w) and thus w, — w.

If X is not separable, then we can consider Y = Lin{u,}nen which is
separable and apply the above theorem in Y getting an element w € Y for
which

(wp,v) = (w,v), vey.

Let now z € X. By orthogonal decomposition, z = v + v+ by linearity and
continuity (as w € Y)

(wn7z) = (U)n,U) — (w,v) = (’UJ,Z)
and so w,, = w in X.
Corollary 1.31. Closed unit ball in X is weakly sequentially compact.

Proof. We have
(v,wy) = (v,w), n— o0
for any v. We can assume w = 0 We prove that for any k there are indices

ni,...,nk such that
E~ Y wn, + ...+ wp,) =0
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in X. Since (w1, w,) — 0, we set n; = 1 and select ny such that |(wy, , wn, )| <
1/2. Then we select ng such that |(wn,,wn,)| < 1/2 and |(Wh,, wn,)| < 1/2
and further, ng such that |(wn,, wn, )| < 1/(k—1),..., [(Wn,_,, wn, )| < 1/(k—
1). Since ||wy|| < C, we obtain

&~ (wn, + . 4wy )2
SR D+ 23w w0n) 23 (s )
j=1 j=1 J=1

E2(kC?*+2(k — 1)(k— 1)~ ' +2(k—2)(k—2)"" +...2)

<
<EkEHC*+2)

Note that this result shows that any closed convex set in X is weakly
sequentially compact. What about other spaces?

Practically the same proof (using the fact that a closed subspace of a
reflexive space is reflexive) shows that if a Banach space is reflexive, then
the closed unit ball is weakly sequentially compact. The converse is also true
(Eberlain).

Helly’s theorem: If X is a separable Banach space and U = X*, then
the closed unit ball in U is weak® sequentially compact. Alaoglu removed
separability.

1.2.5 The Open Mapping Theorem

The Open Mapping Theorem is fundamental for inverting linear operators.
Let us recall that an operator A : X — Y is called surjective if ImA =Y and
open if the set A2 is open for any open set 2 C X.

Theorem 1.32. Let X,Y be Banach spaces. Any surjective A € L(X,Y) is
an open mapping.

One of the most often used consequences of this theorem is the Bounded
Inverse Theorem.

Corollary 1.33. If A € L(X,Y) is such that KerA = {0} and ImA =Y,
then A= € L(Y, X).

The corollary follows as the assumptions on the kernel and the image
ensure the existence of a linear operator A~! defined on the whole Y. The
operator A~! is continuous by the Open Mapping Theorem, as the preimage
of any open set in X through A~!, that is, the image of this set through A,
is open.

Throughout the book we are faced with invertibility of unbounded opera-
tors. An operator (A, D(A)) is said to be invertible if there is a bounded oper-
ator A=! € L(Y, X) such that A=* Az = z for all z € D(A) and A~ 'y € D(A)
with AA~'y = y for any y € Y. We have the following useful conditions for
invertibility of A.
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Proposition 1.34. Let X, Y be Banach spaces and A € L(X,Y). The follow-
ing assertions are equivalent.

(i) A is invertible;

(1) ImA =Y and there is m > 0 such that |Az| > m|z| for all x € D(A);

(i11) A is closed, ImA =Y and there is m > 0 such that || Az| > m||z| for
all x € D(A);

(iv) A is closed, ImA =Y, and KerA = {0}.

Proof. The equivalence of (i) and (ii) follows directly from the definition of
invertibility. By Theorem 1.35, the graph of any bounded operator is closed
and because the graph of the inverse is given by

G(A) = {(z,y); (y,z) € GIATH)},

we see that the graph of any invertible operator is closed and thus any such
an operator is closed. Hence, (i) and (ii) imply (iii) and (iv). Assume now
that (iii) holds. G(A) is a closed subspace of X x Y, therefore it is a Banach
space itself. The inequality ||Ax| > m||z| implies that the mapping G(A4) >
(x,Az) — Az € ImA is an isomorphism onto ImA and hence I'mA is also
closed. Thus ImA =Y and (ii) follows. Finally, if (iv) holds, then Corollary
1.33 can be applied to A from D(A) (with the graph norm) to Y to show that
A=t e L(Y,D(A)) Cc L(Y, X). O

Norm equivalence. An important result is that if X is a Banach space with
respect to two norms | - ||; and || - ||z and there is C such that ||z|j; < C||z]|2,
then both norms are equivalent.

The Closed Graph Theorem

It is easy to see that a bounded operator defined on the whole Banach space X
is closed. That the inverse also is true follows from the Closed Graph Theorem.

Theorem 1.35. Let X,Y be Banach spaces. An operator A € L(X,Y) with
D(A) = X is bounded if and only if its graph is closed.

We can rephrase this result by saying that an everywhere defined closed
operator in a Banach space must be bounded.

Proof. Indeed, consider on X two norms, the original norm || - || and the graph
norm
[zl pay = llll + [ Az].

By closedness, X is a Banach space with respect to D(A) and A is continuous
in the norm || - || p(4). Hence, the norms are equivalent and A is continuous in
the norm || - ||
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To give a nice and useful example of an application of the Closed Graph
Theorem, we discuss a frequently used notion of relatively bounded operators.
Let two operators (A, D(A)) and (B, D(B)) be given. We say that B is A
bounded it D(A) C D(B) and there exist constants a,b > 0 such that for any
x € D(A),

| Ball < all Az + bl (1.36)

Note that the right-hand side defines a norm on the space D(A), which is
equivalent to the graph norm (1.15).

Corollary 1.36. If A is closed and B closable, then D(A) C D(B) implies
that B is A-bounded.

Proof. If A is a closed operator, then D(A) equipped with the graph norm is
a Banach space. If we assume that D(A) C D(B) and (B, D(B)) is closable,
then D(A) C D(B). Because the graph norm on D(A) is stronger than the
norm induced from X, the operator B, considered as an operator from D(A)
to X is everywhere defined and closed. On the other hand, §|D(A) = B;
hence B : D(A) — X is bounded by the Closed Graph Theorem and thus B

is A-bounded. a

1.3 Hilbert space methods

One of the most often used theorems of functional analysis is the Riesz rep-
resentation theorem.

Theorem 1.37 (Riesz representation theorem). If z* is a continuous
linear functional on a Hilbert space H, then there is exactly one elementy € H
such that

<z*,x >=(z,y). (1.37)

1.3.1 To identify or not to identify—the Gelfand triple

Riesz theorem shows that there is a canonical isometry between a Hilbert
space H and its dual H*. It is therefore natural to identify H and H* and is
done so in most applications. There are, however, situations when it cannot
be done.

Assume that H is a Hilbert space equipped with a scalar product (-,-)g
and that V' C H is a subspace of H which is a Hilbert space in its own
right, endowed with a scalar product (-,-)y. Assume that V is densely and
continuously embedded in H that is V = H and ||z||g < c||z||v, z € V, for
some constant c¢. There is a canonical map T : H* — V* which is given by
restriction to V' of any h* € H*:

<Th*,v >y«xv=<h*,v >gxy, vEV.
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We easily see that
TR [y~ < CIR ||+

Indeed
ITh* ||y~ = sup | <Th* v >y«xv |= sup |<h* v >gexp
llvllv <1 llvllv <1
<A e sup lolla < c|h*|[a--
[lvllv<1
Further, T is injective. For, if Th] = Th3, then
0=< Th; —Thi, v >y-xy=<h] — h;,v >H*xH

for all v € V' and the statement follows from density of V' in H. Finally, the
image of TH* is dense in V*. Indeed, let v € V** be such that < v, Th* >=0
for all h* € H*. Then, by reflexivity,

0=<v,Th* >yexy-=<Th*,v >y«xy=<h*,v >g+xg, h" € H"

implies v = 0.
Now, if we identify H* with H by the Riesz theorem and using T as the
canonical embedding from H* into V*, one writes

VcCH~H*CV*

and the injections are dense and continuous. In such a case we say that H is
the pivot space. Note that the scalar product in H coincides with the duality
pairing < -, - >y«xy:

(f7g)H:<fag>V*><V7 fEH,gEV

Remembering now that V' is a Hilbert space with scalar product (-,-)y we
see that identifying also V' with V* would lead to an absurd — we would have
V = H = H* = V*. Thus, we cannot identify simultaneously both pairs.
In such situations it is common to identify the pivot space H with its dual
H* bur to leave V and V* as separate spaces with duality pairing being an
extension of the scalar product in H.

An instructive example is H = Ly([0, 1], dz) (real) with scalar product

1
(u,v) = /u(x)fu(x)dz
0
and V = Ly([0, 1], wdz) with scalar product

(u,v) = /u(w)v(m)w(m)dw,
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where w is a nonnegative unbounded measurable function. Then it is useful
to identify V* = Ly([0, 1], w~'dz) and

<fg>vew= [ e < [ 1@Vaw) j%dx < IfIvlglv--
0 0

1.3.2 The Radon-Nikodym theorem

Let © and v be finite nonnegative measures on the same o-algebra in 2. We
say that v is absolutely continuous with respect to p if every set that has
pu-measure 0 also has v measure 0.

Theorem 1.38. If v is absolutely continuous with respect to p then there is
an integrable function g such that

() = [ gdn. (1.38)
E
for any p-measurable set £ C (2.

Proof. Assume for simplicity that p($2),v(§2) < co. Let H = Lo(£2,dp + dv)
on the field of reals. Schwarz inequality shows that if f € H, then f € Ly (du+
dv), then the linear functional

<z f>= /fdu
17)
is bounded on H. Indeed

| <o f>|< / L-fdp < /() / Pdu < /() / Pdu+v) < V@Dl
(9]

0 2

Thus, by the Riesz theorem, there is y € H such that

/fdu = /fyd(u+ V).
2 2
Thus we obtain

! 70— y)dp = ! fydv.

We claim that 0 < y < 1 almost everywhere with respect to u (and thus v).
Consider the set F' = {x € 2; y < 0} and f as the characteristic function of
F, f = xr so that
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/(1 —y)dp = /ydu

F F

If u(F) > 0, then the left hand side is bigger that p(F) > 0 and the right
hand side is at most 0 (as it may happen that v(F') = 0 — absolute continuity
works only one way). Thus, u(F) = 0 and y > 0 & (and v) almost everywhere.
Let now E = {z € 2; y > 0} and f be the characteristic function of F so

that
/(1 —y)dp = /ydl/-

E E
Now, if u(E) > 0, then the left hand side is strictly negative whereas the
right hand side is at least 0 (if ¥(E) = 0). Thus, p(E) = 0and y < 1 pu
(and v) almost everywhere. We can modify y on a 1 measure zero set so that
0 < y <1 everywhere so that

is a finite nonnegative function on 2. Let us denote
E,={z €2 ylx)>n"}.

The sequence (Fy)nen is a nested sequence with () E, = () as y is positive
everywhere. Thus we ca write xg, = yf, for some f, € H. Indeed, 0 <
fn < xE,/y <nso that f is bounded and thus square integrable for each n.
Therefore we can write

/XEn,y’l(l —y)dp = /XEndV~
2 2

Since xg, 1 everywhere on 2, using the dominated convergence theorem
we obtain that g = y~1(1—y) is integrable on 2. Taking arbitrary measurable
subset E C {2 and its characteristic function, we obtain

v(E) = /du = /gdu.

1.3.3 Projection on a convex set

Corollary 1.39. Let K be a closed convex subset of a real Hilbert space H.
For any x € H there is a unique y € K such that

—y|| = inf ||z — z||. 1.
Iz~ yll = inf flz | (1.39)
Moreover, y € K is a unique solution to the variational inequality
(r—y,2—y) <0 (1.40)

for any z € K.
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Proof. Let d = inlf( |z —z||. We can assume = ¢ K and so d > 0. Consider
zZE

f(2) = |lz — z||, z € K and consider a minimizing sequence (z,)nen, 2n € K
such that d < f(z,) < d + 1/n. By the definition of f, (z,)nen is bounded
and thus it contains a weakly convergent subsequence, say (¢, )nen. Since K
is closed and convex, by Corollary 1.31, ¢, — y € K. Further we have

1
((h,z—=y)| = lim |(h,2=Ca)| < [[P][lim inf |z =G, | < [[A]|lim inf d+— = [|A]|d
n—o0 n—00 n—oo n

for any h € H and thus, taking supremum over ||| < 1, we get f(y) < d
which gives existence of a minimizer.

To prove equivalence of (1.40) and (1.39) assume first that y € K satisfies
(1.39) and let z € K. Then, from convexity, v = (1 —t)y+tz € K for t € [0,1]
and thus

le =yl <z — (1 =t)y +t2)|| = [(z —y) —t(z — )|
and thus
lz —ylI® <l =yl —2t(x —y, 2 —y) + ]|z — y|*.

Hence
tlz—yl*>2(z—y,2z—y)

for any ¢ € (0,1] and thus, passing with ¢ — 0, (z — y,z — y) < 0. Conversely,
assume (1.40) is satisfied and consider

|z —yl? = llo—z|* = (¢ —y,z —y) — (x — 2,2 — 2)
2(z,2) = 2(x,y) +2(y,y) — 2(y,2) +2(y,2) — (y,v)
2

=2z-y,z2-y)—(y—2y—2)<0

hence
lz =yl <z —=|

for any z € K.
For uniqueness, let y1, yo satisfy

(r—y1,2—y1) <0, (x —y2,2 —y2) <0, z € H.

Choosing z = y- in the first inequality and z = y; in the second and adding
them, we get ||y1 — y2||? < 0 which implies y; = y».

|

We call the operator assigning to any x € K the element y € K satisfying
(1.39) the projection onto K and denote it by Pg.

Proposition 1.40. Let K be a nonempty closed and convexr set. Then Pk is
Nnon erpansive mapping.
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Proof. Let y; = Pgx;, i = 1,2. We have
(@1 —y,z2=y1) <0,  (¥2—y2,2—12) <0, =z€H

so choosing, as before, z = y» in the first and z = y; in the second inequality
and adding them together we obtain

lyr — yall? < (z1 — 22,91 — ¥2),

hence ||Pxx1 — Praxal|| < ||x1 — z2|.

1.3.4 Theorems of Stampacchia and Lax-Milgram
1.3.5 Motivation
Consider the Dirichlet problem for the Laplace equation in {2 C R™

—Au=f in {2, (1.41)
14

’u,|a_Q = 0. ( 2)

Assume that there is a solution u € C?(£2) NC(£2). If we multiply (1.41) by a
test function ¢ € C§°(£2) and integrate by parts, then we obtain the problem

! Vu - Vda = ! foda. (1.43)

Conversely, if u satisfies (1.43), then it is a distributional solution to (1.41).
Moreover, if we consider the minimization problem for

J(u) :%/|Vu\2dx—/fudx
2

£2

over K = {u € C?(02); u|pp = 0} and if u is a solution to this problem then
for any e € R and ¢ € C§°(2) we have

J(u+ed) > J(u),

then we also obtain (1.43). The question is how to obtain the solution.

In a similar way, we consider the obstacle problem, to minimize J over
K = {u € C*(); ulasg = 0, u > g} over some continuous function g
satisfying glsn < 0. Note that K is convex. Again, if u € K is a solution then
for any € > 0 and ¢ € K we obtain that u +e(¢p —u) = (1 —€)u + ep is in K
and therefore

J(u+ (g —u)) = J(u).

Here, we obtain only
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/Vu V(¢ —u)dx > /f(qﬁ —u)dx. (1.44)
Q

(9}

for any ¢ € K. For twice differentiable v we obtain
/Au(qS —u)dx > /f((b —u)dx
Q Q

and choosing ¢ = u+ 1, 0 < € C§°(£2) we get
—Au>f

almost everywhere on 2. As w is continuous, the set N = {z € 2; u(z) >
g(x)} is open. Thus, taking ¢» € C§°(N), we see that for sufficiently small
e>0,utepe K. Then, on N

—Au=f
Summarizing, for regular solutions the minimizer satisfies

—Au>f
uzg
(Au+ f)(u—g)=0

on 2.

Hilbert space theory

We begin with the following definition.

Definition 1.41. Let H be a Hilbert space. A bilinear form a : H x H — R
is said to be

(i) continuous of there is a constant C such that
la(z,y)| < Cllzlllyll,  =yeH;
coercive if there is a constant o > 0 such that
a(z,z) > af|z|?.
Note that in the complex case, coercivity means |a(z,z)| > o z||?.

Theorem 1.42. Assume that a(-,-) is a continuous coercive bilinear form on
a Hilbert space H. Let K be a nonempty closed and convex subset of H. Then,
given any ¢ € H*, there exists a unique element x € K such that for any
ye K
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a(z,y —x) >< ¢,y — T >Hexn (1.45)

Moreover, if a is symmetric, then x is characterized by the property

1 1
reK and —a(z,2)— < ¢,x >grxg=min—a(y,y)— < &,y >gxH -
2 y€K2
(1.46)

Proof. First we note that from Riesz theorem, there is f € H such that
< ¢,y >mxu= (f,y) for all y € H. Now, if we fix © € H, then y — a(z,y) is
a continuous linear functional on H. Thus, again by the Riesz theorem, there
is an operator A : H — H satisfying a(z,y) = (Az,y). Clearly, A is linear
and satisfies

[Az|| < Clz|l, (1.47)
(Az,z) > afz|* (1.48)

Indeed,

|Az|| = sup |(Az,y)| < Cllz[| sup |y,
lyll=1 lyll=1

and (1.48) is obvious.
Problem (1.45) amounts to finding = € K satisfying, for all y € K,

Let us fix a constant p to be determined later. Then, multiplying both sides
of (1.49) by p and moving to one side, we find that (1.49) is equivalent to

(pf —pAx+x —z,y—2) <0. (1.50)

Here we recognize the equivalent formulation of the projection problem (1.40),
that is, we can write
x = Pg(pf — pAx + x) (1.51)

This is a fixed point problem for z in K. Denote Sy = P (pf—pAy+y) Clearly
S : K — K as it is a projection onto K and K, being closed, is a complete
metric space in the metric induced from H. Since Py is nonexpansive, we
have

1Sy1 — Sy2|| < [[(y1 — y2) — p(Ayr — Ays)||
and thus

12 = Iy — yall® — 20(Ays — Aya,y1 — y2) + p°|| Ay — Ayal|?

<lyr — 2)*(1 = 2pa + p*C?)

HSyl — Sy2

We can choose p in such a way that k? = 1 — 2pa + p?C? < 1 we see that S
has a unique fixed point in K.
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Assume now that a is symmetric. Then (x,y); = a(x,y) defines a new
scalar product which defines an equivalent norm ||z|; = +/a(z,x) on H.
Indeed, by continuity and coerciveness

Izl = Va(e,2) < V|||

and
]l = Valz, z) = Vallz].
Using again Riesz theorem, we find g € H such that
< ¢7y >H*xH= a(gay)
and then (1.45) amounts to finding « € K such that
alg —z,y—x) <0

for all y € K but this is nothing else but finding projection x onto K with
respect to the new scalar product. Thus, there is a unique z € K

a(g—x,g—x):?g% alg—xz,9 — x).

However, expanding, this is the same as finding minimum of the function

y — alg—y,9—y) = alg, 9)+a(y,y)—2a(g,y) = a(y,y)—2 < ¢,y >u-xu +alg,g).

Taking into account that a(g,g) is a constant, we see that z is the unique
minimizer of

1
y— ga(%y)* < O,y >H*xH -

Corollary 1.43. Assume that a(-,-) is a continuous coercive bilinear form on
a Hilbert space H. Then, given any ¢ € H*, there exists a unique element
x € H such that for anyy € H

a(l’7y) =< ¢7y >H*xH (152)
Moreover, if a is symmetric, then x is characterized by the property

1 1
x€H and —a(z,x)— < ¢,z >g+xpy=min —a(y,y)— < O,y >H+xH -
2 yeH 2
(1.53)

Proof. We use the Stampacchia theorem with K = H. Then there is a unique
element = € H satisfying

a(x,y —x) >< ¢y — T >HexH -

Using linearity, this must hold also for
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a(z,ty —x) >< oty — ¢ > -
for any t € R,v € H. Factoring out ¢, we find
ta(z,y — ot ) >t <,y —xt™' Spenp
and passing with ¢ — +00, we obtain
a(x,y) >< ¢,y >H-xH, a(r,y) << ¢,y >HexH -

Remark 1.44. Elementary proof of the Lax—Milgram theorem. As we noted
earlier

a(l’7y) =< QS?y >H*xH
can be written as the equation
(Az,y) = (f,y)

for any y € H, where A: H — H, ||Az|| < C||z|| and (Ax,z) > af|z||?. From
the latter, Ax = 0 implies x = 0, hence A is injective. Further, if y = Az,
z=A"1y and

lz)* = A yllll2]l < a7 (y,2) < o™ yllllz]

so A~! is bounded. This shows that the range of A, R(A), is closed. Indeed,
if (yn)nEN » Yn € R(A)v Yn — Y, then (yn)nEN is CaUChya but then (xn)nENa
x, = A71 is also Cauchy and thus converges to some x € A. But then, from
continuity of A, Az = y. On the other hand, R(A) is dense. For, if for some
v € H we have 0 = (Ax,v) for any © € H, we can take v = z and

0= (Av,v) > oz||vH2

so v =0 and so R(A) is dense.

1.3.6 Dirchlet problem

Let us recall the variational formulation of the Dirichlet problem: find u €7
such that

([Vu-Vqﬁdx:([ﬂbdx. (1.54)

for all C§°(£2). We also recall the associated minimization problem for
1 2
J(u) = 3 |Vul*dz — | fudx (1.55)
2 Q

over some closed subspace K = {u €7}.
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Let us consider the space H = Ly(£2), 2 C R™ bounded, with the scalar
product

(u,v)0 = /u(x)v(a:)dx

9]

H
We know that C§°(§2) = H. The relation (1.54) suggests that we should
consider another scalar product, initially on C§°(£2), given by

(u,v)01 = [ Vu(z)Vu(z)dz.
/

Note that due to the fact that u, v have compact supports, this is a well defined
scalar product as

0= (u,u)o1 = /\Vu(m)\de
2

implies u,, = 0 for all z;, i = 1,...,n hence u = const and thus u = 0. Note
that this is not a scalar product on a space C*°({2).
A fundamental role in the theory is played by the Zaremba - Poincare-

Friedrichs lemma.

Lemma 1.45. There is a constant d such that for any v € C3°(£2)

lullo < dllullo,1- (1.56)
Proof. Let R be a box [a1,b1] X ... X [an,b,] such that 2 C R and extend u
by zero to R. Since u vanishes at the boundary of R, for any x = (x1,...,2y,)
we have

T

u(x) = /umi(xl,...,t,...)dt

[£2

and, by Schwarz inequality,

u?(x) = /umi(xl,...,t,...,xn)dt < /ldt /uii(ml,...,t,...,xn)dt

a; A a;
< (bl — ai)/uii(xl, ce ,t, ce ,Jin)dt
a;
for any x € R. Integrating over R we obtain

[ ax < - a? [, (ot

R R
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This can be re-written

/uQ(x)dx < (b — ai)Q/uii (x)dx < c/ |Vu(x)[2dx
Q

2 2

We see that the lemma remains valid if {2 is bounded just in one direction.

Let us define V?/%(.Q) as the completion of C§°(£2) in the norm || - [|o,1. We
have

Theorem 1.46. The space V([)/ 3(02) is a separable Hilbert space which can
be identified with a subspace continuously and densely embedded in Lo(£2).

Every v EV([)/%(Q) has generalized derivatives Dy, v € Lo(§2). Furthermore, the
distributional integration by parts formula

/DzivudX: —/sziudx (1.57)
2 Q

is valid for any u,v EI/%%(Q)

Proof. . The completion in the scalar product gives a Hilbert space. By Lemma
1.45, every equivalence class of the completion in the norm | - ||o,1 is also an
equivalence class in || - ||o and thus can be identified with the element of
C’é’o(Q)”'”0 and thus with an element v € Lo(f2). This identification is one-
to-one. Density follows from C§°({2) CI/?/%(Q) C Ly(£2) and continuity of
injection from Lemma 1.45.

If (vn)nen of C§°(£2) functions converges to v EV([)/é(Q) in || - |lo,1, then
vp, — v in La(£2) and Dy,v, — v in Ly(£2) for some functions v* € Ly(£2).
Taking arbitrary ¢ € C5°(£2), we obtain

/Dmivnqﬁdx: f/vaniczde
1)

(0]

and we can pass to the limit

/ vigdx = — / vD,, pdx

2 2

showing that v* = D,,v in generalized sense. Furthermore, we can pass to the
limit in || - [jo1 with ¢ — u eﬁ)/é(ﬂ) and, by the above, Dy, ¢ — Dy,u in
Ly(2), giving (1.57). This also shows that I/?/%(Q) can be identified with a

closed subspace of (L2(£2))" (the graph of gradient) and thus it is a separable
space.
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Consider now on V([)/%(!Z) the bilinear form

a(u,v) = /Vqudx.
2

Clearly, by Schwarz inequality

la(u, v)| < [|ullo,1][v]lo,1
and

a(u,u) = /VuVudX = HU||(2)1
2

and thus a is a continuous and coercive bilinear form on I/(I)/%(Q) Thus, if we
take f € (IX/%(Q))* D L(f2) then there is a unique u EI/(I)/%(Q) satisfying

/vadx =< 10> i i)
2

o
for any v €W3(£2) or, equivalently, minimizing the functional

1 2
) = §/|V“‘ B <L o aiso)
2

o
over K =Wi(£2).
The question is what this solution represents. Clearly, taking v € C5°(§2)
we obtain
—Au=f
in the sense of distribution. However, to get a deeper understanding of the

o
meaning of the solution, we have investigate the structure of Wi(2).

1.3.7 Sobolev spaces

Let {2 be a nonempty open subset of R™, n > 1 and let m € N. The Sobolev
space WJ*(§2) consists of all u € Ly(§2) for which all generalized derivatives
D®u exist and belong to Lo. W3™(£2) is equipped with the scalar product

(U, V), = Z D*uD%vdx. (1.58)

la|<m g
In particular,
(u,v); = /uv + VuVudx.

7]
We obtain
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Proposition 1.47. The space W3"(§2) is a separable Hilbert space.

Proof. The proof follows since the generalized differentiation is a closed oper-
ator in Lo (£2).

We note that I/?/%(Q) is a closed subspace of W} (£2) as the norms | - [|o.1
and || - ||1 coincide there.

We shall focus on the case m = 1. A workhorse of the theory is the
Friedrichs lemma.

Lemma 1.48. Let u € W3(2). Then there exists a sequence (ug)ken from
C§°(R™) such that
ugle = u in Lo(82) (1.59)

and for any 2’ € 2
vuk‘gl — Vu in LQ(Q/) (160)

If 2 = R", then both convergences occur in R™.

Proof. Set

. u(zx) for x € 2
u(a:):{o for x ¢ 2

and define v. = u° * w.. We know v, € C*(R") and ve — u in Lo(£2). Let us
take 2/ € §2 and fix a function o € C§°(£2) which equals 1 on a neighbourhood
of 2. Then, for sufficiently small €, we have

we * (o) = we * u°
on §2'. Then, by Proposition 1.8,

Oz (we * (qu)®) = w, * (aamju + O, ozu)E

J

hence

o

in Lo (§2) and, in particular,

(we * (au)®) = (a0y,u + Oy, au)e
Oz, (we * (qu)®) — pju
in Ly(£2"). But on 2" we can discard « to get

Op, (We * u) — pju.

J

If v, do not have compact support (e.g. when (2 is not bounded), then we
multiply vx by a sequence of smooth cut-off functions ¢, = ((z/k) where
¢(z) =1for x| <1 and {(x) =0 for |z| > 2.

As an immediate application we show
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Proposition 1.49. (i) Let u,v € W3(2) N Loo($2). Then uv € W3 ()N
Loo(2) with

Oz, (uv) = Ojuv + udy v, i=1,...,n (1.61)

(ii) Let 2,821 be two open sets in R™ and let H : 21 — 2 be a C1(0)
diffeomorphism. If u € W4 (£2) then uo H € W3 (') and

/(u o H)dy, ¢pdy = — / Z(awiu o H))dy, Hipdy (1.62)

o) o, =1

Proof. Using Friedrichs lemma, we find sequences (ug)ien, (Vk)ken in C§°(£2)
such that
U — U, Vi — U

in Ly(£2) and for any {2’ € 2 we have
Vur — Vu, Vo, - Vo
in Lo (£2). Moreover, from the construction of the mollifiers we get

lukllzoo) <l vlloe@) < vl

On the other hand

/ukukazij = — /(@ukvk + uk0;vi ) pdx
9] o)

for any ¢ € C3°(£2). Thanks to the compact support of ¢, the integration
actually occurs over compact subsets of {2 and we can use Ly convergence of
Vuk, VU}.C. Thus

/uv&xj pdx = — /(8%. uv + udy,;v)pdx

0 2

and the fact that wv € Wy (£2) follows from 9,,u,0,,v € W3(£2) and
U, € Loo(£2). The proof of the second statement follows similarly. We se-
lect sequence (uk)ren as above; then clearly uy o H — uwo H in Lo(£27) and

(Op;up 0 H)Oy, H; — (O, uo H)0,, H;

in Ly(£27) for any 2] € £2. For any ¢ € C5°(£21) we get

k
/ (ug 0 H)d,, ¢pdy = — / > (Oz,uk 0 H)0,, Hipdy
o, =1

2

and in the limit we obtain (1.62).
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Sometimes it will be necessary to indicate the domain of the definition of
a Sobolev space. Then we use the || - [lo,2 to denote the norm in Ly(§2) and
analogous convention is used for the Sobolev space norms.

Proposition 1.50. The following properties are equivalent:

(i) u € W3(£2),
(i) there is C such that for any ¢ € C§°(£2) andi=1,...,n

/ udrdx| < Cl1élo, (1.63)

(0]

(i) there is a constant C' such that for any 2 € 2 and all h € R™ with
|h| < dist(£2',982) we have

|[Thu — ullo,o < Clhl, (1.64)
where (Tpu)(x) = u(x + h). In particular, if 2 =R"™, then
[7nu —ullo < h[[|Vullo- (1.65)

Proof. (i) = (ii) follows from the definition.
(#4) = (7). Eqn. (1.63) shows that

b Z udybix,

extends to a bounded functional on Ly (§2) and thus there is v; € Lo(§2) such

that
/u@igbdx = —/Uiqﬁdx,

2 2

for any ¢ € C§°(12).
(¢) = (i4). Let us take u € C§°(R™). For x,h € R™ and t € R we define

v(t) = u(x + th).

Then v'(t) = hVu(x + th) and
u(x +h) —u(x) =v(1) —v(0) = /hVu(X + th)dt.
0

Hence

1
|Thu(x) — u(x)]? < |h|2/|Vu(x+th)|2dt
0



1.3 Hilbert space methods 47

so that

1

/|Thu(x) — u(x)[2dx < |h|2/ /|Vu(m+th)|2dx dt

£2 0 2/

~ |hf? / Q | ivuPax | ar.
0

'+th

If |h| < dist(§2',042), then there is £2” such that 2’ +th C 2" € 2 for all
t € [0,1] and thus

[ 1m0~ i Pax < ? [ [Tuly)Pax
2

o0

which gives (1.64) for u € C$°(R"). Let u € W3 (£2). Then, by the Friedrichs
lemma, we find (ug)ren, ur € C§°(R™) such that up — w in Lo(£2) and
Vugr — Vu in Ly(£2') for any 2’ € £2. Noting that mpur — 7hu in Lo (§2') we
can pass to the limit above, obtaining,

e — ullo.cr < [h / Vu(y)[2dx < C|h].

0"

If 2 =R", then in all calculations above we can replace 2, 2" by R™.
(#4i) = (i1). If (1.64) holds then, taking 2’ € 2, ¢ € C§°(£2) with supp¢ C
2" and |h| < dist(£2/, 042), we obtain

/ (e — w)dx| < Clhl[9]l.

(0]

On the other hand

/ (mht — ) () $(x)lx = / u(y)(r-nd — &) (y)dy,

Q o)
SO
T_np — @
[ == iy < clol
|h|
o)
Choosing h = te;,i = 1,...,n and passing to the limit with ¢ — 0, we obtain

(1.63).
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1.3.8 Localization and flattening of the boundary

Assume that 2 is an open, bounded set with boundary 92 which is an n — 1
dimensional C™ manifold; further assume that that (2 lies locally at one side
of the boundary. Denote Q@ = {y € R™; |y;| < L,i =1,...,n}, Qo ={y €
Q; yn =0} and Q4 = {y € Q; x, > 0}. Then we have a finite local atlas on
012, that is, a finite collection {B;, Hjj}lngN where B; are open sets covering
092, H7 : Q — B; are C™ diffeomorphisms with positive Jacobians which are
bijections of @, Qo and Q4+ onto Bj, B; N 02 and B; N {2, respectively.

Given the local atlas {Bj, H? }1<j<n, we construct a finite open subcover
{G;}i<j<n in such a way that G; € B; and 02 C Ujvzl G;. In fact, we
can take G; = BY where B} = {x € Bj; dist(x,82 > 1/k} for some k.
Indeed, suppose it is impossible, then for any k there is x; € 92 such that
X ¢ Ujvzl Bj’?. From compactness of 92 we obtain an accumulation point
x € 02. Hence x € B; for some j and thus x € B]l-C for sufficiently large k.
This contradicts the construction that z is an accumulation point of points
which are outside Ujvzl Bj]?. Defining Gy = 2\ U;\f:l G; we further get an
open set Gy with Gy C £2. Thus

N
ncoulJG, o2clG;
§=0

Now, we choose a; € C5°(R") satisfying 0 < o < 1, suppa; C Bj and o = 1
on G;. Further, a € C§°(R™) satisfies
N
suppaCQUUGj, 0<a<l, a=1on 0.
j=1
Then define (x)at; (x)
a(x)aj(x
Bi(x) = ———
> ag(x)
k=0
for x € U;-V:o G; and B;(x) = 0 for x € R™ \ UjN:o Gj. We noteithat each
B; is well defined. Indeed, at least one a;(x) is equal 1 on U;‘V:o G; so that
the denominator is at least 1 there. On the other hand, a vanishes outside
a compact set contained in U;V:o G;. Hence, ; € C*(R"), suppf; C Bj,
B; > 0 and

for x € (2.

We call the collection {53‘};-\’:0 a partition of unity subordinated to the
open cover {G;}_, of £2 and {3;}}_, a partition of unity subordinated to
the open cover {G;}IL, of £ of 812.
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Suppose now we have u € Wi (§2). Then u = Z;LO Bju on 2 and, by
Proposition 1.49 (i), 8ju € W3 (2NG,), j =1,...,N. Using Proposition 1.49
(ii) we see that for each j =1,..., N we (8ju) o H; € W3 (Q4) with support

in Q. Define A : W2 (2) W(Q) x [Wi(2)]N by

Au = (60U7ﬁ1u0H17...,ﬁNUOHN).

Note that we can write Sou EV([)/é(Q) as Bou has compact support in {2 and
thus, by Friedrichs lemma, it can be approximated by C§°(Q) functions. The
mapping A is a linear injection as if u(z) # 0, then at least one entry of A
must be nonzero as 8s sum up to 1. Also, using Proposition 1.49, we can show
that the norm on AW} (£2) is equivalent to the norm on W3 ({2) and thus A
is an isomorphism of W3 (£2) onto its closed image.

1.3.9 Extension operator

We observed that one of the main obstacles in proving that W3 (2) can be
obtained by closure of restrictions of C§°(R"™) functions to {2 is that we have
no control over the regularization at points close to the boundary of 2. A
remedy could be if we are able to show that any function W3 (£2) can be
extended to a function from W3 (2).

Indeed, we have

Theorem 1.51. Suppose that 2 is bounded with a C' boundary 952. Then
there exists a linear extension operator

E: W3 (2) = W3 (R")
such that for any u € Wy (£2)

1. Bulp = u;
2. |Eullore < Cllullo,o;
8. [Eullire < Cllull1,e;

Proof. We begin by showing that we can construct an extension operator from
WHQ+) to WHQ). Let u € W3 (Q4) and define extension by reflection

.  Jux,z,) forx, >0,
u (X, ) = {u(x’,xn) for x, <0

where x’ = (21,...,2,-1). In the same way, we define the odd reflection

ut (X, ) = u(X', xy) for a,, > 0,
| —u(x, =) for 2, <0

Further, we define a cut-off function close to z,, = 0, that is, we take a C*°(R)
function n which satisfies n(t) = 1 for t > 1 and n(¢) = 0 for t < 1/2 and define
Nk (zn) = n(kxy,). Let us take ¢ € C§°(Q) and consider, for 1 <i<n—1,
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/u*@riqﬁdx: /u(‘?ziz/)dx

Q Q+

where (%', 2,,) = ¢(x', 2,,) + ¢(X/, —x,,). Typically, ¥ is not zero at Qo and
cannot be used as a test function. However, ng(z,)9(x) € C§5°(Q4+) and we
can write

Q+ Q+

However, 0., (nk1) = nk0s,% as 1 does not depend on z;, i =1,...,n—1 and
hence

/ MU0y, hdx = — / (O, u)nipdx.
Q+ Q+

We can pass to the limit by dominated convergence getting

[ wosvax =~ [ (@.wvax

Q+ Q+

so that, returning to @

Q/u*amiqﬁdx =— /((“)xiu)z/}dx = —Q/(amiu)*qﬁdx.

Q+

Now let us consider differentiability with respect to x,. Again, taking ¢ €

(@)
/u*81n¢dx: /uamnxdx
Q Q+

where x(x'; z,) = (X', x,) — (X', —x,,). If we again use 1y, then
Ou,, (10:X) = Moz, X + X O, M
where 0, i (x,) = kn'(kx,). Then

1/k

k /u(x)n/(kxn)x(x)dx §kCM/ /|u(x)\xnd:cn dx’
Qo \ 0

+

gC’M/|u(x)\dx—>O
Q+

as k — oo, where C' = supy¢o 1 ['(t)| and M is obtained from the estimate
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|X(X/a xn) S M|xn|

on @. Thus

/UazmkdeZ /u(nkaxnx+xaxn77k)dx—> /W?kaxnx
Q+ Q+ Q4

and thus we obtain in the limit
/ ud,, xdx = — /(8En)uxdx.
Q+ Q+

Returning to @), we obtain

/u*@xnd)dx: /u@xnxdx: /(&cnu)'qﬁdx.
Q

Q Q+

We also obtain estimates

o < 2[|lu

[w[lo,@ < 2[lullo,q. [l l1,Q. -

Now we can pass to the general result. Let u € W3 (§2), 2 bounded with
C' boundary. Let {B;, H/}_, be the atlas on the boundary and {G;}}_, be
the finite subcover constructed in the previous section, that is Gy C G C £2,
G C B; with 802 € |JG; and let {8}, be a subordinate partition of unity.

Then we take
N N
u=> Bu=) u
=0 =0

with uo €W 1(£2) and u; € Wi (20 B;). Clearly, |[uolli.o < Collull1.e and
lujlli,ons, < Cjllulli,e, j = 1,...,n. The function uy can be extended to
iip € W3 (R™) by zero in a continuous way. Then v; := uj o HY € W}(Q4)
and we can extend by reflection to v} € W4(Q). We note that v; has support
in @ since the support of u; only can touch 9(B; N {2 at the points of J(2.
Again,
105l < 2lvillues < CFllujliens, < Cjllullie.

Next, we define w; = vjo(H’)~! € W, (B;), again with ||w;[l1,5, < C} [[ull1,e-

Moreover, we have w;(x) = u;(x) whenever x € B; N {2 as

Ui (H7)7H(x)) = v ((H7) (%) = uy (H ((H?) 7 (%)) = u;(x)

for such x. We also notice that for each j = 1,..., N, support of w; is con-
tained in B; and thus can extend w; by zero to R continuously in Wy (R™)
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and denote this extension by ;. We note that 4;(x) = u;(x) for x € 2. In-
deed, if x € (2, for a given j either x € B;N{2 and then 4;(x) = w;(x) = u;(x)
or x ¢ B; N {2 in which case @;(x) = 0 but then also u;(x) = 0 by definition.
The same argument applies to j = 0. Now we define the operator

n
Fu= fto + Zﬁj
j=1

and we clearly have
Bu(x) = io(x) + 3 () = uo(x) + 3 ;) = ulx).

Linearity and continuity follows from continuity and linearity of each opera-
tion and the fact that the sum is finite.

Remark 1.52. Similar argument allows to prove that there is an extension
from W3 (£2) to W3*(R") (as well as for W)*(£2), 1 < p < oo) but this
requires the boundary to be a C™-manifold (so that the flattening preserves
the differentiability). However, the extension across the hyperplane z,, = 0 is
done according to the following reflection

!/
U*(X/7JC7L) _ {’U,(X 73;77,) for x,, >0

Mu(x!, —z,) + Aou (x/, —%") + .o+ A (x’, —‘%) for x,, <0,

where A1, ..., A\, is the solution of the system

MFX+...+ A, =1,
(M +X/24 .+ A /m) = 1,

(=)™ + A/2" A /mm T =1

These conditions ensure that the derivatives in the x,, direction are continuous
across x, = 0.

An immediate consequence of the extension theorem is

Theorem 1.53. Let {2 be a bounded set with a C' boundary 052 and u €
W3 (82). Then there exits (un)nen, Un € C§°(R™) such that

lim u,|o = v, in W, (£2).

n—oo

In other words, the set of restriction to §2 of functions from C3°({2) is dense
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Proof. If {2 is bounded then, using Theorem 1.51, we can extend u to a func-
tion Eu € W3 (R™) with bounded support. The existence of a C§°(R") se-
quence converging to u follows from the Friedrichs lemma. If {2 is unbounded
(but not equal to R™), then first we approximate u by a sequence (X,u)nen
where y, are cut-off functions. Next we construct an extension of y,u to
R™. This is possible as it involves only the part of 0f2 intersecting the ball
B(0,2n 4+ 1) and x4, is equal to zero where the sphere intersects 9f2. For this
extension we pick up an approximating function from C§°(R™).

1.4 Basic applications of the density theorem

1.4.1 Sobolev embedding

In Subsection 1.1.2 we have seen that in one dimension it is possible to identify
a W (R) function. Unfortunately, this is not true in higher dimensions.
Example 1.54. We can consider in D = {(z,y) € R?; 2% +y? < 1}

1/3

1
u(x,y) = ’2 In(z® + %) = (=lnr)"/%

The function w is not continuous (even not bounded) at (z,y) = (0,0). It is
in Ly(D) and for derivatives we have

1 1
Uy = 75(71117")*2/3;—2, Uy = 75(71117")*2/37%
and, since
2 [ d 2 [
2 2 _ r _ —4/3
D 0 1

we see that u € W3 (D).

However, there is still a link between Sobolev spaces and classical calculus
provided we take sufficiently high order of derivatives (or index p in L, spaces).
The link is provided by the Sobolev lemma.

Let {2 be an open and bounded subset of R™. We say that (2 satisfies the
cone condition if there are numbers p > 0 and vy > 0 such that each x € {2 is
a vertex of a cone K (x) of radius p and volume ~p™. Precisely speaking, if o,
is the n — 1 dimensional measure of the unit sphere in R™, then the volume of
a ball of radius p is o,p"/n and then the (solid) angle of the cone is yn/w;,.

Lemma 1.55. If 2 satisfies the cone condition, then there exists a constant

C such that for any u € C™(§2) with 2m > n we have

sup |u(x)| < Cllul|m (1.66)
xEeN
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Proof. Let us introduce a cut-off function ¢ € C§°(R) which satisfies ¢(t) = 1
for |t| <1/2 and ¢(t) = 0 for |[t| > 1. Define 7(t) = ¢(t/p) and note that there
are constants Ay, k =1,2,... such that

dkT(t)’ < Ak
dtk - pk:

(1.67)

Let us take u € C™(£2) and assume 2m > n. For x € 2 and the cone K(x)
we integrate along the ray {x +rw; 0 <r < p, |jw|=1

u(x) = —/DT(T(T‘)U(X + rw))dr.
0

Integrating over the surface I" of the cone we get

p Dy (r(r)u(x + w))drdw = —u(x) | dw = —u(x) 2.
/] /

Wn,
c
Next we integrate m — 1 times by parts, getting
nHm i
u(x) = M //D;"(T(T)U(XJr rw))r™ tdrdw.
c 0
and changing to Cartesian coordinates and applying Cauchy-Schwarz inequal-

ity we obtain

2

WP < | e [ Dy
K(x)
(—e Y | DI (7u) 2 dyd 20m=m)g
< (sowss) [ Wwreutasiy [ 2o,
K(x) K(x)

The last term can be evaluated as

p

2m—
T
K (x) c 0 "

so that
u < Clmm*™ " [ |DP(ru) Py, (1.68)
K(x)

Let us estimate the derivative. From (1.67) we obtain by the chain rule and
the Leibniz formula
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- n Am—k k
= kZ:O (k) pmk [Dr

m

Z (Z) Di”_kTDfu

k=0

D} (ru)| =

)

hence

u“ 1
D (ru)]? < 'Y =) | DEu)?
k=0

for some constant C’. With this estimate we can re-write (1.68) as

W2 < Clm, )OS p*n / D™ (u)|2dy. (1.69)
k=0 K(x)
Since by the chain rule

D> <" D%y
K
la| <k

by extending the integral to {2 we obtain

sup [u(x)| < Cllul|m
xes2

which is (1.66).

Theorem 1.56. Assume that 2 is a bounded open set with C™ boundary and
let m > k 4+ n/2 where m and k are integers. Then the embedding

Wi () c ck(2)
15 continuous.

Proof. Under the assumptions, the problem can be reduced to the set Gy € 2
consisting of internal point, separated from the boundary by a fixed positive
distance, and points in the boundary strip, covered by sets 2N Bj; which are
transformed onto 1 UQo. Any point in G satisfies the cone conditions. Points
on Qo U Q4 also satisfy the condition so, if u € Wi(£2), then extending the
boundary components of Au to @ we obtain functions in Wy (£2) and W4 (Q)
with compact supports in respective domains. By Friedrichs lemma, restric-
tions to 2 and @ of C*°(R™) functions are dense in, respectively, Wj*({2)
and W3 (Q) and therefore the estimate (1.66) can be extended by density to
W3 (£2) showing that the canonical injection into C(f2) is continuous. To ob-
tain the result for higher derivatives we substitute higher derivatives of u for u
in (1.66). Thus, all components of Au are they are C* functions. Transferring
them back, we see that u € C*(£2), by regularity of the local atlas and m > k,
we obtain the thesis.
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1.4.2 Compact embedding and Rellich—Kondraschov theorem

Lemma 1.57. let Q = {x; a; < z; < bj} be a cube in R™ with edges of length
d>0. Ifue CYQ), then
2
2 —n nd® & 2
ulq < d [ [udx | + "5 o, (1.70)
Q =t

Proof. For any x,y € @) we can write
u(x) —u(y) = Z / O, (Y1 - Yj—1, 8, Tjg1, - - T )dS.
j=1
J

Squaring this identity and using Cauchy-Schwarz inequality we obtain

bj
)+ (y) ~ 2u(uly) <nd Y (O onee v s e )
j=1

Integrating the above inequality with respect to all variables, we obtain
2
n
20" |2, < 2 /udx a2 S ol o
Q j=1
as required.

Theorem 1.58. Let {2 be open and bounded. If the sequence (uy)ren of ele-
ments of V([)/%(.Q) is bounded, then there is a subsequence which converges in
in Lo(£2). In other words, the injection I/?/%(_Q) C Lo(£2) is compact.

Proof. By density, we may assume u, € C§°. Let M = sup,{|uk|1}. We
enclose {2 in a cube Q; we may assume the edges of @) to be of unit length.
Further, we extend each uy by zero to @ \ {2.

We decompose @ into N™ cubes of edges of length 1/N. Since clearly
(ug)gen is bounded in Lo(Q) it contains a weakly convergent subsequence
(which we denote again by (uy)ren). For any € there is ng such that

/(uk —w)dx| < €, k1> ng (1.71)
i

for each j =1,...,N™. Now, we apply (2.36) on each @; and sum over all j
getting
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lur — w2 o < N + — 20>
0,Q = IN2 :
Now, we see that for a fixed € we can find N large that nM?/N? < e and,

having fixed N, for € = ¢/2N™ we can find ng such that (1.71) holds. Thus
(ug)ken is Cauchy in Lo(£2).

Corollary 1.59. If (2 is a bounded open subset of R™, then the embedding
VC[)/ST(Q) CVC[)/gFl(Q) is compact.

Proof. Applying the previous theorem to the sequences of derivatives, we see
that the derivatives form bounded sequences in W4 (§2) and thus contain sub-
sequences converging in Lo (f2). Selecting common subsequence we get con-
vergence in W4 (§2) etc, (by closedness of derivatives).

Theorem 1.60. If 012 is a C™ boundary of a bounded open set {2. Then the
embedding W3*(£2) € W3~ (82) is compact.

Proof. The result follows by extension to V([)/Q"(Q’ ) where 2" is a bounded set
containing (2.

1.4.3 Trace theorems

We know that if v € Wi (£2) with m > n/2 then u can be represented by a
continuous function and thus can be assigned a value at the boundary of 2
(or, in fact, at any point). The requirement on m is, however, too restrictive
— we have solved the Dirichlet problem, which requires a boundary value of

the solution, in I/?/é(()) In this space, unless n = 1, the solution need not be
continuous. It turns out that it is possible to give a meaning to the operation
of taking the boundary value of a function even if it is not continuous.

We begin with the simplest (nontrivial) case when 2 = R?} = {x; x =
(x',2,),0 < x,}.
Theorem 1.61. The trace operator vo : C*(R7) N W3 (R%) — CO(R™™)
defined by

(108)(x') = (x',0), ¢ € CR})NW;(RY),x e R*,

has a unique extension to a continuous linear operator vy : W3 (RY) —
Lo(R™ 1) whose range in dense in Lo(R"™1). The extension satisfies

0(Bu) =y (B)w(w), B € CHRE) N Loo(RY),u € Wy(RY).
Proof. Let ¢ € C*(R7T) N W3(R%). Then, from continuity, for any x/,

O, |6(xX',2,)|? € La(R,) we can write

6,7 — [o(, ) = / By (' ) Pt
0
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and thus |¢(x’,7)|? has a limit which must equal 0. Hence

o(x' ) [Pda,.

6,0 =~ [0,
0
Integrating over R"~! we obtain

66,0 <2 [ 01, 0x)0(x)dx
J

+

< 2005, dlloy [6llozs < 102, Gl zx + 161135 -

Hence, by density, the operation of taking value at x,, = 0 extends to Wy (R’}).

If ¢ € C°(R™ 1) and 7 is a truncation function 7(¢) = 1 for [¢t| < 1
and 7(t) = 0 for |t| > 0 then ¢(x) = Y(x')7(z,) € C*(RY) N W3 (R7}) and
v0(¢) = ® so that the range of the trace operator contains C§°(R"~!) and
thus is dense. The last identity follows from continuity of the trace operator
and of the operator of multiplication by bounded differentiable functions in
WHRE).

Theorem 1.62. Let u € Wy (R'}.). Then u EI/?/%(RT;) if an only if yo(u) =0,

Proof. If u 6{/%%(}1%1), then w is the limit of a sequence (¢ )ren from C5° (R )
in W3 (R"). Since vo(¢x) = 0 for any k, we obtain v (u) = 0.

Conversely, let u € W (R"}) with you = 0. By using the truncating func-
tions, we may assume that v has compact support in M

Next we use the truncating functions 7, € C*°(R), as in Theorem 1.51, by
taking function n which satisfies n(t) = 1 for ¢ > 1 and n(¢) = 0 for ¢t < 1/2
and define ny (z,,) = n(kx,). To simplify notation, we assume that 0 <’ <3
for ¢t € [1/2,1] so that 0 < 7, (z,) < 3k. Then the extension by 0 to R™
of x = ni(xy)u(x’,z,) is in W3 (R™) and can be approximated by C§°(R%)
functions in W3 (R ). Hence, we have to prove that nyu — u in W3 (R7).

As in the proof of Theorem 1.51 we can prove niu — u in Lo(R7 ) and for
eachi=1,...,n—1, 0y, (M) = MOy, u — Op,u in Ly(R7}) as k — oo.

Since

Oz, (Mu) = u0yz, Mk + Nk O, u

we see that we have to prove that u0,,m, — 0 in Ly(R"}) as k — oo. For this,
first we prove that if yo(u) = 0, then

u(x',s) = /8Inu(x',t)dt (1.72)
0

almost everywhere on R’. Indeed, let u, be a bounded support C' func-

S S
tion approximating w in W3 (R%). Then [0, u,(x',t)dt — [ 0,,u(x’,t)dt in
0 0
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Ly(R?). This follows from 0,,u, — 0,,u in Ly(R"}) and, taking @ to be the
box enclosing support of all w,,u, with edges of length at most d
2

/ /(‘%nur(x’,t)dt—/&Cnu(x’,t)dt dx
0 0

Q

< d2/|8%ur(x',t) 0y, u(x, 1)) dx
Q

Then we have, for any s, 0 < s <d
2

//&Enur(x',t)dt—ur(x’,s) dx:/\uT(X’,O)\de:d / lu, (%', 0)2dx’
0 Q

Q RA—1

and, since the right hand side goes to zero as r — 0o, we obtain (1.72). Then,
by Cauchy-Schwarz inequality

lu(x', s)|? < s/|8znu(x',t)\2dt
0

and therefore

2/k

/|n,/€(s)u(x',s)|2ds < 9k2/5/|8mnu(x',t)|2dtds

0 0o 0
2/k s 2/k2/k

18k / / 10, u(x, £)|2dtds = 18k / / 10, u(x, 1) 2dsdt
0 0 0

2/k
§36/|8znu(x/,t)|2dt.
0

Integration over R* ! gives

Inull§ g < 36 / |0, ul?dx

Rr=1x2/k
which tends to 0.

The consideration above can be extended to the case where {2 is an open
bounded region in R™ lying locally on one side of its C* boundary. Using the
partition of unity, we define
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N

Yo(u) =Y (vo((Bju) o HY)) o (HI)™!

j=1

It is clear that if u € C(£2), then you is the restriction of u to 9£2. Thus, we
have the following result

Theorem 1.63. Let §2 be a bounded open subset of R™ which lies on one side
of its boundary 082 which is assumed to be a C' manifold. Then there exists
a unique continuous and linear operator o : W4 (2) — Lo(92) such that for
each u € C1(£2), o is the restriction of u to 052. The kernel of o is equal to

V([)/%(Q) and its range is dense in Lo(0(2).

1.4.4 Regularity of variational solutions to the Dirichlet problem

From Subsection 1.3.6 we know that there is a unique variational solution
o
u €EW3(£2) of the problem

v EWL(R).

/Vqudx =< f,v >(VOV§(Q))*><IX/§(Q)’
0

Moreover, now we can say that you = 0 on 92 (provided 942 is C*).

We have the following theorem
Theorem 1.64. Let 2 C R™ be an open bounded set with C? boundary (or
2 =R7%). Let f € Ly(92) and let u EV‘[D/é(Q) satisfy

/Vqudx =(fv), veWi). (1.73)
(9]

Then u € W(£2) and |ull2,0 < C||fllo,2 where C is a constant depending
only on £2. Furthermore, if §2 is of class C™ 2 and f € Wi(02), then

we Wy (2) and  ullmi2.e < Cl|fllm,o-

In particular, if m > n/2, then u € C?(£2) is a classical solution.

Moreover, if {2 is bounded, then the solution operator G : Lo((2) —>I/?/§(.Q)
1s self-adjoint and compact.

Proof. The proof naturally splits into two cases: interior estimates and bound-
ary estimates. Let 2 be bounded with at least C' boundary and consider the
partition of unity {5;}}_, subordinated to the covering {G;}}_,. For the in-

o
terior estimates let us consider ug = Bou and let v €W 3(£2). Then we can
write
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/V(ﬁou)Vvdx = /BOVqudX—i—/uVﬂOVUdX
19,

£2 £2

= /VuV(ﬂov)dxf/vVuVBoder/quVﬂodx
Q

2 2

/VuV(ﬂov)dx—/vVuVBodx—/V(uVBo)vdx
2 o)

2

VuV(Bov)dx —2 [ vVuVpdx — | uvApBydx
st fsnsse

[0} [0}

= /(fﬂo — ABou — 2VuV fp)vdx = /Fudx7 v EI/?/%(Q),
Q2 2

where F' € Ly(£2) and we used v EV?/%(Q) to get

/quVﬁodx: —/V(uVﬁo)vdx.
7}

0

Hence, the function w = Byu is the variational solution to the above problem
in R™. Let us define Dpu = |h|7}(7pu — u) and take v = D_,(Dpw). It is

possible since w has compact support in 2 and thus v EV?/%(Q) for sufficiently
small h. Thus we obtain

/|Vth|2dx: /FD_h(th)dx,
2 2

that is,
[Dhw|2 0 < [F ol D-n(Dyw)|

0.0- (1.74)

On the other hand, from Friedrichs lemma, for any v € W3 (£2) with compact
support
ID-nll5. < [IVV]lo,0- (1.75)

Applying this to v = Dpu, we obtain

IDrhwllF o < [IFllo.eVDrwllo,e < [|Fllo.ellDhwli,q,

that is,
[Drwll1,e < [[Fllo,-

In particular, we obtain

HDha’viw”QQ < HFHO,Q’ i=1...,n,
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which yields 9,,w € W4 (£2), that is, w € WZ(£2).

In the next step, we shall move to estimates close to the boundary. Let
us fix some some set B; and corresponding function 3;, 1 < j < N from the
partition of unity and drop the index j. Then we have a C? diffeomorphism
H : Q — B the inverse of which we denote J = H~! so that H(Q,) = 2N B
and H(Qq) = 02N B. We denote x = H(y),y € Q and y = J(x). As before,
we see that w = pu is a variational solution to

/ VwVuvdx = / (f8 —uAp —2VuVp)vdx = / gudx, v Gﬁ/é(ﬁ)

2NB QNB QNB
(1.76)
where the Green’s formula

/quVﬁodx:— / V (uV Bo)vdx.
2NnB 2nB

can be justified by noting that the integration is actually carried out over the
domain G € B and we can use a function yv, where y is equal to 1 on G

and has support in B, instead of v. Function yv GVC[)/%(Q N B) (as v can be
approximated by ¢ compactly supported in {2 and xv can be approximated
by x¢ compactly supported in 2N B).

Now we transfer (1.76) to Q1. We have z(y) = w(H(y)) for y € Q4 or

w(x) = z(J(x)) for x € 2N B. Let ¢ EV?/%(QJF) and ¢(x) = ¢(J(x)). Then
® EV([)/%(Q N B) and we have

Op,w =Y 0y 200, Tk, Oa,¢ = 0y p0a,J)
k=1 =1
and hence
/ VuwVedx = / Z Oz ; JxOr,; J10y, 20y, |det Ty |dy = / Z g, 10y, 20y, Ydy
OnB O, kdl=1 O, ki=1
where J is the Jacobi matrix of H. We note that we can write
ag, = |det x| Ts T+

and thus we have

n

> arinl = |detJul (TS € TF€) > alé)? (1.77)
k=1
for all € = (&1,...,&,) € R™ since both Jacobi matrices Jp, J; are nonsingu-

lar. Also
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[ gvix= [ (9o myuldetTuliy = [ Gudy
NNB Q4+ Q+

where G € Ly(Q4) so that z EI/?/é(Q) is a solution to the (elliptic) variational
problem

/ S 18y, 20y tly = / Gudy, ¥ EWHQs). (1.78)

k=1
Next the process is split into two cases. First we shall consider the method

of finite differences, as in the Gy case but only in the directions parallel to
the boundary. Thus, we take 1) = D_p(Dyz) for |h| small enough to still have

P EV%%(Q.Q. Then, as above

/ D | Y axudy.z | 0y (Dnz)dy = / GD_j,(Dpz)dy.

Q+ kii=1 Qy

o
Since Dz €W3(Q+), we can use Friedrichs lemma to estimate

/ GD_(Dp2)
Gt

Then, using 7,(fg) — fg = muf(thg — 9) + (7n.f — f)g, we find

I1D-n(Dnz)llo.qy < 1Gllo.@, IV(Drz)llo.q, -

Dy, Z a0y, 2 | (¥) = ag(y + 1)y, Dpz(y) + (Drak,i)(y) 0y, (¥)
k=1

and thus we can write, be the reverse Cauchy-Schwarz inequality

/Dh Z 10y, 2 | Oy, (Dpz)dy

o, k=1

/ Z Thakl e th) L DhZ dy+/ Z Dhakl ykzﬁyl(th)

k,l=1 k=1

> OéHV(DhZ)Ilo,Q+ - CHVZIIO,Q+||V(Dh2)||o,Q+

where C' depends on the C! norm of ax; (and thus C? norm of the local atlas).
Thus

IVDr2)l5.q, <o (IGlloq IV(Dr2)llo.e + Cllz (Dn2)lo.q-)
< CNGlo.e IV(Dr2)o.q. (1.79)
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where we have used the Wi (§2) estimates for solutions to (1.78): for ¢ =

2 EWHQy)

n
o V2| < / S ah iy, 20, 2y = / Gzdy < |Glog, IV2loa, .
O, kl=1 o
+ +

Note that in the last inequality we used the Poincare inequality as z GI/?/é(QQ
and the constant in this inequality can be taken 1.
Thus we have
IV(Dnrz)llo.qr < C'lIGllo.q (1.80)

for any h which is parallel to Qq. Let j =1,...,n,h=|hleg, k=1,...,n—1
and ¢ € C§°(Q+). Then we can write

/Dhay].z¢dy: —/8ysz,h¢dy
Q+ Q+

and, by (1.80),

[ 0u,:0-10y| = | [ Did, 60| < C'1Glna. [olloc,
+ +

which, passing to the limit as |h| — 0 gives for any (j,k) # (n,n)

[ 0u20,.605| < €'1G o [0l (181)

+

To conclude, we have to show also the above estimate for k = n. First we ob-
serve that apy, > o on Q4. This follows from (1.77) by taking £ = (1,0,...,0).
Thus, we can replace in (1.78) ¢ by ¢ /an,. Then we rewrite (1.78) as

/an,naykzayz(%,%i/})dy: /an,nG(a;}nw)dy
Q+ Q+

- > ariy 20y, (a,0)dy,
Q+ (k’l)i(n’n)

and differentiating on the left hand side
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[ duztndy = [ 0200, anndyzdy + [ 00nG (a0 tbdy
Q+ Q+ Qy
_/ Z (aT_L,lnw)aylak,laykZdy
G, (kD)
> 0,20y (ap ax))dy,
Q+ (k’l)¢(n7n)

Applying now (1.83), we get

[ duz0,ay| < ciic
+

This shows that

0.0+ +lzlle)¥loe- (1.82)

[ 020,05 < CGlng. Iolloc, (1.83)

+

for any j,k = 1,...n and thus, by Proposition 1.50, each first derivative of z
belongs to W3 (Q4) and thus z € W2(Q, ). Using the first part of the proof
and transferring the solution back to {2 shows that u € W2(£2).

Let us consider higher derivatives. As before, we split u according to the
partition of unity and separately argue argue in Gy € {2 and in Q. Let us
begin with u € W2(£2)N I/?/'%(Q) and consider w = Bou. Let f € W4 () and
consider any derivative du, i = 1,...,n. We know that du € W (£2). Then we
can use ¢ € C§° and take 0¢ as the test function in (1.73) so that , integrating
by parts

_ ([ Ofodx — ! fOgdx — ([ VuVapdx = — ! VouVedx

so that Ou is a variational solution with square integrable right hand side and
thus Ou € W3 (£2) and u € W3 (£2). Then we can proceed by induction.

o
Let us consider z € W3(Q)N W1 and let du be any derivative in direction

tangential to Qp. We claim that 0z GI/?/% First, we note that D,z EI/?/% ifhis
parallel to Qq for sufficiently small |h|. By (1.80), Djz is bounded in W} (Q)

and thus we have a subsequence h,, such that Dy z — g EI/?/%(Q) Clearly,
Dy, z converges weakly in Lo(Q4) and thus for any ¢ € C§°(Q4)

/ (Dy, )iy = / 2D_y, bdy

Q+ Q+
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and thus passing to the limit

/ gody = - / 20pdy

Q+ Q+

and thus 9z GV([)/% (Q4+). Then, as before

/ OGYdy = / Z Dy, (02)8,,bdy (1.84)
(7] (9]

k=1

for any ¢ EI/(I)/%(Q+). We argue by induction in m. Let f € W5"™(Q, ). From
induction assumption, we have u € W™2(Q,). Also du in any tangential

derivative is in V(()/'%(QQ and satisfies (1.84). By induction assumption to du
and 0G we see that du € W3""?(Q, ). Finally we can write

1
aﬂ%nxnu = -G - Z ayk (82)8y11/1dy

nn 5 (kid)#(n,n)

so that the claim follows.
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An Overview of Semigroup Theory

In this chapter we are concerned with methods of finding solutions of the
Cauchy problem.

Definition 2.1. Given a Banach space and a linear operator A with domain
D(A) and range ImA contained in X and also given an element ug € X, find
a function u(t) = u(t,ug) such that

1. u(t) is continuous on [0,00) and continuously differentiable on (0,00),

2. for each t > 0, u(t) € D(A) and

u'(t) = Au(t), ¢>0, (2.1)
3.
tlir(% u(t) = ug (2.2)

in the norm of X.

A function satisfying all conditions above is called the classical (or strict)
solution of (2.1), (2.2).

2.1 What the semigroup theory is about

In the theory of differential equations, one of the first differential equations
encountered is
u'(t) = au(t), aeC (2.3)
with initial condition u(0) = uo. It is not difficult to verify that u(t) = e"*uq
is a solution of Eq. (2.3).
As early as in 1887, G.P. Peano showed that the system of linear ordinary
differential equations with constant coeflicients

ul = an1ur + -+ Qiply,
(2.4)

/
Uy = Qp1UL + - ° + Qpplp,
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can be written in a matrix form as
u'(t) = Au(t), (2.5)

where A is an nxn matrix {aij}lgi, j<n and u is an n-vector whose components
are unknown functions, and can be solved using the explicit formula

u(t) = ey, (2.6)
where the matrix exponential e** is defined by

tA  t2A?
tA f— —_— —_— DRI
e 7I+1!+ o1 +oeee (2.7
Taking a norm on C" and the corresponding matrix-norm on M, (C), the
space of all complex n x n matrices, one shows that the partial sums of the
series (2.7) form a Cauchy sequence and converge. Moreover, the map ¢ — et
is continuous and satisfies the properties, [?, Proposition 1.2.3]:

elt+s)A — ptAgsA forallt,s >0
BOA = 1. (28)
Thus the one-parameter family {etA}tZO is a homomorphism of the additive
semigroup [0, 00) into a multiplicative semigroup of matrices M,, and forms
what is termed a semigroup of matrices.

The representation (2.7) can be used to obtain a solution of the abstract
Cauchy problem (2.1-2.2) where A : X — X is a bounded linear operator, as
in this case the series in (2.7) is still convergent with respect to the norm in
the space of linear operators £(X).

In general, however, the operators coming from applications, such as, for
example, differential operators, are not bounded on the whole space X and
(2.7) cannot be used to obtain a solution of the abstract Cauchy problem (?7?).
This is due to the fact that the domain of the operator A in such cases is a
proper subspace of X and because (2.7) involves iterates of A, their common
domain could shrink to the trivial subspace {0}. For the same reason, another
common representation of the exponential function

et = lim (1 + ;A> : (2.9)

cannot be used. For a large class of unbounded operators a variation of the
latter, however, makes the representation (2.6) meaningful with e** calculated
according to the formula

t N\ " n/n -11"
tA_ 1 _ — | R
e :v—nhm (I nA> x nlgn [t (t A) ] x. (2.10)

The aim of the semigroup theory is to find conditions under which such a
generalization of the exponential function satisfying (2.8) is possible.
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2.2 Rudiments

2.2.1 Definitions and Basic Properties

If the solution to (2.1), (2.2) is unique, then we can introduce the family
of operators (G(t))i>o such that u(t,up) = G(t)ug. Ideally, G(t) should be
defined on the whole space for each ¢ > 0, and the function ¢ — G(t)ug
should be continuous for each uy € X, leading to well-posedness of (2.1), (2.2).
Moreover, uniqueness and linearity of .4 imply that G(t) are linear operators.
A fine-tuning of these requirements leads to the following definition.

Definition 2.2. A family (G(t))i>0 of bounded linear operators on X is called
a Cy-semigroup, or a strongly continuous semigroup, if

(1) G(0) = I;

(1) G(t + s) = G(t)G(s) for allt,s > 0;

(#i) limy_,o+ G(t)x =z for any x € X.

A linear operator A is called the (infinitesimal) generator of (G(t))i>0 if

Axr = lim Glh)z — =

_ 2.11
h—0t h ’ ( )

with D(A) defined as the set of all x € X for which this limit exists. If we
need to use differen generators, then typically the semigroup generated by A
will be denoted by (G 4(t))i>0, otherwise simply by (G(t))i>0.

Proposition 2.3. Let (G(t))i>0 be a Co-semigroup. Then there are constants
w >0, M >1 such that

|G@)| < Me“?, t>0. (2.12)

Proof. First we observe that |G ()| is bounded on some interval. Indeed, if
not, there is (tp)nen, tn — 0, [|G(t,)|| > n, that is (G(t,)) is unbounded.
But, by the Banach-Steinhaus theorem there is an = € X and a subsequence
(tn,, )npen such that (G(t,, )z) is unbounded, contrary to (iii). So, ||G(¢)|| < M
for 0 < ¢ < n for some n and M > 1 as G(0) = I. For any t > 0 we take
t=nn+4,0<6§<nand, by the semigroup property,

GO = GO Gm)"| < MM™ = M= Mm < et
where w =n"1In M > 0.

As a corollary, we have

Corollary 2.4. Let (G(t))>0 be a Co-semigroup. Then for every z € X,
t— G(t)xr € C(Ry U{0}, X).
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Proof. We have for t,h >0
IG(t+h)z — GH)z| < |GO)IIG(R)z — ]| < Me"||G(R)x — =]
and fort > h >0
IG(t = h)z — Gtz < |Gt = M)[IG(h)z — 2| < Me"[|G(h)z — |
and the statement follows from condition (iii).

Remark 2.5. As we have seen above, for semigroups, the existence of a one-
sided limit at some ¢ty > 0 yields the existence of the limit.

Let (G(t))¢>0 be a semigroup generated by the operator A. The following
properties of (G(t));>o are frequently used.
Lemma 2.6. Let (G(t))i>0 be a Co-semigroup generated by A.

(a) Forx € X
t+h

lim % / G(s)xds = G(t)x. (2.13)
(b) Forz € X, fot G(s)xds € D(A) and
A | G(s)xds = G(t)x — x. (2.14)
/

(¢) For x € D(A), G(t)x € D(A) and

%G(t)m = AG(t)x = G(t)Ax. (2.15)
(d) For x € D(A),
Gt)r — G(s)x = /G(T)AxdT = /AG(T)I’dT. (2.16)

S S

Proof. (a) follows from continuity of the semigroup. To prove (b) we consider
xz € X and h > 0. Then

% /G(s)xds = %/(G(S +h)z = G(s)x)ds
0
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and the right hand side tends to G(t)r — z by (a) which proves that
¢
J G(s)zds € D(A) and (2.14). To prove (c), let z € D(A) and h > 0. As
0

above
=L =G (G(h});]) 2 T(t)z

as h — 0. Thus, G(t)z € D(A) and AG(t)x = G(t)Az for x € D(A). The
limit above also shows that

that is, the right derivative of G(t)x is AG(t). Take now ¢ > 0 and h < t.
Then

lim
h—0

<G(t — hlxh— Gtz AG(t)x)

lim G(t — h) (G(h)hx_:” - Ax) + lim (G(t — h) Az — G(t) Ax)

and we see that both limits are 0 by uniform boundedness of (G(t))>0, strong
continuity and z € D(A).
Part (d) is obtained by integrating (2.15).

Why Cy-semigroups?

Proposition 2.7. If (G(t))i>0 is uniformly bounded, then its generator is
bounded.

p
Proof. Since p=! [ G(s)ds — I in the uniform operator norm, then there is
0
P P
p > 0 such that [|p~! [ G(s)ds — I|| < 1 and thus p~' [ G(s)ds and hence
0 0

p
J G(s)ds are invertible.
0

=1 /pG %/(G(s—kh) _ G(s))ds

Thus
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o pth
( /G xds—f/G )xds /G
Letting h — 0, we see that (G(h) — I)/h — ( -D(fyG Lin the

uniform norm and thus the generator is bounded

From (2.15) and condition (iii) of Definition 2.2 we see that if A is the
generator of (G(t))>0, then for x € D(A) the function t — G(¢)x is a classical
solution of the following Cauchy problem,

Ou(t) = A(u(t)), t>0, (2.17)
tl_i,%l+ u(t) = x. (2.18)

We note that ideally the generator A should coincide with A but in reality
very often it is not so.

Remark 2.8. We noted above that for © € D(A) the function u(t) = G(t)z is
a classical solution to (2.17), (2.18). For x € X \ D(A), however, the function
u(t) = G(t)z is continuous but, in general, not differentiable, nor D(A)-valued,
and, therefore, not a classical solution. Nevertheless, from (2.14), it follows

that the integral v( fo s)ds € D(A) and therefore it is a strict solution
of the integrated version of (2 17), (2.18):

ov=Av+z, t>0
v(0) =0, (2.19)

or equivalently,

A/u )ds + x. (2.20)
0
We say that a function u satisfying (2.19) (or, equivalently, (2.20)) is a mild
solution or integral solution of (2.17), (2.18).

Corollary 2.9. If (G(t))i>0 is a Co-semigroup generated by A, then A is a
closed densely defined linear operator.

t
Proof. For z € X we set x; = t~! [ G(s)xds. By (b), x; € D(A) and by (a),
0

xy — x as t — 0. To prove closedness, let D(A) 3> z, — z € X and let
Az, — y € X. From (d) we have

¢
G(t)xn — Tp = /G(S)Al‘nd&
0
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By local boundedness of (G(t)):>o we have that G(s)Az, — G(s)y uniformly
on bounded intervals, hence, by letting n — oo,

Gt)x —x = /G(s)yds.
0

Thus, using (a), € D(A) and Az =y.

Thus, if we have a semigroup, we can identify the Cauchy problem of which
it is a solution. Usually, however, we are interested in the reverse question,
that is, in finding the semigroup for a given equation.

A first step in this direction is

Theorem 2.10. Let (Ga(t))i>0 and (Gg(t))i>0 be Cy semigroups generated
by, respectively, A and B. If A = B, then Ga(t) = Gp(t).

Proof. Let x € D(A) = D(B). Consider the function
s = Ga(t—3s)Gp(s)r, 0<s<t,
continuous on [0, t]. Writing, for appropriate s, h

Ga(t = (s+h)Gp(s+h)z — Galt = 5)Gp(s)z

h
_ Galt=(s+h))Gp(s+h)x— Gat — (s + h))Gp(s)z
h
. Ga(t—(s+h)Gp(s)x — Ga(t — s)Gp(s)x
h

we see that by local boundedness both terms converge and, by (c¢), we obtain

%GA(t —5)Gp(s)x = —AGA(t — s)Gp(s)x + Ga(t — s)BGp(s)x
=—Ga(t—$)AGp(s)xr+ Ga(t — s)BGp(s)x = 0.

Thus GA(t —s)Gp(s)z is constant and, in particular, evaluating at s = 0 and
s =t we get Go(t)r = Gp(t)z for any ¢t and = € D(A). From density, we
obtain the equality on X.

The final answer is given by the Hille-Yoshida theorem (or, more prop-
erly, the Feller-Miyadera—Hille-Phillips—Yosida theorem). Before, however, we
need to discuss the concept of the resolvent.

Let A be any operator in X. The resolvent set of A is defined as

p(A)={NeC; A\ — A: D(A) — X is invertible}. (2.21)

We call (AI — A)~! the resolvent of A and denote it by R(\, A) = (A — A)~1,
A € p(A). The complement of p(A) in C is called the spectrum of A and
denoted by o(A).
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The resolvent of any operator A satisfies the resolvent identity

from which it follows, in particular, that R(A, A) and R(u, A) commute. Writ-
ing

we see by the Neuman expansion that R(\, A) can be written as the power
series

RONA) = 3 (1= A" Rw, A"+ (2.23)

for | —A| < ||R(u, A)||~* so that p(A) is open and A — R(), A) is an analytic
function in p(A). The iterates of the resolvent and its derivatives are related
by

d’ﬂ

WR(A,A) = (=1)"n!R(\, A)" L. (2.24)

2.2.2 The Hille—Yosida Theorem

We begin with the simplest case of contractive semigroups. A Cj semigroup
(Ga(t))i>0 is called contractive if

1Ga(®)]l <1

Theorem 2.11. A is the generator of a contractive semigroup (G a(t))i>o0 if
and only if

(a) A is closed and densely defined,
(b) (0,00) C p(A) and for all A > 0,

[R(A, A < (2.25)

> =

Proof. (Necessity) If A is the generator of a Cy semigroup (G 4(t))¢>0, then
it is densely defined and closed. Let us define

RNz = /e_’\tG(t);vdt (2.26)
0

is valid for all x € X. Since (Ga(t))i>0 is contractive, the integral exists for
A > 0 as an improper Riemann integral and defines a bounded linear operator
R(M\)x (by the Banach-Steinhaus theorem). R(\) satisfeis

1
IRzl < 2l
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Furthermore, h > 0,

Gl = pnye = 1 / e (Galt+ h)x — Galt)r)dt
0
:% (/ e—w‘h)GA(t)xdt—/e‘”GA(t)xdt)
h O
Ah 1 7 1 '
— GT_/e‘“GA(t)xdt— E/e_”GA(t)fﬂdt
h O

By strong continuity of G 4, the right hand side converges to AR(\)x — x.
This implies that for any x € D(A) and A > 0 we have R(\)z € D(A) and
AR(N) = AR(\) — I so

(M — AR\ =1. (2.27)

On the other hand, for x € D(A) we have

RN Az = /e*’\tG(t)Axdt =A (/ e’\tG(t)w) dt = AR(\)z

0 0

by commutativity (Lemma 2.6 (c)) and closedness of A. Thus A and R(\)
commute and
RAN)(A — A)xr = Ax

on D(A). Thus R()) is the resolvent of A and satisfies the desired estimate.
The converse is more difficult to prove. The starting point of the second
part of the proof is the observation that if (A, D(A)) is a closed and densely
defined operator satisfying p(A) D (0,00) and |[AR(A, A)|| < 1 for all A > 0,
then
(i) for any z € X,
/\ILHOIO AR\, Az = z. (2.28)

Indeed, first consider x € D(A). Then
1
IAR(A, A)z — || = [[AR(X, A)z|| = | R(A, A)Az]| < 1]l Az] — 0

as A — oo. Since D(A) is dense and ||AR(A, A)|| < 1 then by 3e argument
we extend the convergence to X.
(ii) AR(A, A) are bounded operators and for any « € D(A),

lim AAR(A\ A)x = Ax. (2.29)
A—00

Boundedness follows from AR(A, A) = AR(A, A) — I. Eq. (2.29) follows
(2.28).
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It was Yosida’s idea to use the bounded operators
Ax = AAR(MN A), (2.30)

as an approximation of A for which we can define semigroups uniformly con-
tinuous semigroups (G (t))¢>0 via the exponential series. First we note that
(GA(t))t>0 are semigroups of contractions and, for any x € X and A, u > 0
we have

IGA@)x = Gu(t)z] < tl|Axe — Az, (2.31)

Indeed, using Ay = A2R(A, A) — A and the series estimates
||G)\(t)$|| < e*AteAHR()\’A)Ht < 1.

Further, from the definition operators Gi(t),G.(t), Ax, A, commute with
each other. Then

1
d
IGr (D — Go(t)e] = / 8 gran gt A0
S
0

1
< t/ HetsAAet(l—s)Au(A)\x — AM.%‘)HdS < t||A,\ac _ AMIH'
0

Using (2.31) we obtain for z € D(A)
[GA)z = Gu(t)z]| < tl|Axe — Ayzl] < t([[Ave — Azf| + [[Az — Ayz|).

Hence (Gx(t)x))x strongly converges and the convergence (for each x) is uni-
form in ¢ on bounded intervals (almost uniform on R, . Since D(A) is dense
in X and [|G(t)]| <1 we get

lim Gy(t)z =: S(t)x

A—00

for € X. The convergence is still almost uniform on R . From the limit we
see that (S(t))>0 is a Cy semigroup of contractions.

What remains is to show that (S(t)):>0 is generated by A. Let z € D(A).
Then

t t
S(t)z —x = lim (Gx(t)z —z) = lim [ e*Ayzds = /S(S)Axds (2.32)
0

A—00 A—o0
0

where the last equality follows from

e Az — S(s)Az|| < [|e*M Ayz — ¥ Ax|| 4 ||e¥> Az — S(s) Az
< ||Axz — Az + [|e* Az — S(s) Az,
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by contractivity of (G(t)):>0, so that the convergence is uniform on bounded
intervals. Assume now that (S(¢)):>0 is generated by B. Dividing (2.32) by ¢
and passing to the limit, we obtain

Bxr = Az, z € D(A)

so that A € B. On the other hand, we know that I — A and I — B are
bijections from, resp D(A) and D(B) with D(A) C D(B). But then we have
(I - B)D(A) = (I — A)D(A) = X, that is, D(A) = (I — B)™'X = D(B) so
A=B.

Corollary 2.12. A linear operator A is the generator of a Cy semigroup
(G(t))i>0 satisfying |G(t)|] < e*t if and only if

(i) A is closed and D(A) = X;
(i) p(A) D (w,00) and for such A

1RO A < 3. (239

Proof. Follows from the contractive semigroup S(t) = e *“*G(t) being gener-
ated by A — wl.

The full version of the Hille-Yosida theorem reads
Theorem 2.13. A € G(M,w) if and only if

(a) A is closed and densely defined,
(b) there exist M > 0,w € R such that (w,00) C p(A) and for all
n>1LA>w,
M

[(AM—=A)7" < Gow)

(2.34)

The proof of this result is based on re-norming of the original space. We
have

Lemma 2.14. Let A be an operator with p(A) D (0,00). If there is M such
that

A" (R, A))"[| < M (2.35)
then there exists a norm |- | that satisfies
[zl < || < Mllz]l, = eX (2.36)

and

AR\, A)z| < |z], z€ X,A>0. (2.37)
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Proof. For > 0 we define first

]l = sup 1™ (R(p, A))" - (2.38)
Then obviously
2]l < fal, < Mzf|, ze€X (2.39)
and
[uR(p, Az < (||, (2.40)

Further, using the resolvent identity

by (2.40), we obtain for A < 4

1 A
1RO Al < & R Ayl + (1 - M) IRO\ A,

hence
AR, Az, < el 0< A< (2.41)

Thus
A" R(A, A) ]| < AR A) el < el 0<A<p (2.42)
and therefore, by taking supremum over n
lzllx <l 0<A<p.

Thus the limit

o] := lim_ 2], (2.43)
exists and finite; it defines a norm on X that is equivalent to | - || by (2.39).

Finally, taking n = 1 in (2.42) we have
AR, A)zll,e < [l
and the thesis follows by taking the limit as p — oc.

Proof of Theorem 2.13. Similarly to Corollary 2.12, the problem can be
reduced to the one for uniformly bounded semigroups: ||G(t)|| < M. Then the
resolvent estimate becomes

IR, AN <M, A>0n=1,2,.... (2.44)

The necessity part is reduced to the contractive case by renorming the space
using
|z| = sup ||G(t)z||. (2.45)
>0
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Then
2] < |z[ < M|z (2.46)

and hence |- | is an equivalent norm on X. In this norm
|G(t)z| = sup [|[G()G(s)z]| < sup ||G(7)z|| = ||
s>0 7>0
by the semigroup property. Then there is the generator A, densely defined
and closed, satisfying |AR(A, A)z| < |z|. But then, by (2.46),
A" (R(A, A)) || < [A*(R(A, A)) 2| <[] < Mllz].

For sufficiency, we renorm the space using (2.43) so that [AR(\, A)x| < ||
and in this norm A generates a contractive semigroup (G(t));>o. But then,
by (2.36),

1G@)z]| < |G(t)z] <[] < Mllz|

and the theorem follows.
2.2.3 Relation with the exponential formula
Theorem 2.15. Let (Ga(t))i>0 be a Cy-semigroup on X generated by A.

Then

GA(t)x:nIer;o <I—;A>nx:7}Lrgo (%R (?,A))nx, reX, (247)

and the limit is uniform in t on any bounded interval.

Proof. Let ||Ga(t)|| < Me“". For A > w the resolvent R(\, A) is an analytic
function satisfying

R\ Az = /e*/\SGA(s)mds, r e X. (2.48)
0
Then -
jWR()MA)JC = /(—s)”e‘ASGA(s)xds
0

that, upon substitution A = t/n, gives

d" 3 n r n_—n2
WR (n,A> x=(-1) /s e "t Gy(s)xds
0

and, substituting v = s/t,
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oo

LY (L P 1)ntn+1/ ne=mU Gy (1) ad

I o T = v'e A(tv)zdv.
0

Then, by (2.24),

e(2)

t n

However, from the definition of the I" function

/ "eT"G g (tv)zdv.
0

o0

7 rn+1

/ e ™ dy = /T"ef’“dr = 7(n+ ) =1,
n! n!

0

0

thus we can write

n ¢ n+1
t n

From the strong continuity of (Ga(¢))¢>0, for any € > 0,0 < ty < co we can
find 0 < a < 1 < b < oo such that for any ¢ € [0, %], v € [a,b] we have

/ e (Ga(tv)x — Ga(t)z)do.
0

|IGa(tv)x — Ga(t)z|| <e.

Next, we observe that v — v™e ™" is strictly increasing on [0,1) attains

maximum e~! at v = 1 and is strictly decreasing on (0, 0). Now, we write

/ e ™ GA t’U)l’*GA() )dv:11+12+13,
0

where
n+1
1] < nn' /v"e‘"”(GA(tv)x — Ga(t)x)dv
S0
nn—i—l <
< anee / 1(Ga(to)e — Ga(t))||dv
ntl / nntl b
|2 < ' /v"e‘"”(GA(tv)x—GA(t)m)dv <e— /v"e‘"”dm <e
n! n!
oo
n+1
I 13| < nn| /v"eﬂw(GA(tv)x — Ga(t)x)dv
b
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where we used the monotonicity of v — v™e~"" on [0,1) for the estimate of
I;. Further, for a given a < 1, ae~® = ¢ < e~! and using the Strirling formula

)

" [ = oitear

n!
0

P

€

we obtain

which shows ||I1]] — 0 as n — oo. Now, for I3 we observe ||Ga(tv)x —
Ga(t)z| < Mlz||(e*t + evt) < 2M||z|[e*t” (as v > b > 1) and hence the
integral is finite if we take n > wt. For a given tg, let us fix ng > wty. Then
we can write

n+1

TAE YA / ye=(n o) g=(no—wt)o g,
n:

b

and thus

satisfies 1 < Umas < b for sufficiently large n. Hence v — v™e~ ("—m0)v ig
strictly decreasing on [b, 00) for large n and we can write

The maximum of v — v"e~("~"0)? ig attained at Ve = prp——

oo
n+1
5] < o™ ' bne—nbenob/e—(no—wt)vdv.
n.
b

Therefore ||I3]] — 0 as n — oo uniformly on [0, #y] by the same argument as
for I7. Thus, for any € > 0 there is N such that for any n > N

|G (ha)™ o catne

<e€

t t

that is,
lim (ER (E,A>)n+l x=Ga(t)x

uniformly on [0, %] for any t9 < oo. However, by (2.28) and the Banach-
Steinhaus theorem (uniform boundedness of strongly convergent sequence of
operators), we obtain (2.47).

2.2.4 Dissipative operators and the Lumer-Phillips theorem

Let X be a Banach space (real or complex) and X* be its dual. From the
Hahn—Banach theorem, Theorem 1.12 for every x € X there exists z* € X*
satisfying

<z, z>= |lzf|* = [|="]*.
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Therefore the duality set

J(x) = {2* € X*; <a*,a>=||z|]* = ||=*|*} (2.49)
is nonempty for every x € X.

Definition 2.16. We say that an operator (A, D(A)) is dissipative if for every
x € D(A) there is x* € J(x) such that

R <z*, Ax><0. (2.50)

If X is a real space, then the real part in the above definition can be
dropped.

Theorem 2.17. A linear operator A is dissipative if and only if for all A > 0
and x € D(A),
I = A > Al (2.51)

Proof. Let A be dissipative, A > 0 and € D(A). If 2* € J and R <
Az, z* >< 0, then

Az — Az||||z]| > |(Ax — Az, 2* > | > R < Av — Az, z* >> \|z|?

so that we get (2.51).
Conversely, let z € D(A) and A|z| < |[[Ax — Az| for A > 0. Consider
yx € J(Ax — Az) and 23 = o3 /|43

Mzl < A — Azl = Az — Az[||3]] = g2l Az — Azllly3ll = [yall" < Az — Az, 5 >
=< — Az, 2y >= AR <z,2} > R < Az, 2} >
< Azl =R < Az, 25 >

for every A > 0. From this estimate we obtain that & < Az, 25 >< 0 and, by
la| > Ray,

M <z, 2y >= Az +R < Az, 25 >> Mjz|| - R < Az, 25 > | > A||z|| — || Az]]

or R < z,2% >> ||z||-A7!||Az|. Now, the unit ball in X* is weakly-* compact
and thus there is a sequence (2} )nen converging to z* with [[z*| = 1. From
the above estimates, we get

R < Az, 2" ><0

and ® < z,z* >> ||z||. Hence, also, | < x,2* > | > ||z|| On the other hand,
Re < z,z* >< | < x,2* > | < ||z|| and hence < z,2z* >= ||z|. Taking
x* = z*||x|| we see that z* € J(z) and R < Az,2* >< 0 and thus A is
dissipative.

Theorem 2.18. Let A be a linear operator with dense domain D(A) in X.
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(a) If A is dissipative and there is Ao > 0 such that the range Im(AoI — A) =
X, then A is the generator of a Cy-semigroup of contractions in X.

(b) If A is the generator of a Cy semigroup of contractions on X, then
Im(A — A) = X for all A\ > 0 and A is dissipative. Moreover, for every
x € D(A) and every z* € J(z) we have R < Az, z* ><0.

Proof. Let A > 0, then dissipativeness of A implies |[Ax — Az| > A||z| for
x € D(A), A > 0. This gives injectivity and, since by assumption, the Im(AgI—
A)D(A) = X, (Aol —A)~! is a bounded everywhere defined operator and thus
closed. But then Ao/ — A, and hence A, are closed. We have to prove that
Im(A — A)D(A) = X for all A > 0. Consider the set A = {A > 0; Im(AI —
A)D(A) = X}. Let A € A. This means that A € p(A) and, since p(A) is open,
A is open in the induced topology. We have to prove that A is closed in the
induced topology. Assume A, — A\, A > 0. For every y € X there is z,, € D(A)
such that
ATy — Az, = .
From (?7?), ||z.| < ﬁHyH < C for some C > 0. Now
Amllzn = Tl < [ Am(zn — 2m) — AT — 2m) ||
= ” — AT + AnTm — AnZn + A2y — Az, + Ame
= [An = Amlllznll < ClAn = A

Thus, (2, )nen is a Cauchy sequence. Let z,, — x, then Ax,, — Az —y. Since A
is closed, © € D(A) and Az — Ax = y. Thus, for this A, Im(A — A)D(A) = X
and A € A. Thus A is also closed in (0,00) and since Ag € A, A # @ and
thus A = (0,00) (as the latter is connected). Thus, the thesis follows from the
Hille-Yosida theorem.

On the other hand, if A is the generator of a semigroup of contractions

(G(t))t>0, then (0,00) C p(A) and Im(A — A)D(A) = X for all A > 0.
Furthermore, if x € D(A),z* € J(z), then

| <Gz, a” > | < ||G@)al|l27] < [l]?
and therefore
R<Gt)r —z,2" >=R < G(t)z,z* > —||z]|* <0
and, dividing the left hand side by t and passing with ¢ — oo, we obtain
< Az, z* ><0.

Since this holds for every z* € J(z), the proof is complete.
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Adjoint operators

Before we move to an important corollary, let as recall the concept of the
adjoint operator. If A € L(X,Y), then the adjoint operator A* is defined as

<y*, Ax>=<A*y* x> (2.52)

and it can be proved that it belongs to £(Y™*, X*) with ||A*|| = ||A]l. If A is
an unbounded operator, then the situation is more complicated. In general,
A* may not exist as a single-valued operator. In other words, there may be
many operators B satisfying

<y*, Ax>=<By*, >, x € D(A), y* € D(B). (2.53)

Operators A and B satisfying (2.53) are called adjoint to each other.
However, if D(A) is dense in X, then there is a unique maximal operator
A* adjoint to A; that is, any other B such that A and B are adjoint to each
other, must satisfy B C A*. This A* is called the adjoint operator to A. It
can be constructed in the following way. The domain D(A*) consists of all
elements y* of Y* for which there exists f* € X* with the property

<y*, Az>=<f* > (2.54)

for any = € D(A). Because D(A) is dense, such element f* can be proved
to be unique and therefore we can define A*y* = f*. Moreover, the assump-
tion D(A) = X ensures that A* is a closed operator though not necessarily
densely defined. In reflexive spaces the situation is better: if both X and Y
are reflexive, then A* is closed and densely defined with

A= (A*)"; (2.55)
see [?, Theorems I11.5.28, I11.5.29].

Corollary 2.19. Let A be a densely defined closed linear operator. If both A
and A* are dissipative, then A is the generator of a Cy-semigroup of contrac-
tions on X.

Proof. 1t suffices to prove that, e.g., Im(I — A) = X. Since A is dissipative
and closed, Im(A — A) is a closed subspace of X. Indeed, if y, — y, yn €
Im(I—A), then, by dissipativity, ||z, — x| < [[(zp —2m) — (Az, — Azp)|| =
ln — ymll and (z,)nen converges. But then (Ax,)nen converges and, by
closedness, z € D(A) and z — Az =y € Im(I — A). Assume Im(I — A) # X,
then by H-B theorem, there is 0 # z* € X* such that < z*, 2 — Az >= 0 for
all z € D(A). But then z* € D(A*) and, by density of D(A4), z* — A*z* =0
but dissipativeness of A* gives z* = 0.
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The Cauchy problem for the heat equation

Let C = 2 x (0,00),X = 92 x (0,00) where {2 is an open set in R". We
consider the problem

Opu = Au, in2 x [0,T], (2.56)
u=0, onk, (2.57)
u =1ug, onf2. (2.58)

Theorem 2.20. Assume that ug € Lo(§2) where (2 is bounded and has a C?
boundary. Then there exists a unique function u satisfying (2.58)—(1.30) such

that u € C([0,00); La(£2)) N C([0, 00); WE(2)N W(£2)),

Proof. The strategy is to consider (2.58-(1.30) as the abstract Cauchy prob-
lem

u' = Au, u(0) = ug
in X = Lo(f2) where A is the unbounded operator defined by
Au = Au

for
u e D(A) = {u eWl(Q2); Au € Ly(2)} = W2(2)n W(12)).

First we observe that A is densely defined as C§°(£2) CI/?/%(Q) and AC°(£2) C
Ly(82). Next, A is dissipative. For v € Lo(£2), Ju = u and

(Au,u) = — / |Vul?dx <0
2

Further, we consider the variational problem associated with I — A, that is,
o
to find u €W3(£2) to

a(u,v) :/Vqudx+/uvdx:/fvdx, v EWH(R)
o o o

where f € Ly(§2) is given. Clearly, a(u,u) = [ul} , and thus is coercive.

o
Hence there is a unique solution v €3 which, by writing

([VqudXZ([fvdx—!uvdx:!(f—u)vdx,

can be shown to be in W#(#2). This ends the proof of generation.
If we wanted to use the Hille-Yosida theorem instead, then to find the
resolvent, we would have to solve
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a(u,v) :/Vqudx—i-)\/uvdx:/fvdx, v EV?/;(Q)
Q Q Q

for A > 0. The procedure is the same and we get in particular for the solution

IVuall§.e + Aluallg @ < Ifllo2lluxllo.e-
Since uy = R(\, A)f we obtain
AR, A) fllo.e < A7 fllo.e-

Closedness follows from continuous invertibility.



