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An Overview of Semigroup Theory

In this chapter we are concerned with methods of finding solutions of the
Cauchy problem.

Definition 2.1. Given a Banach space and a linear operator A with domain
D(A) and range ImA contained in X and also given an element ug € X, find
a function u(t) = u(t,ug) such that

1. u(t) is continuous on [0,00) and continuously differentiable on (0,00),

2. for each t > 0, u(t) € D(A) and

u'(t) = Au(t), ¢>0, (2.1)
3.
tlir(% u(t) = ug (2.2)

in the norm of X.

A function satisfying all conditions above is called the classical (or strict)
solution of (2.1), (2.2).

2.1 What the semigroup theory is about

In the theory of differential equations, one of the first differential equations
encountered is
u'(t) = au(t), aeC (2.3)
with initial condition u(0) = uo. It is not difficult to verify that u(t) = e"*uq
is a solution of Eq. (2.3).
As early as in 1887, G.P. Peano showed that the system of linear ordinary
differential equations with constant coeflicients

ul = an1ur + -+ Qiply,
(2.4)

/
Uy = Qp1UL + - ° + Qpplp,
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can be written in a matrix form as
u'(t) = Au(t), (2.5)

where A is an nxn matrix {aij}lgi, j<n and u is an n-vector whose components
are unknown functions, and can be solved using the explicit formula

u(t) = ey, (2.6)

where the matrix exponential e** is defined by

(&;G)E‘L‘j etA:I+%+%+...' (2.7)

1! 2!

Taking a norm on C" and the corresponding matrix-norm on M, (C), the
space of all complex n x n matrices, one shows that the partial sums of the
series (2.7) form a Cauchy sequence and converge. Moreover, the map ¢ — et
is continuous and satisfies the properties, [79, Proposition 1.2.3]:

elt+s)A — ptAgsA forallt,s >0
BOA = 1. (28)
Thus the one-parameter family {etA}tZO is a homomorphism of the additive
semigroup [0, 00) into a multiplicative semigroup of matrices M,, and forms
what is termed a semigroup of matrices.

The representation (2.7) can be used to obtain a solution of the abstract
Cauchy problem (2.1-2.2) where A : X — X is a bounded linear operator, as
in this case the series in (2.7) is still convergent with respect to the norm in
the space of linear operators £(X).

In general, however, the operators coming from applications, such as, for
example, differential operators, are not bounded on the whole space X and
(2.7) cannot be used to obtain a solution of the abstract Cauchy problem (?7?).
This is due to the fact that the domain of the operator A in such cases is a
proper subspace of X and because (2.7) involves iterates of A, their common
domain could shrink to the trivial subspace {0}. For the same reason, another
common representation of the exponential function

et = lim (1 + ;A> : (2.9)

cannot be used. For a large class of unbounded operators a variation of the
latter, however, makes the representation (2.6) meaningful with e** calculated
according to the formula

t N\ " n/n -11"
tA_ 1 _ — | R
e :v—nhm (I nA> x nlgn [t (t A) ] x. (2.10)

The aim of the semigroup theory is to find conditions under which such a
generalization of the exponential function satisfying (2.8) is possible.

X (4, )
(&<, yo)

;X(‘{, X(S/ya))
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2.2 Rudiments

2.2.1 Definitions and Basic Properties

If the solution to (2.1), (2.2) is unique, then we can introduce the family
of operators (G(t));>o such that u(t,up) = G(t)ug. Ideally, G(t) should be
defined on the whole space for each ¢ > 0, and the function ¢ — G(t)ug
should be continuous for each ug € X, leading to well-posedness of (2.1), (2.2).
Moreover, uniqueness and linearity of A imply that G(¢) are linear operators.
A fine-tuning of these requirements leads to the following definition.

Definition 2.2. A family (G(t))i>0 of bounded linear operators on X is called
a Cy-semigroup, or a strongly continuous semigroup, if

(1) G(0) = I;
(ii) G(t+ s) = G(t)G(s) for allt,s > 0;
(i) lim;_,o+ G(t)x = = for any x € X.

A linear operator A is called the (infinitesimal) generator of (G(t))i>0 if

Az = lim Glh)z —z

_— 2.11
h—s0+ h ’ ( )

with D(A) defined as the set of all x € X for which this limit exists. If we
need to use differen generators, then typically the semigroup generated by A
will be denoted by (G 4(t))i>0, otherwise simply by (G(t))i>0-

Why Cy-semigroups? COH/:?\W — ‘é - O*
Proposition 2.3. If (G(t))i>0 is uniformly boanded, then its generator is
bounded.

P
Proof. Since p~! [ G(s)ds — I in the uniform operator norm, then there is
0

p p
> 0 such that ||[p~! [ G(s)ds — I|| < 1 and thus p~! [ G(s)ds and hence - 7 T
p llp Of() I p bf() A=THA 1T

p c L 1(A-T)

G —1 | 1
T/G(s)ds = E/(G(Hh) —G(s)ds = SG (l“g) L
0

p
[ G(s)ds are invertible.
0

s In
- % / G(s)xds—%/G(s)mds w C SG(S)’EO
Thus 5; S G(g]
SG(Q BK"‘\_@*{ : §
0 - S G(s) & - S
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o pth
-t (o @m—f/a ” /e
Letting h — 0, we see that (G(h) — I)/h — ( -D(fy G Lin the

uniform norm and thus the generator is bounded

Proposition 2.4. Let (G(t))i>0 be a Co-semigroup. Then there are constants
w >0, M >1 such that

IG@)|| < Me**, t>0. (2.12)

Proof. First we observe that ||G(t)|| is bounded on some interval. Indeed, if
not, there is (tp)nen, tn — 0, [|G(t,)|| > n, that is (G(t,)) is unbounded.
But, by the Banach-Steinhaus theorem there is an z € X and a subsequence
(tny )nien such that (G(t,, )x) is unbounded, contrary to (iii). So, |G(¢)|| < M
for 0 < t < n for some n and M > 1 as G(0) = I. For any t > 0 we take
t=nn+4,0<9J <nand, by the semigroup property,

= |GE)Gm)"| < MM™ = M= MMM < et

As a corollary, we have

Corollary 2.5. Let (G(t))i>0 be a Co-semigroup. Then for every z € X,
t— G(t)xr € C(Ry U{0}, X).

Proof. We have for t,h > 0
IG(t+h)z — GH)z| < |GG (R)z — 2| < Me*||G(h)x — ||
and fort > h >0
IG(t = h)z — Gt)z| < |Gt = R)[IG(h)z — 2|l < Me(|G(h)z — |
and the statement follows from condition (iii).

Remark 2.6. As we have seen above, for semigroups, the existence of a one-
sided limit at some tg > 0 yields the existence of the limit.

Let (G(t))¢>0 be a semigroup generated by the operator A. The following
properties of (G(t));>0 are frequently used.
Lemma 2.7. Let (G(t))i>0 be a Co-semigroup generated by A.

(a) For x € X
t+h

hmf/G Jeds = G(t)z. (2.13)
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(b) Forx € X, fo s)xds € D(A) and
L4 / G(@ Glt)z — 2. (2.14)
N0 —

(¢) For x € D(A), G(t)x € D(;l;and
%G(t)w = AG(t)x = G(t)Ax. (2.15)

(d) For x € D(A),

Gt)r — G(s)x = /G(T)Aa;dT

Proof. (a) follows from continuity of the semigroup. To prove (b) we consider
xz € X and h > 0. Then

I/tG Yods = j(G(S—&-h)x G(s)x)ds

t+h

by
:%/G(s)xds—% G(s )ﬁs

0
and the right hand side tends to G(t)z — = by (a) which proves that
¢

J G(s)zds € D(A) and (2.14). To prove (c), let z € D(A) and h > 0. As
0

above Gy — 1 By -
TG(t)x = < N ) x —>é
as h — 0. Thus, G(t)z € D(A) and AG(t)x = G(t)Az for v € D(A). The

limit above also shows that
d+
G( Y = AG(t)r = G(t)Ax,
that is, the right derivative of G(t)x is AG(t). Take now ¢ > 0 and h < t.

Then
: G(t—h)x — G(t)z
AT ( ~h - AGW)

lim G(t — h) (G(h)hx_:” - Ax) + lim (G(t — h) Az — G(t) Ax)

and we see that both limits are 0 by uniform boundedness of (G(t));>0, strong
continuity and x € D(A).
Part (d) is obtained by integrating (2.15).
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From (2.15) and condition (iii) of Definition 2.2 we see that if A is the
generator of (G(t))>o, then for x € D(A) the function t — G(¢)x is a classical
solution of the following Cauchy problem,

Ou(t) = A(u(t)), t>0, (2.17)
tl_i>r(§1+ u(t) = x. (2.18)

We note that ideally the generator A should coincide with A but in reality
very often it is not so.

Remark 2.8. We noted above that for z € D(A) the function u(t) = G(t)z is
a classical solution to (2.17), (2.18). For x € X \ D(A), however, the function
u(t) = G(t)z is continuous but, in general, not differentiable, nor D(A)-valued,
and, therefore, not a classical solution. Nevertheless, from (2.14), it follows

that the integral v( fo s)ds € D(A) and therefore it is a strict solution
of the integrated version of (2 17), (2.18):

ov=Av+z, t>0
v(0) =0, (2.19)

or equivalently,

A/u )ds + x. (2.20)
0
We say that a function w satisfying (2.19) (or, equivalently, (2.20)) is a mild
solution or integral solution of (2.17), (2.18).

Corollary 2.9. If (G(t))i>0 is a Co-semigroup generated by A, then A is a
closed densely defined linear operator.

t
Proof. For z € X we set ; =t~ ! [ G(s)xds. By (b), z; € D(A) and by (a),

0
xy — x as t — 0. To prove closedness, let D(A) > z, — = € X and let
Az, — y € X. From (d) we have

G(t)xn —xn = /G(s)Axnds.

By local boundedness of (G(t)):>o we have that G(s)Az, — G(s)y uniformly
on bounded intervals, hence, by letting n — oo,

Gt)xr —x = " G(s)yds.
S

Thus, using (a), z € D(A) and Az =y.
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Thus, if we have a semigroup, we can identify the Cauchy problem of which
it is a solution. Usually, however, we are interested in the reverse question,
that is, in finding the semigroup for a given equation.

A first step in this direction is

Theorem 2.10. Let (Ga(t))i>0 and (Gg(t))i>o0 be Cy semigroups generated
by, respectively, A and B. If A = B, then G4(t) = Gp(

Proof. Let x € D(A) = D(B). Consider the function
s = Galt—8)Gp(s)z, 0<s<t
is continuous on [0, t]. Writing, for appropriate s, h

Ga(t—(s+h)Gp(s+h)x —Ga(t —s5)Gp(s)z

h
_ Ga(t—(s+h)Gp(s+h)x —Ga(t—(s+h))Gp(s)z /= GA ((— - (5=t )
N h
L Galt = (s + h)Cp(s)r — Galt = )Gp()z ( Gy (st2) x- G 5) K)
h I
we see that by local boundedness both terms converge and, by (¢), we obtain
(&

C%GA(t —5)Gp(s)z = —XGA(t —s)Gp(s)z + G4t — S)AGB(S)SC
=—Ga(t—$)AGp(s)x+ Ga(t — s)BGp(s)x = 0.

Thus G4(t — s)Gp(s)x is constant and, in particular, evaluating at s = 0 and
s =t we get G4(t)r = Gp(t)r for any ¢t and = € D(A). From density, we
obtain the equality on X.

The final answer is given by the HilleYos)ﬁjda theorem (or, more prop-
erly, the Feller—Miyadera—Hille-Phillips—Yosida theorem). Before, however, we
need to discuss the concept of resolvent.

Let A be any operator in X. The resolvent set of A is defined as

p(A)={N e C; A\ - A: D(A) — X is invertible}. (2.21)

We call (A — A)~?! the resolvent of A and denote it by R(\, A) = (A\[ — A)~!
A € p(A). The complement of p(A) in C is called the spectrum of A and
denoted by o(A).

The resolvent of any operator A satisfies the resolvent identity

V

R(AA) — R(p, A) = (p— AN R(N, A)R(p, A), A p € p(A), (2.22)

from which it follows, in particular, that R(A, A) and R(y, A) commute. Writ-

R A) = RO~ - NRe ) R (v A)= (T- (nY)Rg, 4/,
»WLL'/-\])(,,1 cP(""l,/'\»/
(YT -2 (ML=~ ) Xy =
(ZNT-AV " (DT-A «@-MT) %y

Xaq =+ QO‘)(\@d)JEE’(ﬂw - Qw{_

R M R(M, A
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we see by the Neuman expansion that R(\, A) can be written as the power

series
oo

RO\ A) = 3 (5 — A" R(u, 4)+ (2.23)
n=0
for [u—A| < ||R(u, A)|| =1 so that p(A) is open and A — R(\, A) is an analytic
function in p(A). The iterates of the resolvent and its derivatives are related
by
dn n n+1
WR()\ A) = (=1)"n!lR(\, A)" . (2.24)

2.2.2 The Hille-Yosida Theorem

We begin with the simplest case of contractive semigroups. A Cy semigroup
(Ga(t))i>0 is called contractive if

A v IGabll <1
Theorem 2.11. A is the generator of a contractive semigroup (Ga(t))e>o if
)M:AV\-&@andonlyif -
(a) A is closed and densely defined,
’Q(h[_\ ()7 A] (b)(() o0) C p(A) and for all A > 0,

Qu-a)es £ ws (VT-AT Y IR )] <

Proof. (Necessity) If A is the generator of a Cy semigroup (G a(t))¢>0, then
it is densely defined and closed. Let us define

(2.25)

> =

[ ROz = [ e MG(t)zdt 2.26

[

k/n
is valid for all x € X. Since (Ga(t));>0 is contractive, the integral exists for

A > 0 as an improper Riemann integral and defines a bounded linear operator
R(N)z (by the Banach-Steinhaus theorem). R()\) satisfeis

1
RNz < Sl

Furthermore, h > 0,

G (4] €Jcn< GA(E”IR(A);E:; / e MG alt+ W)z — Gat)a)dt
o 0
o/ é 1 :% (/ e)‘(th)GA(t)xdt/e)‘tGA(t)xdt)
h 0
-1 r — At 6/\h —At
( N = Ga(t)xdt — — [ e M Ga(t)xdt
n(H)= v u ¥ !; h )
A °
P D0 o
A L @ ~GLS
N ‘4 Y )

1 GQ)|l

—

€
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1 == By strong continuity of G 4, the right hand side converges to AR(\)x — x.
gi —_> \gg This implies that for any x € D(A) and A > 0 we have R(A)x € D(A) and
) 3 AR(N) = AR(\) — I so
, ’ _— (M — A)R(\) = I. 2.27) u
A j_f_ - S A ( On the other hand, for z € D(A) we have g@l e D [\ /
i > oo oo o
_ - _ - _ (4
G \l/ R(MN)Ax = @2 =A (/e ’\tG(t)as) dt = AR(\)z
A ‘f 0 -/ 0 SG(E )& L5
*S by commutativity (Lemma 2.7 (c)) and closedness of A. Thus A and R(\) ) e [’>
~ commute and {ﬂ)

¢ bin sl Q01 x4 4RWx
: ) on D(A). Thus R()) is the resolvent of A and satisfies the desired estimate “*=7——
The converse is more difficult to prove. The starting point of the second
part of the proof is the observation that if (A, D(A)) is a closed and densely
defined operator satisfying p(A4) D (0,00) and [|AR(X, A)|| < 1 for all A > 0,
then

(i) for any = € X,
)\lim AR(N\, A)z = z. (2.28)
—00

Indeed, first consider x € D(A). Then
1
IAR(A, A)z — z|| = [[AR(X, A)z|| = | R(A, A)Az|| < 1]l Az] — 0
as A — oo. Since D(A) is dense and ||AR(), A)|| < 1 then by 3e argument

we extend the convergence to X.
(ii) AR(A, A) are bounded operators and for any © € D(A),

lim AAR(A\ A)x = Ax. (2.29)
A—00
Boundedness follows from AR(A, A) = AR(A, A) — I. Eq. (2.29) follows
(2.28).
It was Yosida’s idea to use the bounded operators _ \ I e A Y

e

h

2
ay=xarp = » RIVA) @a0) G}(\L)X

as an approximation of A for which we can define semigroups uniformly con-
tinuous semigroups (Gx(t))i>0 via the exponential series. First we note that
(GA(t))t>0 are semigroups of contractions and, for any x € X and A, u > 0
we have

IGA() — Gu()e] < tlAre — Ayal]. (2:31)

Indeed, using Ay = A2R(A, A) — A and the series estimates

V(/M[(: (;”“ ,‘x;“”!fc” // 4 él/xwt
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¢+
Z
1G] ef_',i(i’A)'t <1 )

Further, from the definition operators Gi(t),G.(t), Ax, A, commute with
each other. Then % ¢

¢

1GA(t)z = Gu(t)z| =

—_—

1

/ ie]@“A et(};f,)A“ xds
ds

0

< t/ etsAret =) A (A g — A,x)||ds < t]|Axz — Ayz].

Using (2.31) we obtain for z € D(A)
G (D) = Gut)z|| < t|Axz — Azl < i([[Are — Az|| + Az — Ayz]).

Hence (GA(t)x)) stzeregly converges and the convergence (for each x) is uni-
form in ¢ on bounded intervals (almost uniform on R, . Since D(A) is dense

in X and HG,\(i’)HSlW@ get G} ("—'t 5)’( —_ S(.\.ts)
« DIA) Ali_)rroloG,\(t)a: = S(t)z G (E)G(s)ﬂ — S(&)SG)x
for x € X. The convergence is still almost uniform on R . From the limit we G/\{ O) X :l_!

(J }that ))¢>0 is a Cy semigroup of contractions.
What remains is to show that (S(?)):>0 is generated by A. Let « € D(A).

WG )y - GIH&II NGn y=e

+ I Gl)x -
— LS+ x

—_—— t

g () —x = hm (G,\( Jr —x) = lim SA*AAxds / s)Azds (2.32)

< T _)Ciy v A x

where the last equality follows from

||€SA>‘A)\1' —g(S)A.T” < ||6SA>‘A)\$ _ e_SAAAl'” + HESAAA:L‘ —\Ef(s)AxH
< |Axz — Az|| + |\esA1§g—l§(s)A:vH,

by contractivity of (Gx(t))¢>0, so that convergence is uniform on bounded
intervals. Assume now that (G(t)):>o is generated by B. Dividing (2.32) by ¢
and passing to the limit, we obtain —

LB_lx:é-{i x € D(A)

so that C B. On the other hand, we know that I — A and I — B are
bijections from, resp D(A) and D(B) with D(A) C D(B). But then we have
(I - B)D(A) = (I — A)D(A) = X, that is, D(A) = (I — B)™'X = D(B) so
A=B.



