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Chapter 1

Basic properties

1.1 Definitions

Hilbert spaces are a sub-class of Banach spaces with norm defined by a
bilinear (or rather, sesquilinear) functional which induces a number of useful
geometric properties of the space. Let us start with a more general concept
of a unitary space.

Definition 1.1.1. A non-empty set H is called a unitary space if it is a
complex linear space equipped with a complex-valued function (-,-) : H X
H — C satisfying the following properties:

1. Voen(x,x) > 0 with (x,z) = 0 if and only if z = 0;

2. Vayen(x +y,2) = (x,2) + (y, 2);

3. vz,yGH,)\G(C<>\x7y> = )\<Iay>7

4. vx7y€H<$,y> = <y>$>;

The functional (-, ) is called the scalar product or the inner product.

We collect a few basic properties of the inner product. Since Oz = 0 for any
x € H, properties 3. and 4. imply

(0,9) = (2,0) =0

for any x,y € H. Properties 2. and 3. can be summarized by saying that
for any y € H the mapping = — (z,y) is a linear functional on H.
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2 Chapter 1

We note that it is possible to consider real unitary spaces. In this case H is
a real vector space, (-,+) : H x H — R so that 4. becomes commutativity. A
real inner product is a linear functional with respect to both variables.

Since, by 1., (xz,x) > 0, we can introduce a functional || - || : H — Ry by
|z|l = +/(z,x). (1.1.1)
So far there is no real justification for using the norm symbol || - || here. We

see, however, that by 1. ||z|| = 0 if and only if z = 0 and that ||Az| = |A|||z||
for any x € H and A € C. Hence, to prove that it is a norm on H, we only
have to prove the triangle inequality. This follows from the Schwarz lemma.

Lemma 1.1.2. For any x,y € H we have

[{z )| < Nz lllyll; (1.1.2)

and the equality occurs if and only if x and y are colinear.

Proof. If y = 0, then (1.1.2) is obvious. Suppose then that x,y # 0. For
any A € C we have by 1.

0 < (z+Ay,z+ Ay)
= [l=lI” + APyl + Ma, y) + My, z).

Now, take A = —(z,y)/[[y[|?, then

2
OSHxH2_2|<x1y>| +|<C(J,y>

Iyl lyl>

| 2

so that |(z,y)|* < |lz]|*||y]>.

If in the inequality we have equality sign, then reversing the steps we find
llx + Ay|| = 0 which means that x = —(y, where we used comments below
(1.1.1), provided y # 0. If y = 0, then the elements are obviously dependent.

If y = px for some y # 0, u # 0, then
[z, )| = [, p)| = |plllz <]l = lelllpzl = =yl
If either element equals 0, then the equality is obvious. [ ]

Proposition 1.1.3. An inner product space H equipped with the norm (1.1.1)
1$ a normed space.
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Proof. In view of the comments above, it suffice to prove that (1.1.1) satisfies
the triangle inequality. In this respect, we have for arbitrary x,y € H

[ +y.z+ )l =Ilzl* + lyl* + {z.9) + (v, )]
< ll® + llyll® + 1z, )| + Ky, =)
< All® +llyl* + 2ll=llyll = (=l + 1y 1),

o+ ylI*

where we used the Schwarz inequality to pass to the last line. Hence
[z +yll < =l + [lyll.

and the proposition is proved. [ ]

Thus the use of || - || is fully justified and we can use all terminology and
results of the normed space theory to unitary spaces. In particular, any
unitary space becomes a metric/topological space with metric defined by

d(z,y) = ||z =y

and topology generated by the basis of open balls B(y,r) = {x € H; ||z —
y|| <r}, y € Hyr > 0. We have

Proposition 1.1.4. The scalar product is a continuous functional over H X

H.

Proof. Since (z,y) — (%0, %) = (* — 20, y) + (To, ¥ — Yo) + (* — To, ¥ — Yo),
[z, y) — (zo, o)| < llz — mollllyll + l[zollly — yoll + llz — zolllly — wol,
and the statement follows. ]

Definition 1.1.5. We say that a unitary space is a Hilbert space if it is
complete with respect to the norm (1.1.1).

We know that every metric/normed space admits a completion; that is, it is
isometric with a dense subspace of a complete metric space/Banach space.
The same is true for unitary spaces.

Theorem 1.1.6. The completion of a unitary space is a Hilbert space. That
is, any unitary space H is isometric with a dense subspace of a Hilbert space.
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Proof. Let us recall that the completion of a unitary space understood as
a normed space is the space of all Cauchy sequences (z,)necn, denoted Hy,
modulo the equivalence relation ~ defined as (x,)neny ~ (Yn)nen if and only
if limy, oo || — ynl| = 0. If [2] € H := H;/ ~ we have

Ifz]]l = Tim |z, ],
n—oo

where (z,)nen is an arbitrary element of [x]. We shall see that this con-
struction extends the inner product on H which generates the above norm.
Natural definition is

([z], ly]) = lim (@, yn). (1.1.3)

n—oo

This limit exists. Indeed,

‘(xnvyn> - <xmaym>’ g
< llzallllyn = ymll + |20 — @ |1yl

and the last line tends to 0 since (x,)neny and (Y, )nen are bounded being
Cauchy sequences. Thus ((z,, ¥n))nen is a Cauchy sequence in (complete) C
and the sequence converges. The limit does not depend on the representa-
tives of [z] and [y]. Indeed, taking other representatives (&, )neny € [x] and
(Mn)nen € [y], we have

(TnsYn) = (Tn = &n + &ns Un — M+ 1) = (T — &y Yn)F(Ens Yn — M)+ (Ens 1)

with

({20 = &y yn) + (s yn = )| < Mymllll2n = &nll + [1€alll[gn — mnll — 0.

Since the scalar product on H is continuous, all algebraic properties of the
definition of the scalar product carry over to the scalar product on H, defined
by (1.1.3). We shall check axiom 1. If [z] = 0, then any (z,),en € [7]
converges to 0 (as (0,0,...,0,...) € [z]). Thus, ([z],[z]) = 0. Conversely, if

0= (o], [2]) = Tim (wn, ) = lim [

which means that (x,)nen € [z] is a null sequence and so [z] = 0.

Finally, for (z,)nen € [2],

el = lim | = Yim /G ) = /(] ],
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1.2 Geometry of unitary spaces

A norm in a unitary space has special properties which typically do not occur
in other normed spaces.

Proposition 1.2.1. The unit ball in a unitary space H s strictly convex.

Proof. Let us take x,y € H with ||z|| = ||y|| = 1 and consider the segment
joining x and z: S={z€ H; z=ax+ fy,0 < «,B,a+ [ = 1}. Then

2] = o® + 8% + 208R(z, y) < (@ + )" = 1

with equality possible only when = and y are colinear (or « or § are 0). m

While there are nonunitary normed spaces with strictly convex unit balls,
the next property sets unitary spaces apart from all other normed spaces.

Theorem 1.2.2. Let H be a complex normed space with norm || - ||. Then
H is a unitary space if and only if for any x,y € H the parallelogram law
holds:

lz +yll* + llz = yl* = 2[l=]* + 2]l (1.2.1)
Proof. Assume || - | is given by (1.1.1). Then

lz+yll>+lz—ylI” = (@+y,z+y) + (@ —y2x—y)=2(x,z)+2(y,y)
= 2|lz|* + 2|jy|*.

The proof in the opposite direction is much more complicated. Let us start
from real spaces. Then the inner product can be expressed by

(@,y) =7 (le+yl* = = —yl)

| =

so, if we suspect that a given norm || - || is generated by an unknown scalar
product, then it must be given by the above formula. The problem is to
check that

1
pl,y) =7 (lz 4+ ylI> = [z — y)I*)

satisfies the axiom of a (real) inner product, provided the norm obeys the
parallelogram law. First we notice that

ple,z) = |z]* = 0
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so that the norm satisfies axiom 1. It is also clear that p(z,y) = p(y, z).
To prove homogeneity and additivity, we observe that the parallelogram law
gives

lz +y + wl* + |lz +y — wl|® = 2[lz + y|I* + 2[|w]]®

as well as
lz =y +wl* + llz — y — wl|* = 2|z — y[|* + 2[|w|*
Therefore
p(z +w,y) +p(z —w,y)
—i(ll$+y+w||2— |z =y +wl* = [l —y = wl* + [ +y — w|)
=2 (e + 91>~ o~ yl1") = 20(a9)
If we set © = w, then we get

p<2$7 y) = 2p(l‘, y)

(r1 — x9) we find

(z1 +22) and w =1

and taking z = %

p(x+w,y) +plx —w,y) = pr1,y) +p(ze,y) =2p (%(951 + 29), y)

= p(a1 + x9,9).
Moreover, the last identity shows, by induction, that
p(nz,y) = np(z,y)
for any x,y € H and natural n and
x x
p(z,y) =p (m—,y> = mp (—, y)
m m
which, combined, gives
n n
m m
for any natural n, m, that is,

rp(x,y) = p(rz,y)

for any positive rational number. Since rationals are dense in real numbers
and p is a continuous function we get

Ap(z,y) = p(Az,y)
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for any A > 0. If A\ < 0 then we write

Ap(z,y) —p(Az,y) = Ap(z,y) — [Ap(—z,y) = Ap(z,y) + Ap(—=,y)
= )x(p(x,y) —|—p(—l’,y)) = >‘p(07y) =0

and p satisfies all axioms of a real inner product.

Let us consider p on a complex inner space H. Then

(e = iyll* — ll= + iyl1*) = —p(z, iy).

A

(liz +ylI* = lliz — y[*) =

N

pliz,y) =

Now, let us reflect how one can build a complex scalar product if one has a
real one. We need to incorporate both = and ix so let us try

(z,y) = Ap(z,y) + Bp(iz,y)

and find A and B for which ((a +i8)z,y) = (o + i5){z,y). We should have

((a+if)z,y) = Aap(z,y) + ABp(iz,y) + Bap(iz,y) + BAp(—z,y)
= A&p(ﬂ?, y) + Aﬁp(wju y) + BOép(ZLU,y) - Bﬁp(l’, y)
= (a+iB)(Ap(r,y) + Bp(iz,y))

which yields Ao — B = (e +i)A and A + Ba = (a + i3)B and hence
A =1iB. Taking A =1 we arrive at

(z,y) = pla,y) + ip(iz,y) (1.2.2)
which is homogeneous in the first variable, additive (as a linear combination
of additive functionals). Furthermore, p(iz,z) = —p(z,ix) = —p(iz,x) so

that p(iz,z) = 0 hence

(w,2) = p(a,z) + ip(iz, z) = p(z, 2) = ||z||*

and

(z,y) = p(z,y) +ipliz,y) = p(y,x) — ip(z,iy) = p(y, z) — ip(iy,z) = (y,z).
This shows that (z,y) defined in (1.2.2) is an inner product generating the
norm. [

It is worthwhile to write explicitly the derived expressions for the inner prod-
uct in terms of the norm.
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Corollary 1.2.3. If ||-|| is the norm in the unitary space H, given by (1.1.1),
then for any x,y € H

lz+ylI* = llz = yl*)

AN

R(z,y) =

Sa,y) = —7 (liw+yll* = lliz —yl).

1
4
Hence, if H is a real space, then

(@,y) = 7 (llz+ylI* =l = y]*) (1.2.3)

1 =

and

I :
(w.y) = 7 (le+yl* = llz = ylI*) =g (liz+yl* = lliw —yl?) . (1.24)

A,

The inner product allows to introduce in a unitary space the concept of
orthogonality.

Definition 1.2.4. Let z,y be two points in a unitary space H. If (z,y) =0
then we say that x and y are orthogonal and write x 1L y. If M C H and z
is orthogonal to all elements of M, then we say that x is orthogonal to M
and write x L M. If M, N C H and for every x € N we have x 1. M, we say
that N and M are orthogonal and write M L N (we then also have N L M.
By M+ we denote the set of all elements that are orthogonal to M and call
it the orthogonal complement of M.

We observe that M= is a closed linear subspace of H as well as that if N L M
then N ¢ M+, [!]

Proposition 1.2.5. (Pythagoras theorem) For xz,y € H, if v L y, then
lz = ylI* = [l=]I* + [lyl*. (1.2.5)
If H is a real space, then (1.2.5) implies © L y.
Proof. We have
o = ylI* = (z =y, 2 —y) = [2]* + [[yl]* — 2R(z, y)

so clearly # L y implies (1.2.5). If H is a real space, then R(z,y) is to be
replaced by (z,y) and the argument can be reversed. [ ]



Basic examples 9
1.3 Basic examples

Let us discuss several examples of normed spaces which are, or which are
not, unitary or Hilbert spaces.

1.3.1 The spaces R" and C".

The space R™ and, respectively, C", equipped with the inner products

<$7 y> = Z il
=1

and, respectively,

where z = (z1,...,2,) and y = (y1,...,y,) are in R™ (respectively C") are
inner product spaces. The fact that they are Hilbert spaces follows from the
fact that they are finite dimensional, and thus complete.

1.3.2 The space [s.

The simplest infinite-dimensional extension of C™ is the complex space [y
consisting of infinite sequences x = (z,,)nen for which the

2] = Jan]” < +o00. (1.3.1)
n=0
This space becomes a unitary space if equipped with the inner product
(2,9) =) Tl (1.3.2)
n=0

where © = (2,)nen; ¥ = (Yn)nen. The fact that it is a well defined inner
product on [, follows from the comparison criterion of series convergence,
since |z,y,| < 3(22 + y2) for n = 1,2,.... Once this is established, all
axioms of the inner product follow.

The space [y is complete. Indeed, consider a Cauchy sequence (x(k)) keN With
) = (xff))neN. For any € there is N such that

2% — o = 3" [l — 2l < &
n=0
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for k,m > N. This means that for any n we have |2\’ — ™| < € as long
as k,m > N. Since € is arbitrary, this means that each numerical sequence
(l’%k))keN, n € N, is a Cauchy sequence with limit, say, x,. Since for any
finite » we have

Z |l,$lk) _ xglm)|2 < 62,
n=0

we can pass to the limit with £ — oo so that

T
Z |2, — 2{™|? < €%
n=0

The above is valid for any finite r hence
Z |2 — x%m)|2 < é,
n=0

as the terms of the series are non-negative. This shows that (z,)nen —

(xv(ik))nEN S 12 and, by ("L‘n)nEN = (xn)nEN — (mgk))neN—’_ (ZE’(@k))HENa (xn)nGN € l2'

Further, the last equality shows that (:vgﬁ))neN converges to (,)nen in Iy and
thus [y is complete.

We note that [, is also separable as the set {(d;;)ien}jen is linearly dense in

ls.

The space [, is the prototype of a Hilbert space. It was introduced and
investigated by D. Hilbert in 1912 in his work on integral equations. However,
the axiomatic definition was given only in 1927 by J. von Neumann in the
context of foundations of quantum mechanics. It is also a universal separable
Hilbert space in the sense that any other separable Hilbert space is isometric
with [5. The isometry is achieved through the Fourier series expansion which
will be discussed at a later stage.

1.3.3 The space Ly((2)

. In general, we can consider a measure space €2 with positive measure p but
for simplicity leat us focus on 2 = [0, 1] with Lebesgue measure du = dt.

Let us begin with the linear space C of continuous functions on [0,1]. We

know that equipped with the norm

[z(@)[| = sup [z(¢)],  ,z€C
tel0,1]
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the space C becomes a Banach space, denoted by C([0,1]). Let us first check
whether C'([0,1]) is a Hilbert space. Consider x(t) = 1 and y(t) = ¢. Then

lzI> = 1, |yl*=1,
|z +y|? = 2% |o-y|*=1

and

Iz + yll* + llz = yll* = 5 # 4 = 2(||=[|* + [[y]I*).
Thus, the parallelogram law is not satisfied and the norm cannot be generated
by a scalar product.

Let us consider a scalar product on C which mimics the scalar product on [s:

Define ,

(x,y) = /:U(t)y(t)dt (1.3.3)

in the real case and
1

(x,y) = /I(t)mdt (1.3.4)

for complex valued functions. Note that for continuous functions we can use
the Riemann integral as well as the Lebesgue integral.

Since the product of continuous functions is a continuous function and the
interval [0,1] is bounded, both inner products are well defined on C x C.
Furthermore, since integral of a continuous nonnegative function is zero if
and only if the function is identically zero; that is

1
/ lz(t)]?dt = 0 if and only if Ve 2 (t) =0,
0

we see that the first axiom of the inner product is satisfied. Linearity is clear
from properties of integration. For the skew-symmetry, we have

(1.3.5)
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Let us consider functions shown in Fig. 1.1:

0 for 0<t<1i,
o m m 1 1 1
1 for 5+ <t<1
Let n > m. We have
bt , B .
9 m-—n ( m)
n— Tmlls = — t dt 1l—mt+—) dt < —.
len — zml|5 / ((n m)t + 5 ) + mt+ 5 s
1 11
2 n

2

Hence ||z, — Zm|l2 — 0 as m — oo (and thus n — o0) and (x,)nen is a

Figure 1.1: Cauchy sequence of continuous functions

Cauchy sequence. Assume that there is a continuous function x such that
|z — xnlla — 0. Then, for any e there is N such that for any n > N
it

1
2
2
||x—xm||g:/|x(t)|2dt+/ (x(t)—mt—l—%) dt +
0

2

(1—ax(t)’dt <e.

S -

[NIES

Since each term is nonnegative, each must be smaller then e. Hence, z(t) = 0
on [0, 3] and on each interval [§ + L 1], and hence on (3,1], z(¢) = 1. This,
however, contradicts the definition of continuous function.

Thus, C equipped with the inner product (1.3.4) is an incomplete unitary
space. By Theorem 1.1.6 it can, however, be completed. By construction , the
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elements of the completion are classes of equivalence [x] of sequences (z,)nen
of continuous functions which are Cauchy with respect to the norm (1.3.5)
and such that (z,)nen, (Yn)nen € [z] if and only if lim,, . |2, — ynll2 = 0.
Let us provide a more friendly description of this completion. Let us take
any representative (z,)neny € [x]. It is a Cauchy sequence and hence there
exists a subsequence (x,,);en such that

<270

| Zn,41 — T, |2

The construction of this sequence is done by induction. By definition, for
e = 27! there is N such that ||z, — Z,|2 < 27! for n,m > N;. We take
ny = Ni. Then, for € = 272, there is Ny > N; such that ||z, — [ < 272
for n,m > Ny. Then we take ny = Ns. In this way we constructed a strictly
increasing sequence ny, = Ny, np_1 = Nj_1 such that ||z, —z,, 1|, < 27¢*Y
and ||z, — ]2 < 27% for n,m > Ny. We define

k

9r(t) =D |Tna () =, (8)]. (1.3.6)

=1

Since each term is nonnegative, we can consider the function
9() =" |tn1(t) — 2, (1), (1.3.7)

where gi(t) can be infinite at some points. However, using the triangle in-
equality

gwll2 <

but then from the Lebesgue monotone convergence theorem we have [|g||s <
1. Thus, g(t) is finite almost everywhere. Now, we have

oy (1) = Ty (1) + gk (1)

hence the subsequence (z,, (t))ren is convergent almost everywhere to a mea-
surable function which we denote z(t) (to fix attention we define z(¢) = 0
whenever gx(t) does not converge to a finite limit). Next we show that z
is the limit of (2,)nen in the norm || - ||2. Since |z(t) — zp, (t)] — 0 almost
everywhere as n, — oo we have

1

/|:z:(t)—a:n( ) dt<hrn1nf/|a:nk ()Pt < €

0



14 Chapter 1

by Fatou lemma and the fact that (z,)nen is Cauchy so that for any e we
can find N such that ||z, — z,, || < € whenever n,n; > N. Furthermore, we

1
obtain that [ |z(t)|*dt < 4+o00. This argument also shows that that if (y,,)nen
0

is another sequence satisfying ||z, — ynll2 — 0, ||y — ||2 — 0. Hence, we
succeeded in relating with any [z] in the completion of C a unique (almost
everywhere) function x with integrable square of modulus in such a way that
lx]l]| = ||z]l2 and ([z], [y]) = (x,y). In this interpretation the completion
becomes the closure in a bigger space.

1
Conversely, consider a measurable function x such that [ |z(¢)[*d¢t < 0. Space

0
of such functions we denote by L([0, 1]), equipped with the scalar product
(1.3.4). We have to recall two facts. First, the Luzin theorem which states
that given a measurable function f with support of finite measure, for any e
there is a continuous function ¢ of compact support such that the measure
of the set {t, f(t) # g(t)} is smaller than € and ¢(t) < ¢(t). Further, we
recall that any non-negative measurable function f there is a nondecreasing
sequence of simple functions (s,,),eny which converges to f everywhere. Thus,
for every 0 < z € Lo([0, 1]), we have a monotone sequence (s, )nen such that
0 < s, < z from where each s, is square integrable and hence its support
has finite measure. By dominated convergence theorem, s,, — f in Lo([0, 1]).
Hence, given x € Ly([0,1]) and € > 0 we find a simple function s such that
|z — s|l2 < €/2. Since the support of s has clearly finite measure, for any
¢ > 0 there is a continuous function ¢ such that ||s — ¢|l» < 2y/e maxs.
Taking €/2 = 2y/emaxs we get |z — ¢|| which gives density of continuous
functions in L ([0, 1]).

This way we identified the completion of C in || - || with Lo([0, 1]).

Remark 1.3.1. To be more precise, if we leave it like this, then || - ||3 is not a
norm on Ly([0, 1]) because from ||z (t)||2 = 0 only follows that (¢) = 0 almost
everywhere, so the first axiom of norm is not satisfied (the function x defined
as z(t) = 1 for rational ¢ and z(t) = 0 for irrational ¢, clearly is not a zero
function but integral of z%(¢) is zero). This is solved by considering Lo(]0, 1])
as consisting of classes of equivalence of functions equal almost everywhere
but in most practical applications this distinction is not essential.
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Projections and approximations

We start with proving that any nonempty, convex and closed subset of a
Hilbert space contains one and only one element with smallest norm.

Theorem 2.0.2. Let A # () be a closed convex set in a Hilbert space. Then
there is a unique element v € A satisfying

|zl = Inf f|z] (2.0.1)

Proof. Define 6 = inf{||y||; y € A}. The set is bounded from below hence
the infimum exists. First we prove uniqueness. Consider x,y € A with
lz|| = |lyll = ¢ and the midpoint (x + y)/4 which, by convexity, belongs to
A so that ||(z +y)/2|| > §. Using the parallelogram law (1.2.1) we get

<0

— 9

1 2 1 2 1 2
1z =l = Sllell? + Syl

r+y 2
2

and hence x = y.

To prove existence, we note that from the definition of infimum there is a
sequence (Y, )nen C A satisfying lim,, . ||yn|| = . Using again the parallel-
ogram law, we find as above

2
< 2llynll* + llym 1 — 467

UYn + Ym
Hyn_ymH2:2Hyn‘|2+2uymu2_4 2

which shows that (y,)nen is @ Cauchy sequence. Indeed, for any € > 0 there
is N such that for any n,m > N we have 6% < ||y,?, [|ym|[56? + €2. Thus,

lyn — ymH2 < 2Hyn|]2 + 2HymH2 — 46% < 46% + 4€* — 46* = 4€*, n,m > N.

15



16 Chapter 2

Since H is a complete space and A is a closed subset of H, we get an element
y € A such that lim,,_,., ¥y, = x. Since the norm is a continuous functional,
we get
]| = lim [|y,[| = .
n—oo

Corollary 2.0.3. Let M be a closed convex subset of a Hilbert space H. For
any x € H there is a unique y € M such that

lz = yll = Inf [lz — 2] (2.0.2)

Proof. We want to minimize ||z — z|| = ||z — z|| where z € M. If we denote
2/ = z—x, then 2/ € —z + M (translation of M by —z). This set is also
convex: u,v € —x + M means that u = —z + v, v = —x + ¢ and

au+pfv=—(a+PBr+au + 6V =—-x+aou +pv € -+ M
and thus there is a unique element ¢ € —x + M with the least norm:
= inf !
el = int <
But then there unique y € M such that & =y — x so that
_ 2l = inf "N = inf llz —
ly—al = _nf 2] = inf |}z ]
]

Theorem 2.0.4. Let M be a closed subspace of a Hilbert space H. Any
x € H can be written in the form

r=1y+z, (2.0.3)

where y € M, z € M+ are uniquely determined by x.

Proof. If x € M, then x = y and z = 0 gives the required decomposition.
It is, moreover, a unique decomposition since if 4/ € M, 2/ € M~ is another
pair giving x = ¢’ + 2/, then 0 = (y — ¢') — 2/, so that 2/ = y — /. We obtain
(y—vy—y)=(—y,2)=0ylelding y =y/.

Hence, let x ¢ M. The translated hyperplane x + M is closed and convex
and thus it contains an element z of the least norm:

= inf
2l = nt Il
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Since M is a linear subspace, there is unique y € M such that z = z —y and,
writing £ = z — n with arbitrary n € M, we have

—zll = = inf = inf — 2.04
Iy =all =1zl = inf llg]l = inf I}y — <] (20.4)

so that y = x — z is unique element in M minimizing the distance from M
to . We have to prove that z L M. From the construction of z € x4+ M we
have

0< (22) = [2I° < lle — ayl* = (2 — ay, 2 — ay)

for any y € M, a € C (so that z —ay € x+ M). Take for simplicity ||y|| = 1.
Then, multiplying out and simplifying

’CYP - Oé<y7 Z) - C_Y<Z, y> >0
hence, taking o = (z,y), we obtain
~[(y,2)[? >0

and (y, z) = 0.

It remains to prove uniqueness. If t =y + 2z =9 + 2/, then M > (y — /) =
—(z — 2') € M+ and, multiplying by (y — /), by orthogonality, y =¢’. =
Since the elements vy, z, constructed in the above theorem are unique, we can

define operators
y = Px, z = Q. (2.0.5)

such that
r = Pxr+ Q. (2.0.6)

We summarize properties of these operators in the following theorem.

Corollary 2.0.5. The operators P and () have the following properties.

1. Ifv € M, then Pv = 2,Qv = 0. If v € M*, then Px =0,Qx = x;
2. ||z = Pzf| = mf{[[z —yl|; y € M};
3. |z|? = | Px|* + |Qx|1*

4. P and @) are linear operators.

Proof. Property 1. follows from the first part of the proof above. Prop-
erty 2. follows is the formulation of (2.0.4). For the property 3., from the
construction we have Pz 1 Qx so that, by (2.0.6),

|l2||* = (P + Qz, Px + Qz) = || Pz||* + [|Qx]|*.
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To prove linearity, we take x,y, ax + [y for arbitrary x,y € H, a, 3 € C so
that

r = Pr+Q,
y = Py+Qy,
ar + By = Plax+ Py)+ Q(ax + By)

Multiplying the first equation by «, the second by g and subtracting from
the third, we get

0 = P(ax + By) — aPz — 3Py + Q(ax + fy) — aQx — fQy,

that is,

P(ax + fy) — aPx — BPy = aQa + SQy — Q(ax + fy).

Since left hand side is orthogonal to the right hand side, each must equal
zero, which gives linearity. ]

We have seen that, for each fixed y € H, the mapping z — (z,y) is a con-
tinuous linear functional on H. It is of great importance that all continuous
functionals are of this form.

Theorem 2.0.6 (Riesz representation theorem). If L is a continuous linear
functional on a Hilbert space H, then there is exactly one element y € H
such that

Lz = (z,y). (2.0.7)

Proof. If Lz = 0 for all x € H, then clearly we can put y = 0. Hence,
assume that L # 0 and consider

M ={z € H; Lx = 0}.

Since L is continuous and linear, M is a proper closed linear subspace of H.
Thus, there is 2’ ¢ M and hence from Theorem 2.0.4 there is ¢’ € M~*. Let
y" be another element of M+ which is linearly independent of 3/; that is, for
any 0 # a,3€C,0# 2z =ay + By’ € M*. Then, 0 # Lz = aLy' + BLy".

However, for « = —Ly"” and = Ly’ this combination is zero, and hence
2z € M which is impossible. Thus, M~ is one-dimensional. To fix attention,
we take iy’ € M+ with ||y/|| = 1. Then, for any * € H we have a unique
decomposition

r=ay +z
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with z € M, and thus
Lz = aLy

and, on the other hand, (z,y") = a(y',y') + (2,v¥') = o. Hence,

L = (z,(Ly")Y)

and we can take y = (Ly/)y/.

We need to prove uniqueness. Considering two elements y, v such that Lz =
(#,5) = (z,v), we find
(x,y —v,=)0

for all x € H. Taking x =y — v, we get ||y — v||*> = 0, thus y = v. n

2.1 Orthonormal sets and Fourier series

A set M in a Hilbert space is called orthonormal if each element of M is a
unit element: for any x € M
]l =1

and if for any two elements x # y € M we have
x Ly.
We note the following simple fact:
Proposition 2.1.1. If the set M = {ey,...,ex} is orthonormal and x €

LinM , then
k

x = chek (2.1.1)

i=1

where ¢; = (x,¢e;), i = 1,...,k are called Fourier coefficients of x. Moreover
k

] = el (2.1.2)
i=1

Proof. Since x € LinM, there must be {ci,..., ¢} such that
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Since {e; }1<i<k is orthonormal, we have
(x,e;) = cile;, ) = ¢, 1=1,...,k.

Eq. (2.1.2) we obtain by

k

K
)| = chekazckek Z (ciei, cje;) = Z |ci] .

i,j=1 i=1

Motivation—an approximation problem. From Corollary 2.0.3 we know
that for any closed convex non-empty set A C H and x € H there exists
a unique element y € A which is closest to x. y is called the best approx-
imation to x in A. A problem of practical importance is how to find y. It
has a relatively simple answer if A is a linear subspace spanned by vectors
{v1,...,v}; that is A = Lin{vy, ..., vx}. Ais closed as a finite dimensional
linear space. To avoid trivial case, we assume that x ¢ A. Hence, we know
that there is y € A such that

=yl = inf 1 — 2|

However, y = Zle ¢;vg so that question is to find {cy,..., ¢} among all

k-tuples {\1, ..., Ay} satisfying

k

k
o= 3" el < lle = 3 A
i=1

i=1

From the proof of Theorem 2.0.4 we infer that z — S

i1 Civr L A which is
equivalent to

CiUk, V;) = j=1,...k,

IIM:v

which yields the system of algebralc equations for {c1,...,cx}:

M-

Q;;Cj = bz (213)
7j=1
where a;; = (v;,v;), b; = (x,v;). Since we know that the system has exactly

one solution, the matrix {a;;}1<; j<k is invertible and thus (2.1.3) uniquely
determines (cq, ..., c).
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If § is the smallest distance from x to A, then we obtain
k

k
0 = (woyr—y)=(rr—y) =(wr-Y cu)=|z)* =D b

=1 =1
k: —
= |lz||* - c;b;
3%
i=1

However, this could be cumbersome for higher dimensional A and thus of
interest are bases of A which are orthonormal as then a;; = 9J;; so that
c; = b; and

k
0% = [la)* =D (2.1.4)
=1

Summarizing, we have the following result

Theorem 2.1.2. If {e,...,e.} is an orthonormal system in H and x € H,

then for any set of scalars {1, ..., A} we have
k k
Iz = (. eeill < o =D Nieg). (2.1.5)
i=1 i=1

Inequality (2.1.5) turns into equality if and only if \; = (x,e;) for i =

1,..., k. The vector
k

Z(I,&Q@

i=1
is the orthogonal projection of x onto Lin{ey, ..., er} and, denoting by § the
distance between x and this subspace, we obtain

k
> 0= xf? - 0% (2.1.6)
i=1
Corollary 2.1.3. If {e;}ien is an orthonormal sequence in H, then
D e < ol (2.1.7)
i=1
Proof. From (2.1.6) we have

k
> e <l
i=1

for any finite £ so monotonicity of the series gives the convergence and the
limit estimate. ]
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Theorem 2.1.4. Let {e;};en is an orthonormal sequence in H and let (o) pen
be a sequence of scalars. The series

> aie (2.1.8)
i=1
converges (unconditionally) if and only if
D Jail? < 4o (2.1.9)
i=1

In such a case

2 [e.e]
= ol (2.1.10)
=1

o0
E ;€4
i=1

Proof. If we take m > n and use (2.1.2), we get

m 2 m
D el = laif’
i=n i=n

hence the series (2.1.8) satisfies the Cauchy criterion if and only if the scalar
series (2.1.9) does. Thus, the completeness of H gives the first statement
(without unconditionality). Taking n = 1 and letting m — oo proves
(2.1.10).

The scalar series (2.1.9) converges absolutely and thus unconditionally. Let
z = Y ay,ej; be any rearrangement of the series (2.1.8) (which converges

n=1
by virtue of the previous remark and the first part of the proof. Consider

Iz —z)|* = (z =, 2 = 2) = [|2]* + [l2]* = {2, 2) — (z, 2)

where the first two terms on the right hand side equal 3 7, [a;[?. If we
consider s, = > " aje; and t,, = > "« €;, we see that

j
(Smstm) = Z HO‘jnHQ'
n<m,jn<m

Finally, we observe that for any j, there is m such that n < m and j, <m
(namely, m = max{n, j,}) and thus, by continuity of the scalar product,

)
lim (s, tm) = > [la, 1> = 121> = l|=])”
n=1

m—00

which shows that < z,2z >= [|z|*>. But then < 2,z >= ||z||> and hence
T =2 m
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Theorem 2.1.5. Let M be an orthonormal set in a Hilbert space H. Then,

1. for any x € H, (x,y) =0 for all but a countable number of y € M;

2. The sum
Pr= > (z,y)y (2.1.11)

yEMy

where M, = {y € M; (x,y) # 0} is well defined in the sense that it
does not depend on the way the countable set M, is numbered;

3. the operator P s the projection on LinM.

Proof. a) For a given z € H, consider M,, = {y € M; (z,y) > 1/n} for some
n. From Bessel’s inequality we infer that the number of such points cannot
exceed ||z]|?/n?. Indeed, assume we had more points (even uncountably
many). Then taking k& > ||z||?n? of them and numbering them from 1 to k
in an arbitrary order (as there are only finitely many) as {y1,vo,...,ys} we

would have
k

k
Sl 2 — > ol

i=1

which contradicts the Bessel inequality. Since M = |J M,,, M is at most
n=1

countable.

b) follows from a) and the previous theorem as for each z € H in the sum

(2.1.11) has only countably many components which can be numbered into

a sequence whose sum does not depend on the way in which it was arranged.

c¢) Denote M = LinM. If z 1. M, then Px = 0 by linearity and continuity of
the scalar product. If x € M, then for any € > 0 there are scalars A\{,..., \,
and {y1,...,yn} C M such that

T — Z Ayl < e
j=1
Then, by (2.1.5),
x — Z(x, Yyl < e

j=1
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We may assume that in the sum above we have y; € M, for j = 1,...,n,
otherwise we could remove elements with (z,y;) = 0. Now, arrange the set
M, into a sequence as {y1,...,Yn, ...} By (2.1.6) we have

= [llI* - ZI ;)|

which means that adding additional terms to the series does not increase the
left hand side. Hence

n

L= Z(x Yj) Y

J=1

~ 2
v =Y (wyy|| <e
j=1
and, since € was arbitrary, we eventually get ||z — Pz|| = 0 so that Pz = x
for x € M. Hence, P is a an orthogonal projection onto M = LinM. |

Our interest is to be able to decompose arbitrary element of H into a sum
(series) of orthogonal elements. This is possible in finite dimensional spaces,
as demonstrated in (2.1.1). Following this idea, we say that M is an or-
thonormal basis for H if it is an orthonormal set and for any x € H

r = Z (x,y)y. (2.1.12)

yeEMy

Theorem 2.1.6. Let M be an orthonormal set in a Hilbert space H. Then
the following conditions are equivalent:

a) M is complete; that is, M+ = {0};
b) LinM = H;
c) M is an orthonormal basis;

d) For any x € H,
2l = > [, )l (2.1.13)

YyEMy

Remark 2.1.7. The relation (2.1.13) is called Parseval’s formula.

Proof. a)— b). Assume that LinM # H, then there is H > x ¢ LinlM.
But then x = y + z with 2 # 0 and z € Cinb+ = M*.

b)— c). If b) holds, then by Theorem 2.1.5 3., Px = x for any z, that is, M
is an orthonormal basis.
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¢)— d). Suppose c¢) holds. We arrange M, in a sequence (z,)nen and, writing
(2.1.6),

n

T = (%,y;)y;

J=1

2 n
=l =Yl yy)
j=1

and using the definition of the basis, we get (2.1.13).
d)— a). If (2.1.13) holds and = L LinM then

0= Iz =zl

yeEMy
hence z = 0. n

Theorem 2.1.8. In any separable Hilbert space with non-zero dimension
there exists an orthonormal basis (finite or denumerable).

Proof. Assume first that dimH = n < oco. Then there exists a basis in H,
say B = {v1,v,...,v,}. Such basis can be transformed into an orthonormal
basis of H constructed by a process called the Gram-Schmidt orthonormal-
ization process. We proceed by induction. Define

Uy Uy — (v2, e1)e1

ol T v — (vg,en)en

Since v; and vy are linearly independent, vy — (v9,e1)e; # 0 so ey is well
defined. Clearly |[les]] = 1 and (e1,e2) = 0, so that {e;,es} are linearly
independent. Moreover, v; € Lin{ei,ex} i e; € Lin{vy,ve}; that is both
sets span the same twodimensional space. Assume that we have defined
orthonormal elements {ej,..., e} spanning the same space as {vy, ..., v},
k < n and define

k
Vg1 — D (Vk+1, €x)ek
=1
Cr+1 = Zk
Vg1 — D (Vks1, €k )k
i=1
k
As before vgy1 — > (vki1,ex)er # 0 as otherwise, vgy; would be a lin-
i=1
ear combination of {ej,...,e;} and thus, by the induction assumption, of
{v1,...,vc}. Clearly, (exy1,e;) =0foranyi=1,... kand ex 1 € Lin{vy, v,
as well as vy € Lin{ey, eq,...,exr1}. In this way we exhaust all elements

of B constructing an orthonormal basis spanning the same space.

ey Uk )
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Let us pass to the case when dimH = oo but H is separable. We take
a denumerable dense set Z = {vy,vs,...} and define a subsequence in the
following way: v,, = vy, vy, is the first element of Z linearly independent of
Uny, Ung the first element of Z not belonging to Lin{v,,,v,,} and we proceed
in this way by induction. The sequence (vy, )ren is infinite. Indeed, otherwise
we would have a number ng such that a, € Xo = Lin{vy,,...,v,, }; that
is, Z C Xy. However, X is finite dimensional and thus closed and therefore
H=7C X,C H and H = X,, would be finite dimensional.

By construction, the elements of (v, )ren are linearly independent. Moreover,
Uy € Lin{vp,, ..., Un,}

whenever n < n;; that is any element Z is in the linear span of the ele-
ments of the sequence (v, )ren. We can apply the Gram-Schmidt orthonor-
malization procedure to (vp, )reny in the same way as we did for finite di-
mensional case. It remains to prove that that the obtained set {e;}ien is
complete. Since v, € Lin{vy,,...,vn,} = Lin{ey,...,e;}, we find that for
any n, v, € Lin{ei,es,...}. Thus Z C Lin{ei,es,...} and, H = Z C
Lin{ey, ey, ...} C H. Hence, the condition b) of Theorem 2.1.6 is satisfied
and therefore {ey, es,...} is an orthonormal basis. n

Remark 2.1.9. In fact, any Hilbert space has an orthonormal basis but the
proof requires using Zorn’s lemma and the basis need not be countable. On
the other hand, in separable spaces bases are always countable. In fact, let
{z,} be an uncountable orthonormal basis. Let B, be the ball centred at z,
and with radius 1/2. Since

lza = 26ll* = lzal® + llzs* =2,  a#5

the balls B, are mutually disjoint. Hence, any sequence would miss some
balls and thus no sequence could be dense in H.

Theorem 2.1.10. Any separable Hilbert space is isometrically isomorphic to
ly (and thus any two separable Hilbert spaces are isometrically isomorphic).

Proof. Let H be a separable Hilbert space. There exists an orthonormal
basis {e, es,...} in H. Hence

T = Z bnén
n=1
where b, = (x,e,) with

el =3 bl (2.1.14)
n=1
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We define Tyx = (by)nen. 1w is clearly a linear operator from H into lo
which, by (2.1.14) is an isometry. By Theorem 2.1.4 it is surjective. It is
also injective as the only x mapped onto (b,)neny = (0,0,...) is & which
orthogonal to all e, k = 1,2,...; that is, = 0 by the (2.1.13). Thus Ty is
also an isometry.

Isometry between spaces H; and Hs is obtained by composition TI;;T T,. W

2.2 Trigonometric series

We know that the system B; = {3—%

shorten notation, we denote I = [—m, w]. Using Euler formulae, it is easy to
see that any linear combination (with complex coefficients)

N
= > e (2.2.1)
n=—N

can be written as a trigonometric polynomaial

} is orthonormal in Ls([—m, 7). To
nez

N
ft)=ao+ Z(an cosnt + isinnt). (2.2.2)

n=1

If we denote

sint,

By = {\/_ \/_cost\/_ \/_COSZt \/1_8111225 }

we see that also By is an orthonormal set in Ly(I) and LinB; = LinB,. Our
aim is to show that B, (and thus By) is a basis in Ls(I). By Theorem 2.1.6
b), it is enough to show that the set of trigonometric polynomials is dense
in Ly(I). By the construction of Ly(I) (as the completion of the space of
continuous functions), the space C(I) is dense in Ly(I). In fact, the set Co(1)
of continuous functions vanishing at the endpoints of I is dense in Lo(I).
Thus it suffices to show that for any € and any continuous function f on
I, there is a trigonometric polynomial P such that ||f — P|lo < € (where
|| - || is the norm in the space of continuous functions C (7). Indeed, for any
continuous function g we have

lgll3 =

/ 9(t)2dt < Vgl
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so that ||f — Pl < V27||f — Pl < v2me and the approximation carries
over to the Lo norm.

Theorem 2.2.1. For any f € Cy(I) and € > 0 there is a trigonometric

polynomial P such that
f(t) = P(t)| < e (2.2.3)

foranyt e l.
Proof. We extend f to R is a periodic way. Since f(—n) = f(7) = 0 such an
extension, still denoted by f, is continuous on R (and even uniformly contin-

uous!). Assume that f We start from observation that if () is a trigonometric
polynomial, then

P = 5= [ £t 5)Q(s)ds

is also a trigonometric polynomial. We have

t+m

j it = 5)Q(s)ds = [ )t - ryir = / Q- r)dr

where we used the fact that g(r) = f(r)Q(t — r) is a periodic function and
the integral of a periodic function over the interval of the period length does
not depend on the position of the interval. But Q(t) = 3. a,e™ so

m N z N
/f(r)@(t—r)dr: Z anemt/f(r)e_mrdr: Z Apemt
g n=—N g n=—N

where A, = a, [*_f(r)e" ™" dr.

Let us fix € > 0. Since f is uniformly continuous on I, there is 6 > 0 such
that if |t — s| < 0, then |f(t —s) — f(t)| < e. Assume now that @) has been
chosen so that () > 0 on I and

1 T
%/Q(s)ds _1 (2.2.4)

Then
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and

[P(t) = f(1)]

IN

—/uvﬂ ()1Q(s)ds

—T

)

_ 1/Vpﬂ FOIQ(s)s + o / F(t—s) — F(DIQ(s)ds

[=m,—6)U(d,7]
= L+

From uniform continuity, positivity of ¢ and (2.2.4) we have

)

h<i/Q @<_/Q

For the second integral we have

L<fley [ Qs

[=m,—8)uU(é,7)

and we have to show that we can find a trigonometric polynomial which can
be arbitrarily small outside a given interval about 0.

Such trigonometric polynomials can be constructed in various ways. Consider
functions

k
) =a (2552

where ¢ are constants picked up so as that (2.2.4) holds. Clearly Q) > 0.
Further,

(1 —kcost)l“C B <C082 t/2 +sin?t/2 + cos?t/2 — sith/Q)k
2 N 2

( Zt/2+€ 1t/2

2%\
= COSQk t/2 = T 4k Z( > t(i— k)

which, by the discussion at the beginning of this section, is a trigonometric
polynomial.
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We have to check that () satisfy the last requirement. First we observe that
)y is an even function so that

1 - Cr 1+ cost kdtzc—k 1+ cost kdt
2 2 T 2

™ 1
Cr 1+ cost "
> — _ tdt = — =
o7 < 2 ) sin 7r/ k:—i—l)
0 0
hence .
¢ < 7( 2+ ).

Next, @Qx decreases on [0, 7] and thus

m(k+1) <1—|—c035>k

Qult) < Quld) < T ‘

where we can take 0 < 0 < |t| < 7 since Q) is even. Now, 0 < cosd < 1 for
0 <6 <mand thus ¢ := (1 +cosd)/2 < 1. Now, (k+1)¢* — co as k — o0
and we can take k large enough to have Q(t) < €/2||f||~ and for such k

[2<€.

Thus
|f(t) = P()] <e
if

P = 5= [ F6)Qu(t — s)ds

and the theorem is proved. [ ]
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