10.

Methods of Hilbert Spaces
Problem Sheet 1

. Check, which functions below are scalar products on R?:

(1, 22), (Y1,y2)) — 1 + T2+ y1 + Yo,
(1, 22), (Y1,y2)) — T1y1 + 3T2Yo,
((9517352), (?Jl, yz)) = 3T1Y1 — T1Y2 — T2Y1 + 3Tays.

. Check, which functions below are scalar products on C?:

(21, 22), (w1, we)) — R(z1w1) + I(z0ws)
((‘rh :EQ)a (yl, yQ)) = 21w + D2Wa

(1, x2), (Y1, y2)) > 22101 — 21Wy — 2911 + 221

Let H = C? and z = (£,&). Can the norm

2] = [&] + &
be obtained from an inner product?

Let 21,29 be complex numbers. Show that (z1,22) = 2,Z3 defines an
inner product on C which yields the usual metric. Explain under what
conditions z; is orthogonal to z,.

Give an example that in a complex unitary space the Pythagoras the-
orem does not imply orthogonality of elements.

Show that in a complex unitary space x L y if and only if
lz +ylI* = [l + iyl* = [l=[1* + [ly]*

Let H be a real inner product space. Show that ||z|| = |y|| implies
(r +y,r —y) = 0. Provide a geometrical interpretation for H = R

Let H > z,y # 0. Show that if x 1L y, then x and y are linearly
independent. Extend the result to mutually orthogonal vectors.

Show that if (z,y) = (u,y) for all y € H, then x = u.

Let My, M, be non-empty subsets of a unitary space. Show that (M; U
M)t = M- n M-



11. Prove from the definition that

Riz,y) = —(lz+yl* - llz —yl?)
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Sa,y) = = (liz+yll* = iz —yl*).
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12. Let H be a complex (real) unitary space. Show that for any =,y € H
the following conditions are equivalent:

i)z Ly,
ii) ||z]| < ||z + ty|| for any ¢t € C (R),

iii) ||x 4+ ty|| = || — ty|| for any t € C (R). Give interpretation of
these conditions if H = R



