SOME POROUS AND MEAGER SETS OF CONTINUOUS MAPPINGS

FILIP STROBIN

ABSTRACT. De Blasi and Myjak showed that in Hilbert space the set of all Banach con-
tractions is o-lower porous in the space of all nonexpansive mappings. In this paper we

generalize this result by considering more general spaces.

1. INTRODUCTION

Assume that K is a closed convex and bounded subset of a Hilbert space. De Blasi and

Myjak proved [DM2] that the set of all Banach contractions
kB=A{f:K = K:3ae(0,1)Ve,y € K |[f(z) = f()ll < allz —yl[}
is o-porous in the space of all nonexpansive mappings

Q={f: K= K:Vo,y € K [[f(z) = fW)ll < [lz —yll},

endowed with the supremum metric:

sup{||f(z) — g(2)| : x € K}

Since €2 is a complete space and every o-porous set is meager, the above result shows that
kB is a small subset of Q (note that in [DM1] it was shown that kB is meager in 2). The
most important tool in the proof is the Kirszbraun—Valentine Theorem, used there in a
very particular case — for nonexpansive mappings. In our paper we show that using the
Kirszbraun—Valentine Theorem in all of its power, we can prove more general results — in
particular, instead of the space of nonexpansive mappings, we can consider the space of
all uniformly continuous mappings with the modulus of continuity bounded by some fixed

function.
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2. NOTATIONS AND TERMINOLOGY

We start with giving some notions of porosity. Let (X,d) be a metric space. B(zx, R)
stands for the open ball with a radius R centered at a point z. We say that M C X is lower

porous, if
Ve € M Ja>0 3Ry >0VR € (0,Ry) 3z € X B(z,aR) C B(z, R)\M,
and M is a-lower porous, if
Vo e M VS e (0, %) IRo > 0 VR € (0, Ro) 32 € X B(z, BR) C B(w, R)\M.

Note that these definitions are equivalent to those given in [Z2, p. 511]. We say that M is
o-lower porous if M is a countable union of lower porous sets, and M is o-a-lower porous if
M is a countable union of a-lower porous sets. Clearly, every o-a-lower porous set is o-lower
porous, but the converse is not true — in any ”reasonable” metric space there is a o-lower
porous set which is o-a-lower porous for no a > 0 (cf. [Z2, p. 516]). It is worth to mention
that this is not the case when we deal with another well known notion of porosity — the
upper porosity (cf. [Z2, Proposition 2.9] and [BL, p. 92]).

In [DM2], there was defined another notion of porosity. Namely, we say that M C X is

porous, if
Jda>03dRy>0Vz € X VR € (0,Ry) 3z € X B(z,aR) C B(xz,R)\M.

Additionally, we define o-porosity in an obvious way.
This notion seems to be stronger than the lower porosity. However, by [Z2, Proposition 2.2],

the following conditions are equivalent;:

(i) M is o-lower porous;
(ii) M is o-porous;
(iii) M =|JM,, and each set M,, is a,,-lower porous for some a,.
The equivalence of (i) and (ii) shows that mentioned result of De Blasi and Myjak states
that kB is o-lower porous, and the equivalence of (i) and (iii) shows that a o-lower porous
set can be always written as a countable union of «,-lower porous sets (but the constants
ay, may be different).

It can easily be seen that if X is a metric space, M C Y C X and M is nowhere dense [of



SOME POROUS AND MEAGER SETS OF CONTINUOUS MAPPINGS 3

the first category| in Y, then it is also nowhere dense [of the first category] in X.

It turns out that the same holds for lower porosity:

Proposition 1. Assume that (X, d) is a metric space and M C'Y C X. If M is lower-porous

Jo-lower porous] in' Y, then it is lower-porous [o-lower porous] in X ;

Proof. Assume that M is lower porous and fix z € M. Let o/ > 0 and Rj, > 0 be as in
the definition of lower porosity, chosen for z. Clearly, we can assume that o’ < % Now set
Ry = (1+d)Rj and o = ﬁ,a,, take R € (0, Ro) and put R’ = = R. Then R’ € (0, Rf), so
there is y € Y such that (By(-,-) denotes an open ball in Y):

(1) By(y,d/R) C By(x, R')\ M.
Since d(y,x) < R’ = (1 — @)R, we have that
B(y,aR) C B(x, R).

On the other hand, aR = %/O/R = 'R, so B(z,aR)NY = By(z,a'R’). Hence, by (1),
B(z,aR) N M = (. This ends the proof. O

The above observations show that it is interesting to find the smallest subspace Y C X in
which M is o-lower porous [of the first category]; the most restrictive case is when M is o-
lower porous [of the first category] in itself. Clearly, o-lower porous subsets of X are small if
the Baire Category Theorem holds for X, however, the fact that some set is o-lower porous
in itself give us some interesting information about the structure of it.

Now, let (X, || -||) be a normed linear space. We say that M is c-porous, if its convex
hull convM is nowhere dense. We say that M is o-c-porous, if M is a countable union of
c-porous sets. The notion of c-porosity is closely related to the notions of R-ball porosity
and 0-angle porosity (cf. [Z2]) and was discussed further in [S] (cf. [S, Proposition 2.5)).
In particular, every o-c-porous set is o-lower porous, but the converse need not be true. In
fact, c-porosity is one of the most restrictive notions of porosity.

For more information about porosity, we refer the reader to the survey papers [Z1] and

[Z2] on porosity on the real line, metric spaces and normed linear spaces.

Now let (X,d) and (Y, p) be two metric spaces. If f : X — Y, then the modulus of
continuity of A, denoted by wy, is defined in the following way:

Vt >0 wy(t) = sup{p(f(), f(y)) : x,y € X, d(z,y) <t}
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We recall the Kirszbraun—Valentine Theorem in its most general form [BL, p. 18]:

Theorem 2. Let Hy, Hy be two Hilbert spaces, K be any subset of Hy and f : K — Hy. Let
w: (0,00) = [0,00) be a nondecreasing, concave function with lim;_ow(t) = 0. If for every
t >0, we(t) <w(t), then there exists f: Hy — Hy such that f|K = f and for every t > 0,
wi(t) < w(t).

By composing f (if needed) with the appropriate projection, and restricting to an arbitrary
set, we get the following strengthening of the above result (convM denotes the closed convex

hull of the set M):

Corollary 3. Let Hy, Hy be two Hilbert spaces, K, L be two subsets of Hi with K C L,
and f : K — Hy. Let w : (0,00) — [0,00) be a nondecreasing, concave function with
limy—yow(t) = 0. If for every t > 0, w(t) < w(t), then there ewists f : L — convf(K) such
that f|K = f and for every t > 0, wf(t) < w(t).

Now we define some topological and metric spaces. Assume that X; and X, are Banach
spaces and K C X;. For simplicity, the norms on X; and Xs will be denoted by the same
symbol || - || (it will not lead to any confusion). By C’(K) we denote the space of all
continuous bounded functions from K into X3. We consider C?(K) as a Banach space with

the standard supremum norm (which also will be denoted by || - ||):

11l = sup{[[f ()] : @ € K7}

Now let D C X3 and w : (0,00) — [0,00) be any nondecreasing function. Then by C? (K, D)
we denote the space of all bounded mappings from K into D with the modulus of continuity

bounded by w:
CP(K,D)={f € C*(K): f(K) C D and Vt > 0 wy(t) < w(t)}.

We consider C°(K, D) as a metric subspace of C°(K). Clearly, if D is a closed subset of
X, then C°(K, D) is a complete space. Moreover, for every f : K — Xy, the following
conditions are equivalent:

(i) Vt > 0 wy(t) <wl(t);

(ii) Va,y € K [[f(z) = f(y)l| < w(|lz —yl]).
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Hence if X1 = X2, K is bounded, D = K and w(t) = t, t > 0, then C% (K, D) coincides with
the space of all nonexpansive mappings considered in [DM2].

Now we will deal with the case where the mappings may be unbounded. It turns out that
in this case we can define a natural topology as well. Let us define the following sets (K, D

and w have the same meaning as above):
C(K)={f:K — Xy: f is continuous};
Co(K,D)={feC(K): f(K)C D and Vt >0 w(t) <w(t)}
Define the topology 7 on C'(K) in the following way:
T={UCC(K):VfeU3IneN3Je>0B(f,(ne) CU},
where
B(f,(n,€)) = {g € C(K) : Vo € B(0,n) N K, [[f(x) — g(2)]| < €}

and 0 is the origin of the space X;. Note that 7 can be considered as a topology generated

by the uniformity with the base {E(n,¢) : n € N, € > 0}, where
E(n,e) ={(f,9) € C(K) x C(K) : Vo € B(0,n) N K, || f(z) — g(x)[| < e}.

By [E, Theorem 8.1.21], C(K) is metrizable. It can easily be seen that C'(K) endowed with
the metric defined in [E, Theorem 8.1.21] is complete. It is also easy to prove that if D is a
closed subset of Ha, then C, (K, D) is a closed subset of C'(K), hence it is also completely
metrizable.

Now let Y C C(K). Then the relative topology induced from C(K) can be described in the

following way:
7y ={UCY:¥feU IneN3Ie>0B"(f (ne)CU},

where BY (f,(n,¢€)) = B(f,(n,e)) N Y. This shows that if C,(K, D) is the space of all
nonexpansive mappings (K = D and w(t) = t), then the topology on it is the same as that

considered by Reich and Zaslavski [RZ2].
It is also easy to see that if M C Y C C(K), then M is nowhere dense in Y if and only if

VfeEMVYneNVYe>03gcY ImeN3e >0 BY(g,(m,e1)) C BY(f,(n,e))\ M.

In the sequel, we will write B(f, (n,¢€)) instead of BY (f, (n,¢€)) — this will not lead to any

confusion.
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3. A GENERALIZATION OF THE DE BLASI AND MYJAK RESULT

In this section we assume that H;, Ho are Hilbert spaces, K C H; contains a nontrivial
segment (i.e., there are x,y € K, such that z # y and {tx + (1 —t)y : t € [0,1]} C K),
D C Hs is closed, convex and contains at least two elements, and w is a nondecreasing,
concave function with w(t) > 0 for ¢ > 0, and lim;_,ow(t) = 0. Note that these assumptions
imply that w is continuous, and hence:

(2) (0,supw(t)) = w((0,00)).
>0
If A > 0, then Aw denotes the function defined by Aw(t) = A w(t) for t > 0. The main result

of this section is the following:

Theorem 4. Assume that A € (0,1). Then the following statements hold:

(i) The set C% (K, D) is (11{3\)2 -lower porous in C°(K, D);

(ii) The set Cy, (K, D) is nowhere dense in C, (K, D).

Before we prove the theorem, we will give the most important corollaries of it. At first,

let us define some additional sets:

kBL(K,D) = {f € C5(K,D): AN € (0,1) Vt > 0 wy(t) < dw(t)} = ] CR.(K, D);
A€(0,1)

LY(K,D)={f € C"(K): f(K) C D and 3M > 0Vt > 0 ws(t) < Mw(t)} = | J C.(K, D).
M>0
Similarly we define kB, (K, D) and L, (K, D). It is easy to see that if K = D and w(t) =t

for t > 0, then kBY(K, K) is the set of all Banach contractions with a bounded image,
kB, (K, K) is the set of all Banach contractions, L’ (K, K) is the set of all Lipschitzian self-

mappings with a bounded image, and L, (K, K) is the set of all Lipschitzian self-mappings.

Corollary 5. The following assertions hold:

(i) The metric space kBY(K,D) is o-lower porous in itself. In particular, the set
kBY (K, D) is o-lower porous in CY(K, D) and o-c-porous in C°(K);
(ii) The metric space L® (K, D) is o-lower porous in itself. In particular, the set LY (K, D)
is a-c-porous in C*(K);
(iii) The topological space kB, (K, D) is of the first category in itself. In particular, the
set kB,(K, D) is of the first category in C, (K, D);
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(iv) The topological space L, (K, D) is of the first category in itself. In particular, the set
L, (K, D) is of the first category in C(K).

Proof. We will prove only part (i), since the proofs of the other parts are very similar. We

have

kBb(K,D) = Ucb _1), (K, D).

neN

By Theorem 4, for any m > n, C?l—l)w(K’D) is a lower porous subset of C?l—i)w(K’D>’

hence by Proposition 1, is lower porous in kB? (K, D). Thus kB’ (K, D) is o-lower porous in

itself and, again by Proposition 1, in C?(K, D). Moreover, Cé)l

of course, nowhere dense) subset of C*(K), so we get (4). O

_;)W(K, D) is a convex (and,

Now we give the proof of Theorem 4. We will write B(f, (n, €)) instead of BS D) (£, (n, €)).

Proof. Put a = (133)2 . It is enough to show that there is Ry > 0 such that for any R € (0, Rp)
and f € O\, (K, D), there is g € C, (K, D) such that

(a) sup,er llg(z) — f(2)]| < 3R

(b) If f(K) is bounded, then g(K) is bounded;

(©) 3 € N VA € C(K) (supaesompcA(z) — 9(@)l] < aR = h ¢ Cru(K. D)),
Indeed, let f € C% (K,D) and R € (0,Ry). Take g fulfilling (a)—(c). By (b) and (a),
g € C®(K,D) and ||f — g|]| < (1 — a)R. Finally, (c) implies that if ||g — h|| < aR, then
h ¢ C% (K,D). Hence we get (i).

Now let f € Cyo(K,D), m € N and € > 0. Set R = min{e, %Ro} and take g and n € N
as above. Now if n' = max{n,m}, then (a) and (c) easily imply that B(g, (n’,§R)) C
B(f,(m,¢€)) \ Caw(K, D). Hence we get (ii).

Let x0,y' € K be such that xy # ¢y’ and the segment [z¢,y'] C K. Since lim;ow(t) = 0,

there exists ' > 0 such that
/ ! / 1 .
r <|lzo —v'||] and w(r') < Zdme.

Note that if diamD = oo, then the second inequality means that w(t') < oo (and is satisfied
for every positive real). Set Ry = w(r’) and let R € (0, Rp) and f € C\,(K, D). Define
20 = f(o). Since w(r') < 1diamD, there exists s’ € D \ {zp} such that

l|s" — 20| > w(r').
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By (2), there exists 1 > 0 such that w(r) = % Since w is concave, nondecreasing, contin-

uous and limy_,ow(t) = 0, we have that

| =

g ()

and r; < r’. Now let 79 > 0 be such that

1—-X r
(4) w(ra) = —5~w(7)-
Clearly, 2 < 5 < 7" and w(r2) < ||s’ — 20]|. Now let yo € [x0,%] and so € [20,5] be such
that
(5) lyo = @oll =72 and [[so — 20| = w(ra).

We are ready to define g:

e g(xg) = f(wo) = 0;
® 9(v0) = s0;
e lfzc K1={yecK:|ly—woll>r}, weset g(z) = f().

Before we define g on the rest of the set K, let us note that the function g : {zo,yo}UK1 — D,

that we have already defined, has the modulus of continuity bounded by w. Indeed, we have

(6) [lg(y0) = g(xo)l| = [[s0 = 20l| = wlr2) = w([lyo — xol]),

and if y € K1, then

lg(zo) =9Il = I/ (z0) = fFW)I] < Adw(llzo —yl]).

Moreover, |[yo —y|| > 5 since [|lyo — xo|| < 7, s0

l19(vo) =gl < [lg(yo) —g(xo)l|+lg(x0) —g(W)[| < wlre)+[[f(zo)—f(yo)l|+If(yo) = f (W <

™

2ur2) + N[l — o) = (1 — A (2

)+ X(llyo = wll) <
(1 = Mw([lyo =yl + Aw([lyo — yll) = w(llyo — v,
and, finally, if z € K1, then

lg(z) =gl = 11/ () = F»)II < w(llz = yl])-

Since g({xo,yo} U K1) C D and D is convex and closed, by Corollary 3, we can extend g to
the mapping g so that g € C,, (K, D). For simplicity of notation, we will write g instead of
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g. To complete the proof, we need to show that g satisfies (a), (b) and (c).

Clearly, sup,ck || f(2) — 9(2)|| = sup,ex\ i, || f(®) — g(2)|], and for any z € K \ K7,
1f (@) = g(@)[| < [If (@) = flzo)ll + llg(xzo) — g(x)]| <
R
200 — ) < 2(m) =
which shows (a). (b) follows immediately from (a). Now let n € N be such that zg,yo €
B(0,n), and h € C(K) be such that sup,cp(onnk [|P(*) — g(2)[| < aR. Then

lg(z0) = g(yo)ll < [lg(z0) = h(zo)l| + [[~(z0) — h(yo)l| + ||h(y0) = 9(yo)I|-

Hence and by (3), (5), (6), (4) and the fact that a = (1_’\)2, we get

2
(1-X)?

>
16 Rz

wn(r2) = [[h(z0) — h(yo)l| > w(r2) — 2aR = w(rz) —

1—\)?
w(ry) — (2)0.} (5) = wlra) = (1= Nw(rs) = Aw(ra).
Thus h ¢ Cy,(K, D) and the result follows. O

A natural question arises, whether the set kBY (K, D) is o-a-lower porous in C% (K, D)

for some o > 0. We will give a partially negative answer.

Proposition 6. Let A € (0,1) and a > 2%. If (additionally) D has a nonempty interior,
then the set C3 (K, D) is not a-lower porous in C%(K, D).

Proof. Fix any A € (0,1) and let § € (0,1) be such that % < 0 < §. In particular,
(7) (1-=X)(1-9)<é.

Now take any y € Int D, and let > 0 be such that B (y,2r) C D. Define f(x) = y for every
z € K. Then, clearly, f € C% (K, D). Now let g € C%(K, D) be such that

(8) B(g,or) € B(f,r).
It is enough to show that B(g,dr) N C% (K, D) # . At first observe that
(9) f =gl < (1 =0)r

Indeed, assume on the contrary that it is not the case. Then for some z¢ € K, ||g(x0) —yl|| >
(1—19)r, so we can take z € D with ||z —y|| = r and ||z — g(x0)|| < or. Now for every z € K,

define §(z) = g(x) + z — g(xo). Since for every z € K,

lg(x) = yll <Nlg(x) — g(@)| + llg(z) —yll < Iz = g(@o)l| + [If — gll < dr+r <2r,
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we get that §(x) € D, and therefore § € C%(K, D). On the other hand, ||f — 3| > ||y —
g(xo)|| = |ly—z|| =r and ||g — g|| = ||z — g(z0)|| < I, so we get the contradiction with (8).
Hence (9) holds. Now define the mapping a in the following way:

Vaer a(z) = Ag(z) + (1 = A)y.
It can easily be checked that a € C% (K, D). Moreover, by (9) and (7), for every z € K,
lla(z) = g(@)|l = (1 = Nllg(x) —yll < (1 = A)(1 = 0)r <,
so |la — g|| < dr. This ends the proof. O

Since limy_,1 24=3 = 0, there is no a > 0 such that for every A € (0,1), C% (K, D) is
a-lower porous. However, the question whether the set kaj (K, D) is o-a-lower porous (for

some a > 0) in CY (K, D), is open.

4. MAPPINGS WITH UNBOUNDED DOMAINS

Assume additionally that K is convex and unbounded and also D is unbounded. Then we
can strengthen part (ii) of Theorem 4 and part (iii) of Corollary 5. If 5 > 0 and A € (0, 1),
then by ot (K, D) we denote the following set:

CH(K,D) = {f € C,(K,D) : wy(to) < Aw(to)}.

Theorem 7. For every to > 0 and A € (0,1), the set Coy'™®(K, D) is nowhere dense in
Cu(K,D).

Before we prove the above result, we will present its corollary:
Corollary 8. The set
Cew(K,D)={f € Cy(K,D) : 3t >0 ws(t) <w(t)}
is of the first category in Cy, (K, D).
Proof. Let Q stand for the set of all positive rationals. Then we have

Cew(K, D)= | cor (K, D).

qeQ neN
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n—1
Indeed, if f € C,(K, D) is such that for any ¢ € Q and any n € N, f ¢ C,," ’q(K,D), then
for any ¢ € Q, w¢(q) = w(g). Since w is continuous and wy is nondecreasing, ws(t) = w(t)

for every t > 0. The result follows. O

In [RZ3] (see also [RZ1] and [R]) it was shown that if K is a closed convex and bounded
subset of any Banach space, then the set of all Rakotch contractions is large in the space of
all nonexpansive mappings in the sense that its complement is o-porous (f : K — K is said
to be a Rakotch contraction, if there exists a nonincreasing function ¢ : [0, 00) — [0, 1] such
that ¢(t) < 1 for every ¢ > 0, and for any z,y € K, ||f(z) — f(»)|| < o(||z — y|)||z — yl]).
Corollary 8 shows that

Corollary 9. If K is an unbounded subset of a Hilbert space, then the set of all Rakotch

contractions is meager in the space of all nonexpansive self-mappings.

Now we will give the proof of Theorem 7:

Proof. It is obvious that if f € cto (K, D), then
either (igg we(t) < )\w(to)) or (wf(to) < Aw(tp) and iggwf(t) > )\w(to)> .
Hence it suffices to show that for every § € (0,w(to)), the following sets
Cy = {f € Cy(K,D): iglo)wf(t) < (5}

and

Cy = {f € Cu(K, D) :wy(tg) <0 and supwy(t) > 5}
t>0

are nowhere dense in C,, (K, D).

We first show that C; is nowhere dense. Let f € C;, n € N and € > 0. W have to show
that there exist g € C,(K, D), m € N and €; > 0 such that B(g, (m,€1)) C B(f, (n,€)) \ Cq
(again, instead of BC«(D)(f (n,€)), we simply write B(f, (n,¢€))). Since wy(t) < ¢ for any
t > 0, we have that f(B(0,n) N K) is bounded. Put

p(z) =sup{||z —y|| 1y € f(B(0,n) N K)} for any z € D.

It is well known that p : D — [0, 00) is continuous (even nonexpansive). Since diam f(B(0,n)N
K) < supysqwy(t), we have that p(z) < for any z € f(B(0,n) N K). By the fact that D is

unbounded and connected, we obtain [0, 00) C p(D). Therefore there exist ¢’ > 0 and zy € D
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such that 0 < p(z9) < w(t’'). Now let zp € K be such that ||zg|| > n +¢'. We are ready to
define g:

* g(zo) = 20;

e g(x) = f(z) for x € B(0,n) N K.

Note that if € B(0,n) N K, then ¢’ < ||zo]| — n < ||zol] — ||z|| < ||z — x0]], sO

ll9(x) = g(@o)ll < p(20) < w(t) < w(llx — ol]).

Hence the modulus of continuity of g : {zo} U (B(0,n) N K) — D is bounded by w. By
Corollary 3, we can extend g to a mapping g so that g € C, (K, D). Denote this extension
also by g. Now let m € N be such that ||zo|| < m (in particular, m > n). Since p(z9) > 9,
there exists z1 € B(0,n) N K with ||z9 — f(x1)|| > 0. Set

120 — f(@)l| = &
0=t }

We will show that B(g, (m,€1)) C B(f,(n,e))\ C1. If h € B(g,(m,e€1)), then

€1 = min {e,

wh(llzo = 21]l) = [[h(xz0) — h(x1)|] = [lg(z0) — g(z1)]] — 261 =

20 — fla1)|| - IED —f(Qxl)H —5 _ |l20 —f(;:l)\ 5 5

so h ¢ C;. On the other hand, if x € B(0,n) N K, then = € B(0,m) N K, and therefore

[Ih(z) = f(@)|] = [[h(z) — g(2)| < e <,
so h € B(f,(n,¢)). Thus C is nowhere dense.
Now we prove that Cy is nowhere dense. Let f € Co,n € Nand e > 0. Since sup;~qw¢(t) > 9,
there exist zo,yo € K such that ||f(xz0) — f(yo)|| > . Let n’ > n be such that zg,yo €
B(0,n") N K. Since K is unbounded, we can choose 2’ € K such that ||zg — 2/|| > 3n’ +
H.’Eo” + t9. Then

I|2']] > ||wo — 2|| = ||zo]| > 30" +to > 3n'.
Fix ¢/ € [x0,2'] so that ||2’ — ¢/|| = to. Then also

191l = [lzo = ¥/l = [lzol| > 3n" + [|wol| — [|zo|| = 3n".

Since 0 < w(tg) and § < ||f(zo) — f(yo)||, there exists v € (0, 1) such that

(10) w(to) > (1 =) (@o) = f(yo)ll > 6.

We are ready to define g:
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e g(2) = f(zo);
* 9(y') =vf(wo) + (1 =) f(yo);
e g(x) = f(x) for x € B(O,n)N K.

Now if x € B(0,n) N K, then

[l = zol| < ||2[] + [lzol| < n+n' < 20/
and

|z = a'|] > [|2/]| = ||2[| > 3n —n > 20,
hence

lg(x) = 9@l =11/ (@) = f(zo)]] € w(llz = zoll) < w(2n) < w(|lz — '),

Similarly, ||z — yo|| < 2n’ and ||z — /|| > 27/, so

llg(z) =gl = I1f (@) = 7f(z0) = (L= F Wo)ll < AIIf () = f(zo)l|+ (L =NIf(x) = f(wo)ll <
< qw(@n’) + (1 = Yw2n) < w(|lz = y'|)-
Moreover, by (10), we have
lg(") = gl = (1 = VI f(z0) = fwo)l| < w(to) = w([lz’ = y/]]).

Therefore we can extend ¢ to the whole set K so that g € C,(K,D). Now let m € N be
such that
(KN B(0,n))u{a,y'} C B(0,m)

€1 = min {6’ lg(’) — Z(y’)! — 6} |

and let

By (10), €1 > 0. If h € B(g,(m,€1)), then

N /
lo(=") = 9@III+0 5

2
hence h ¢ Cy. On the other hand, B(g, (m,€1)) C B(f,(n,¢€)), so the result follows. O

wh(to) = |[h(z) = h(y)] = [lg(a") — 9(¥)]| - 261 =
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