Notes on extended recurrent and extended quasi-recurrent manifolds

Stanisław Ewert-Krzemieniewski (Szczecin)

Recently M. Prvanović ([ P] ) introduced a type of manifold (M, g) whose (0, 4) curvarture tensor R satisfies ∇_Z R(X, Y, U, V ) = A(Z) [R(X, Y, U, V ) + (β − ψ) G(X, Y, U, V )] + β 2 [A(X)G(Z, Y, U, V ) + A(Y )G(X, Z, U, V )+ A(U)G(X, Y, Z, V ) + A(V )G(X, Y, U, Z)] , (1)

where β, ψ are functions on M, A is a closed form satisfying βA(^∂_{∂xr} ) =^{∂ψ}_{∂xr} and G(X, Y, U, V ) = g(Y, U)g(X, V ) − g(Y, V )g(X, U). She proved that in a neighbourhood of a generic point the associated 1-form A is concircular, i. e. (∇A) (X, Y ) = F g(X, Y ) + HA(X)A(Y ) holds for some function F, H, and found the local form of the metric ( [ P]). The condition (1) can be considered as a generalisation of the well known notion of a recurrent manifold (∇_Z R = a(Z)R, ([ W])) as well as of generalized recurrent manifold introduced by Dubey ([ D]) ∇_Z R(X, Y, U, V ) = K(Z)R(X, Y, U, V ) + L(Z)G(X, Y, U, V ). (2) On the other hand Chaki ([ Ch]) introduced and studied a type of manifolds satisfying ∇_Z R(X, Y, U, V ) = 2a(Z)R(X, Y, U, V ) + a(X)R(Z, Y, U, V )+ a(Y )R(X, Z, U, V ) + a(U)R(X, Y, Z, V ) + a(V )R(X, Y, U, Z) known as a pseudo-symmetric ( in the sense of Chaki) or quasi-recurrent.

We discuss the condition including the above ones.This can be reduce to the form ∇_Z R(X, Y, U, V ) = 2a(Z)R(X, Y, U, V ) + a(X)R(Z, Y, U, V )+ a(Y )R(X, Z, U, V ) + a(U)R(X, Y, Z, V ) + a(V )R(X, Y, U, Z) 2b(Z)G(X, Y, U, V ) + b(X)G(Z, Y, U, V )+ b(Y )G(X, Z, U, V ) + b(U)G(X, Y, Z, V ) + b(V )G(X, Y, U, Z). (3)

We derive the formulas for the Ricci tensor, its covariant derivative and the Riemann curvature tensor. It appears that the manifold is of almost constant curvature. Making use of tensor charcterisation of subprojective spaces ([ K]) we prove

Theorem 1 Let M be a conformally flat manifold, dimM > 4, whose curvature satisfy (3). If the curvature tensor R and the 1-form a do not vanish on any dense subset of M, then M is subprojective manifold.

This enables finding the local form of the metric of manifolds under consideration.

References

[ Ch] M. C. Chaki, On pseudo symmetric spaces. Acta Math. Hungar. 54 (1989), no. 3-4, 185–190.

[ D] R. S. D. Dubey, Generalized recurrent spaces. Indian J. Pure Appl.

Math.10 (1979), no.12, 1508–1513.

[ E-K 1] S. Ewert-Krzemieniewski, On some generalisation of recurrent manifolds. Mathematica Pannonica, 4/2 (1993), 191-203.

[ E-K 2] S. Ewert-Krzemieniewski, On manifolds with curvature condition of recurrent type of the second order. Period. Math. Hungar. 34 (1997), no. 3, 185–194.

[ K] G. J. Kruchkovich, O prostranstvah V. F. Kagana. In: V. F. Kagan, Subproektivnye prostranstva, Gosudarstvennoe Izdatelstvo Fiziko- Matematicheskoi Literatury, Moskva,1961 (in Russian).

[ P] M. Prvanovć, Extended recurrent manifolds. (Russian) Izv. Vyssh.

Uchebn. Zaved. Mat. 1999, no. 1, 41–50; translation in Russian Math. (Iz. VUZ) 43 (1999), no. 1, 38–47.

[ W] A. G. Walker, On Ruse’s spaces of recurrent curvature. Proc. Lond.

Math. Soc., 52 (1950), 36-64.