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The duality between Lagrangians and Hamiltonians is usually associated
with a duality between tangent and cotangent spaces. In the case of hyper-
regular Lagrangians and Hamiltonians, the duality is related by a Legendre
transformation.

Unfortunately, the class of hyperregular Lagrangians and Hamiltonians is too
restrictive. The constraints used by Dirac allow to perform a Legendre transfor-
mation in a large class of non-hyperregular Lagrangians and Hamiltonians. We
do not use here Dirac’s constraints, but Lagrangians and Hamiltonians that have
null vertical Hessians, i.e. the ,,most singular” Lagrangians and Hamiltonians;
they are called here as totally singular ones. The Lagrangian case is remarked in
[1], being related to a classification of singular Lagrangians. Marsden and Ratiu
are concerned in [2] with a special case, called here the regular case, when the
vector field given by the Euler equation is uniquely determined. We consider in
the paper allowed totally singular Lagrangians, i.e. totally singular Lagrangians
together with a vector field that is a solution of its Euler equation (in [1] one
says that the Lagrangian allows a global dynamics). This Lagrangians are in
duality with some corresponding totally singular Hamiltonians, so that the Leg-
endre map sends the integral curves of the Euler equation to integral curves of
the Hamilton equation. We prove that every allowed totally singular Lagrangian
has a dual allowed totally singular Lagrangian, but the converse is true only lo-
cally. Certain examples of totally singular Lagrangians and Hamiltonians are
given.

The second part is devoted to the case of allowed totally singular Lagrangians
and Hamiltonians defined on the higher order tangent space T kM , when the
vertical Hessians of k-velocities for Lagrangians and of momenta for affine Hamil-
tonians respectively are vanishing (see [3, 4] for a setting of Lagrangians and
Hamiltonians of higher order). A duality between totally singular allowed La-
grangians and affine Hamiltonians is considered also in this case. Allowed totally
singular Lagrangian has a dual allowed totally singular Hamiltonian, but for the
converse situation, assuming some conditions, we prove that an allowed totally
singular Hamiltonian of order k has a totally singular allowed Lagrangian of
order k and both can be related to ordinary dual (allowed totally singular) La-
grangians and Hamiltonians on T k−1M .

In order to have consistent examples of totally singular Lagrangians and
Hamiltonians of higher order, lifting procedures are given. In this way, certain



examples considered in the first section, or examples considered in [2] or [1] can
be lifted to totally singular Lagrangians and Hamiltonians of higher order.
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