LARGE FUNCTION ALGEBRAS WITH CERTAIN TOPOLOGICAL
PROPERTIES

ARTUR BARTOSZEWICZ AND SZYMON GLAB

ABSTRACT. Let F be a family of continuous functions defined on a compact interval. We give a
sufficient condition so that F U {0} contains a dense c-generated free algebra, in other words F is
densely c-strong algebrable. As an application we obtain dense c-strong algebrability of families of
nowhere Hélder functions, Bruckner-Garg functions, functions with a dense set of local maxima and
local minima and nowhere monotonous functions differentiable at all but finitely many points.

We also study the problem of the existence of large closed algebras within 7 U {0} where F C RX
or F C C*. We prove that the set of perfectly everywhere surjective functions together with the
zero function contains a 2°-generated algebra closed in the topology of uniform convergence while it
does not contain a non-trivial algebra closed in the pointwise convergence topology. We prove that an
infinitely generated algebra which is closed in the pointwise convergence topology needs to contain two
valued functions and infinitely valued functions. We give an example of such an algebra, namely, it
was shown that there is a subalgebra of R® with 2¢ generators which is closed in the pointwise topology

and for any function f in this algebra, there is an open set U such that f~'(U) is a Bernstein set.

1. INTRODUCTION

The algebraic properties of sets of functions have been considered in Analysis for many years. One
direction of such research is finding the so called maximal (additive, multiplicative, and so on) classes
for certain families of functions. For example it was proved in [21] that the maximal additive class
for Darboux real functions is the set of all constant functions. Recently, a new point of looking on
the largeness of sets of functions has appeared. One can call a set A, contained in some algebraic
structure of functions, a big one if A (or AU {0}) contains a large, nice substructure inside. The first
papers written in this direction were [20], [18], [19] and then [2], [4], [5]. In these papers, the notions

contained in the following definition can be found.

Definition 1.1. Let k be a cardinal number.

1. Let L be a vector space and A C L. We say that A is k-lineable if AU {0} contains a
k-dimensional vector space.

2. Let L be a Banach space and A C L. We say that A is spaceable if AU{0} contains an infinite
dimensional closed vector space.

3. Let L be a commutative algebra and A C L. We say that A is k-algebrable if AU{0} contains

a Kk-generated algebra B (i.e., the minimal cardinality of the set generating B equals k).

Bartoszewicz and Glab in [9] introduced the notion of strong algebrability:
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Definition 1.2. Let k be a cardinal number, L be a commutative algebra, and A C L. We say that

A is strongly k-algebrable if AU {0} contains a k-generated free algebra.

Let us observe that the notion of spaceability is not a fully algebraic property but it has a topological
ingredient (we ask about the existence of closed subspace of given Banach space). Ciesielski, Gamez-
Merino, Pellegrino, and Seoane-Sepilveda in [15] asked about the existence of large linear subspaces,
closed in the pointwise or uniform convergence topology in RR or C€. So, following this way, one can
define spaceability in linear topological spaces.

Some authors were interested in searching for a large substructure with some other topological
property, namely dense lineability (or algebrability) of some classes of functions. For example, Bayart
and Quarta in [12] proved that the set N'H of all nowhere Holder functions is densely w-algebrable
in C[0,1]. In [11] Bastin, Conejero, Esser, and Seoane-Sepilveda proved that the set of all nowhere
Gevrey functions is densely c-algebrable in C[0, 1].

The aim of our paper is to formulate, prove and apply some techniques of constructing dense c-
generated free algebras in the space of continuous functions on a compact interval, and to consider

the possibility of the existence of closed algebras in some sets of real or complex functions.

2. DENSE STRONG ¢-ALGEBRABILITY IN ([0, 1]

It is a simple observation that the set {x + exp(rz) : r € R} is linearly independent in RE.
Moreover, if X C R is linearly independent over Q, then {z — exp(rx) : r € X} is the set of free
generators. In [16] the authors, using the composition of a function with some needed properties
with such an exponential function, proved the c-algebrability of the set C'Mm([0,1]) of continuous
functions withdense sets of local extrema. Recently, this idea has been further developed in [6] and
[7].

Let us call, after [6], a function f : R — R exponential-like of rank m whenever f is given by the
formula f(x) = >, a; exp(Biz) for some pairwise distinct nonzero numbers i, ..., 3, and some

nonzero numbers a, ..., a;,. We have

Theorem 2.1 ([6]). Let F C RI%Y and assume that there exists a function F € F such that fo F €
F\A{0} for every exponential-like function f : R — R. Then F is strongly c-algebrable. More exactly,
if H C R is a set of cardinality ¢ and linearly independent over the rationals Q, then expo (rF),

r € H, are free generators of an algebra contained in F U {0}.

Using Stone—Weierstrass Theorem, it is not difficult to observe that the algebra described in The-
orem 2.1 is dense in C[0, 1] if and only if the function F' is continuous and strictly monotonic. This
argument is described in the last section of [7]. To illustrate this, consider the following two exam-
ples. Let F stand for the set of all continuous functions which are differentiable n — 1 times, but not
differentiable n times at any point of their domains. Let F be the (n— 1) antiderivative of a strictly
positive nowhere differentiable function. Then by [7, Theorem 4.5] the family F is densely c-strongly
algebrable. In turn, using [7, Theorem 4.9] and a similar argument, one can prove that the set of all
functions from C; whose derivative is not a-Hélder (for any « € (0, 1]) at all but finitely many points,

is densely c-strongly algebrable.
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However, for many classes of functions the monotonic representative does not exist. Here we
propose some method of construction of a dense algebra even if F does not contain any monotonic

function.

2.1. Nowhere constant continuous functions. Let F' : [a,b] — R be a continuous function. Then
F is called left non-decreasing at © € (a, b] if there is 6 > 0 such that F(y) < F(z) for any y € (z—9, x).
Analogously we define a left non-increasing function at = € (a,b], and right non-decreasing (non-
increasing) function at x € [a,b). We say that x € (a, b) is a point of local monotonicity, provided that
F is left non-decreasing or left non-increasing and F’ is right non-decreasing or right non-increasing,
see [17] and [13]. Note that if z is a point of local minimum (local minimizer) or a point of local
maximum (local maximizer) of F', then z is a point of local monotonicity. We say that F' is nowhere
constant, provided that its restriction to any open interval is not constant.

Fix a function g € C[a, 8] which is nowhere constant and such that o and /3 are point of (one-sided)
monotonicity of g. For x € [a, 5] denote by H(z) the largest possible y € [z, 5] such that g(t) is
between g(x) and g(y) for every t € [z, y] (here by [z, z] we mean the singleton {z}). Such a number
H(x) always exists by the continuity of g. Let z = H°(z) and inductively H"*!(z) = H(H"(x)) for
x € [a, fA].

Lemma 2.2. Let n € N. If H""(a) < B, then
(i) H () > H™(a);
(i) H""Y(a) is a point of local extremum of g;

(iii) H" () is a local minimizer of g if and only if H™ () is a local mazimizer of g.

Proof. Since « is a point of right local monotonicity of g, say ¢ is right non-decreasing at «, then
there is & > 0 such that g(a) < g(y) for every y € (o, + 0). Let t € (o, + 0] be such that
g(t) = max{g(y) : y € [, a+3]}. Since g is nowhere constant, then g(t) > g(a). Hence H(a) >t > a.

Now, we will show that H(«) is a point of right local monotonicity of g. Suppose not, then by
the definition of H, g(y) > g(«a) for y € [a, H(«)]. Moreover g(H(a)) > g(a). Let 6 > 0 be such

that |g(H(a)) — g(y)| < (9(H(@)) — g(a))/2 for y € (H(a), H(a) +6]. Then gls(a) 1(a)+s attains
(

[ ) +
g(H(a)) < g(w). Moreover g(a) < g(y) < g(w) for any y € [o, w]. This contradicts the definition of
H.
Proceeding inductively we obtain that H""!(a) > H"(a) or H""(a) = B. Note that H!(«)

H?*(a),...,H"(a) are local extrema of g. Moreover if H?() is a local minimizer of g, then H*"!(«

its maximum at some w € [H(«), H(a) + d]. Since g is not right non-increasing at H(«), then

I:I\/

is a local maximizer of g, and vice-versa.
Lemma 2.3. There is n € N such that H" (o) = f5.

Proof. Suppose that H"(a)) < 8 for every n € N. By Lemma 2.2, the sequence (H"(«))pen is strictly
increasing. Let w = lim,, oo H™"(«). If g is left non-decreasing at w, then there is 6 > 0 such that
g(y) < g(w) for every y € [w — d,w]. Let n be such that H"(«) is a local minimizer of g with
H"(o) > w — 0. Then for any y € (H"(«),w) we have g(H"(a)) < g(y) < g(w) which contradicts
the definition of H"*!(a). In the same manner, we show that g is not left non-increasing. Therefore

w < B, since g is left monotonous at 5.
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Suppose now that ¢ is not right non-decreasing at w. Let v € [w, ] be a minimizer of g on
[w,B]. Then v > w and g(v) < g(w). Let 6 > 0 be such that |g(y) — g(w)| < (g9(w) — g(v))/2 for
every y € (w— d,w). Then fix n € N such that H"(a) € (w — J,w) is a local maximizer of g and
g(H*(a)) < g(H™(c)) for k > n. This is possible since limy_,o0 g(H*()) = g(w) < g(H™(a)) and g
is continuous. Therefore g(H™(a)) > g(y) > g(v) for y € (H™(«),v), which contradicts the definition
of H"*1(a)). Similarly one can prove that the assumption that g is not right non-increasing at w
also leads to contradiction. Hence g is both right non-decreasing and right non-increasing at w. This
means that ¢ is constant on [w, w+ 4] for some positive ¢, which contradicts the fact that g is nowhere
constant. This shows that H"(«) =  for some n € N. O

Lemma 2.4. Let F' € Cla,b] be nowhere constant and F'(a) < F(z) < F(b) for any x € [a,b]. Let
€ > 0. Then there is a partition a = g < x1 < T3 < --- < T, = b such that
(i) F(x) is between F(xy) and F(xpi1) for xp <x <xpp1 and k=0,1...,n—1;

(ii) the mesh max{x;11 —x; : i =0,1,...,n— 1} of the partition is smaller than ¢.

Proof. Let a =ty < t1 < ty < -++ < t,n = b be any partition of [a,b] with the mesh smaller than e.
We will find a new partition a = vp < v1 < v2 < -+ < vy = b of [a, b] such that each interval [v;, v;y1)
contains at most one t; and each v; is a point of local monotonicity of F'. This new partition will also
have a mesh smaller than €. We construct it in the following way.

If ¢; is a point of local monotonicity of F', then t; remains in the new partition. Otherwise by the fact
that I is nowhere constant the restriction F|,_./3,,) attains its minimum at some wy, € [t; —¢/3,%;]
and maximum at some w} € [t; —¢/3,t;]. If one of the points wr,w) is in (t; — £/3,t;), then it
is a point of local monotonicity and we put it to the new partition. However, it may happen that
{wr,w} } = {t; — ¢/3,t;}, that is w;, and w} are the endpoints of the interval [t; — ¢,t;]. We may
assume that wy, = t; —¢/3 and F(wr) < F(t;). Take any ¢t € (t; —¢/3,t;). If ¢t is a point of local
monotonicity of F, then we are done. Assume now that ¢ is not a point of local monotonicity of
F. This means that either ¢t is not a point of left monotonicity of F' or it is not a point of right
monotonicity of F'. We may assume that ¢ is not a point of left monotonicity of F. Then F attains
its maximum on [wr,t] on some w € (wr,t) and w is a both-sided monotonicity point of F'; w is
between t; — £/3 and t;, and we put it to the new partition. Similarly one can find an appropriate
both-sided monotonicity point in (¢;,t; + £/3) which we put it into the new partition.

In the next step we will find a refinement a = zg <1 <22 < - - <xp=bofa=1v9g<vy <ve <
-++ < v = b for which (i) holds true. To find such a refinement, for every i < k we use Lemma 2.3

for the restriction g = F][vh a=v; and 8 = v;y1. O

’Ui+1]7

The assumption that F' is nowhere constant in Lemma 2.4 is essential. To see it, consider a function

F given by
x, x € [1,2],
Flz) = rsin(g-), =€ (0,1),
0, z € [~1,0],
2x + 2, x€[-2,-1).

Note that F(—2) < F(z) < F(2). For every partition —2 = 9 < 1 < -+ < x, = 2 with the
mesh smaller than 1, there is the largest k with xp < 0. Then F(zx) = 0 and we may assume that
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F(zk41) > 0. But there is x € (0, x54+1) with F(z) < 0, which means that the assertion of Lemma
2.4 does not hold for F. The problem is that F is constant on [—1,0].

Lemma 2.5. Let E C R be a finite set which is linearly independent over Q. Let F : [a,b] — R be
a nowhere constant continuous function with F(a) < F(x) < F(b) for any x € [a,b]. Then for any
>0 there are a =x0 < w1 < 23 < -+ < xp, = b and Fy € Cla,b] such that

(i) [1Fo —id [lsup < &;

(ii) Fo(x) = apF(x) + by for xp <x <xp41, k=0,1,...,n—1;

(iii) the set {ag,ai,...,apn—1} U E is linearly independent over Q.

Proof. By the previous Lemma there are a = o < x1 < 2 < -+ < &, = b such that
(i) F(x) is between F(zy) and F(xg1q) for o < x < xpy; and k=0,1...,n—1;
(i) max{x;y1 —x;:1=0,1,...,n—1} <¢e/3.
We can find real numbers ag, by such that the set EU{ap} is linearly independent over Q, agF'(z¢)+
bp = xo(= a) and |agF(z1)+bo —x1| < €/9. Let x € [xg, z1]. Since F(x) is between F'(z¢) and F'(z1),
agF (x) 4 by is between agF'(z¢) + by and agF (x1) + by. We have

lagF (x) + by — x| < |[(apF(x) 4+ bo) — (agF (x0) + bo)| + |aoF (x0) + bg — zo| + |xo — x| <

’(aoF(xl)+b0)—(a0F(l’o)+b0)’+0+E/3 < \aoF(x1)+b0—x1|+\x1—x0|+|xo—(a0F(:co)+bo)\+€/3 <
e/94¢/3+0+¢/3<e.

In the second step we can find real numbers a1, by such that the set EU{ag, a1} is linearly independent
over Q, a1 F(z1) + b1 = apF(x1) + bo and |a1 F(x2) + b1 — x2| < €/9. Let o € [x1,x2]. Since F(x) is
between F(x1) and F(z2), then a1 F(z) + by is between a1 F(z1) + b1 and a1 F(x2) + b;. We have

a1 F(x) + b1 — 2 < [(a1 F(z) 4 b1) = (a1 F(21) + b1)| + |arF'(21) + by — 21| + |21 — 2] <

(a1 F'(22)4b1)— (a1 F (x1)+b1)|[+e/94¢/3 < |ar F(w2)+b1—x2|+|v2—21|[+|z1 — (a1 F(21)+b1) |+€/9+¢/3 <
e/9+¢/34+¢e/9+¢/3+¢/9=c¢.

After n steps the construction is complete. O

2.2. Main theorem. Let F' : [a,b] — R be a continuous function. We consider the following
operation on F. Let a = z¢9 < x1 < --- < z, = b be a partition of [a,b]. Let Ep : [a,b] — R be such
that Lp(z) = fi(F(z)) for x; < x < x;41, f; is exponential-like and Ly is continuous. We say that
L is a continuous piecewise exponential-like transformation of F'.

We say that a family F of continuous functions defined on compact intervals is flexible, provided

(1) F consists of nowhere constant functions;

(2) there is f € F with f € C[0,1] and f(0) < f(z) < f(1) for = € [0, 1];

(3) Ef € Fforevery f € F and for any of its continuous piecewise exponential-like transformation
Ey.

From now on we assume that F is flexible.

Theorem 2.6. F N C|0, 1] is densely c-strongly algebrable in C[0,1].
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Proof. Let F' € F be such that F' € C[0,1] and F(0) < F(z) < F(1) for any « € [0,1]. Using Lemma
2.5 for e = 1/2 and E = () we find a partition 0 = 2} < 2 < --- < xm =1 of the unit interval and a
continuous function F; such that

(1) [F1 = id flsup < &;

(ii) Fi(z) = apF(x) + by for oy <ax <ap,,, k=0,1,...,n — 1

(iii) the set {a§,af,...,a}, _;} is linearly independent over Q.

In the next step we use Lemma 2.5 for e = 1/4 and E = {a},al,... ,a}ll_l}, we find a refinement
O=al<2?< - < a:i2 =1 of the partition 0 =z <z < --- < :1:,111 =1 and a continuous function
F5 such that

(1) [[F2 = id [lsup < &;

(ii) Fo(x) = aiF(x) + b for 2 <x <aj 4, k=0,1,...,np— 1;

(iii) the set {a},ai,..., a}zlfl} U{a3,a?,... ,airl} is linearly independent over Q, etc.
Inductively we define Fy, Fy,.... Let £ = UZ"Zl{a’g, al,. .. ,aflk_l}. By the construction, F is linearly
independent over Q. We extend E to a linearly independent set H over Q of cardinality ¢. We may
assume that there is {h, : n € N} € H \ E with h, — 0. By the assumption {expoF,

N} U{expo(rF):r € H\ E} C F. Let P be a polynomial in m variables without a constant term.

Consider a function g = P(ef, ... efr em+1F . e™¥) Then g restricted to [z7, ay,4] is of the form
Z ¢ exp(F(z)(dikin + dakio + - - - + dpkip + rpp1kipr1 + - - + Tnkin))
wheredy,...,dy € E, rpt1,...,r, € H\E are pairwise distinct and the vectors of integers [ki1, kig, . . . , kin)

are pairwise distinct. Therefore the numbers dik;1 + dokio + -+ - + dpkip + rpr1kipt1 + -+ + Tpkin,

t=1,...,m, are distinct as well. Thus the mapping
x Z c;i exp(F(x)(dikit + dokio + - - - + dpkip + rpr1kipr1 + - + 1mnkin))

is a continuous exponential-like transformation of F on [« 7 1] Since F is closed under continuous
piecewise exponential-like tranformations, g € F.

This shows that the algebra A generated by {exp oF), : p € N}U{expo(rF) : r € H\E} is a free alge-
bra of ¢ generators. To see that A is dense in C[0, 1] note that the sequence exp(F1), exp(Fz), ... tends
to x — exp(x), and therefore A separates the points of [0, 1]. Moreover, note that lim,,_, exp(h, F') =
1, which means that the closure of A contains all constant functions. Using Stone—Weierstrass The-

orem we obtain the assertion. O

2.3. Applications. 1. We say that a continuous function F' : [a,b] — R is nowhere Holder, provided
that for any z € [a,b] and any a € (0, 1]

F(z) - F
limsup L)~ FWI_
yoo T =yl

Let us denote the set of all nowhere Holder functions by N'H. It was proved in [7] that fo FF € N'H
for any nonconstant analytic function f : R — R and any F' € NH. It can be easily seen that if
F :a,b] - R and F’ : [b,c] — R are nowhere Holder with F(b) = F'(b), then FUF’ : [a,c] - R
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is also nowhere Holder. Therefore N'H is closed under taking continuous piecewise exponential-like
transformations. Clearly N'H does not contain a function which is constant on some open interval.

Now, we prove that condition (2) in definition of flexibility is fulfilled. Let F' € NH N C[0,1]. We
may assume that F'(0) < F(1) (otherwise, consider —F which is also nowhere Hélder). If F(0) <
F(z) < F(1) for x € [0,1], then we are done. Otherwise, find a maximizer zo € (0,1) of F'. Then
F(z) < F(x) for z € [0,z0]. If F(0) < F(x) < F(z9) for € [0, 2], then an affine transformation
t = F(t/x0) of Flj 4, fulfills the condition (2) in the definition of a flexible family. Otherwise, find
a minimizer 1 € (0,29) of F|j 4. Then F(x1) < F(z) < F(xo) for x € [x1,20]. Then an affine
transformation t — F(t/(zo — 1) — 21/(w0 — 1)) of F|3, 4 fulfills the condition (2) in the definition
of a flexible family. This argument will hold also for the next families.

Finally, by Theorem 2.6, the set of all nowhere Hoélder functions in C10,1] is densely c-strongly
algebrable.

2. We say that a continuous function f : [a,b] — R is Bruckner-Garg of rank k € N (shortly
f € BGy), provided that there exists a countable set A C (min f, max f) with the property that for
all z € A the preimage f~!({z}) is a union of a Cantor set with at most k& many isolated points, and
for all z € (min f,max f) \ A the preimage f~!({z}) is a Cantor set. A function f is Bruckner-Garg
(shortly f € BG,), provided it is Bruckner-Garg of rank k for some k € N. Bruckner-Garg functions
of rank 1 were investigated in [14], where it was shown that BG; is residual in C|0, 1]. By [7, Theorem
4.13] we can easily conclude that BG,, is flexible and hence it is densely c-strongly algebrable.

3. Let CMm([0,1]) be the set of all continuous functions such that both sets of their proper local
minima and maxima are dense in [0, 1]. Using a similar argument to that in [16] one can prove that
the set of all functions from C'Mm([0,1]) is flexible and thereby it is densely c-strongly algebrable.

4. Denote by DN M the set of all functions in C10,1] which are nowhere monotonic and differ-
entiable in all but finitely many points, see [3]. It can be shown in a standard way that DN M is
flexible; thus it is densely c-strongly algebrable.

3. CLOSED ALGEBRABILITY

Aron, Conejero, Peris and Seoane-Sepulveda posed the following problem [1, Problem 4.1]: Charac-
terize when there exists a closed infinite dimensional algebra of functions with a particular ”strange”
property. Among the classes considered by the authors, there was the family of everywhere surjective
function f : C — C. In the space CX or R¥, X # (), we consider two natural topologies, namely the
topology 7, of pointwise convergence — the weakest topology in which each projection is continuous —
and the topology 7, of uniform convergence. We will show that the 7,-closure of any non-trivial alge-
bra contains a two-valued function (some characteristic function). Moreover, we will give a sufficient
condition for the existence of a closed algebra inside F U {0} of 2¢ generators.

The following proposition shows that if A is a 7,-closed nontrivial algebra, then A contains a

two-valued function.

Proposition 3.1. Let A be a subalgebra of CX or RX. Then for any f € A the characteristic
function xs of S :={x € X : f(x) # 0} is in cl;, (A).

Proof. Let f € A C RX. Let g = x5 be the characteristic function of S. Take any x1,...,2, € X
and e > 0. Let V = {h € RX : |h(z;) — g(z;)| < efori=1,...,n}. We need to show that ANV # 0.
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Let Y = {f(zi) : f(x;) #0,i=1,...,n} ={y1,...,yx}. Put
k

LOEDIE | P

= Y Y Y
Then P is a polynomial without a constant term such that P(y;) = 1 for any j = 1,...,k. If
f(z;) =0, then P(f)(x;) = 0. Since z; ¢ S, f(z;) = g(x;). If f(x;) # 0, then y; = f(x;) for some j
and P(f)(z;) = P(y;) =1 = g(x;). This shows that P(f) e ANV. O

By £S(C) we denote the family of all everywhere surjective functions f : C — C, i.e. functions
which map any nonempty open subset of C onto C. This family appeared at first in terms of
algebrability in [5]. By PES(C) we denote the family of all perfectly everywhere surjective functions
f: C — C, ie. functions which map any perfect subset of C onto C. It was proved in [10] that
PES(C) is 2°-strongly algebrable. Since PES(C) C £5(C), £S(C) is 2°-strongly algebrable too. Let
D stand for the family of all non-constant Darboux functions. Since any non-constant Darboux

function attains ¢ many values, we obtain the following.

Corollary 3.2. DU{0} does not contain a nontrivial closed algebra. In particular, the set ES(C) of

all everywhere surjective functions is not 1-t,-closely algebrable.

Proposition 3.1 says that any 7,-closed algebra contains two-valued functions. The next step is
searching for large 7,-closed algebras in those consisting of functions with a finite range. Note that
{f € RR: f has a finite range} is an algebra of cardinality 2°. However, the following shows that it

does not contain a large 7,-closed (even 7,-closed) algebra.

Theorem 3.3. Let A be an algebra consisting of functions with finite ranges. Then
(1) if A is finitely generated, then A is 1,-closed;

(it) if A is not finitely generated, then A is not 7,-closed (in particular, it is not 7,-closed).

Proof. (i) Assume that A is generated by fi,..., f,. Since each f; has a finite range, we can write
ki
fi= Z Cij X A;j
j=1
where ¢;1, ..., ¢, are distinct and A;q, ..., A, is a partition of R. Let B stand for all finite Boolean
combinations of {A;; : ¢ =1,...,n,j =1,...,k;}. Clearly, any member of A is B-measurable. Let

A € B be a nonempty atom of the algebra B. Then there are ji, ..., j, such that A = Ay;, N---NA,;,.
For any i = 1,...,n there is a polynomial P; such that P;(c;;;) = 1 and Pi(c;;) < 0 for j # j;. Then

Pi(fi(x)) + -+ Po(fu(z)) >0 <= z € A.

Since Pi(f1) + -+ + Pn(fn) is constant on A and has finitely many values, there is a polynomial P
such that P(Pi(f1) + -+ 4+ Pn.(fn)) is a characteristic function of A. Therefore any B-measurable
function is in A. Since B is a o-algebra of sets, the family of all B-measurable functions is 7,-closed
(a pointwise limit of B-measurable functions is B-measurable).

(ii) Assume now, that A is not finitely generated. There are f, fa,--- € A which are algebraically
independent. As before, f; = 251:1 cijXA;; and let B stand for the set of all finite Boolean combina-
tions of {A;; :i € N,j =1,...,k;}. Suppose that B is finite. Again, any characteristic function of an
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atom in B is an algebraic combination of finitely many f;’s. Therefore there is n € N such that any
B-measurable function f is an algebraic combination of f1, ..., f,. This yields a contradiction. There-
fore B is infinite. Hence we can find pairwise disjoint sets Ay, Ag,--- € B. Define f,, = > }_; %XAk-
Since x4, € A, each f, is in A. Clearly, f, tends uniformly to f =3 72, %XAk ¢ A. d

By EDF, denote the family of all functions f : R — R which are everywhere discontinuous and
f(R) is finite. It was proved in [8] that EDF is 2°-algebrable. Immediately we obtain the following.

Corollary 3.4. EDF U {0} does not contain an infinitely generated 7,-closed algebra.

By Proposition 3.1 and Theorem 3.3 any infinitely generated 7,-closed algebra contains finite valued
and countably valued functions. It turns out that there are large 7,-closed algebras of countably valued
functions. Such construction, using the existence of large o-independent family, will be used in the
next theorem.

A family {A, : @ < k} of subsets of YV is called o-independent, if for every countable set X C k
and every ¢ : X — {0,1}

) 4™ #0

aeX
where A° = A and A' = Y \ A. By the Tarski theorem [22] there exists a o-independent family on ¢
of cardinality 2°.

Theorem 3.5. There is a linear algebra A C RF of 2° generators such that for any function f €
cly, (A) \ {0} there is open set U such that f~'(U) is a Bernstein set. In particular, if F is the
family of all non-measurable functions (having no Baire property, non-measurable in the sense of

Marczewski), then F U {0} contains a 1,-closed algebra of 2° generators.

Proof. We use the method of independent Bernstein sets which was introduced in [8]. Let {B,, : o < ¢}
be a partition of R into ¢ many pairwise disjoint Bernstein sets. Let {A¢ : £ < 2°} be a o-independent
family on ¢. For any { < 2° put C¢ = J{Ba : @ € A¢}. Let B be the o-algebra generated by
{Ce € <2}

Let A be the linear algebra generated by {Xc5 : £ < 2°}. Then each function in A is a simple
function of the form 2211 ckXp, Where Dy are Boolean combinations of C¢ , ..., C¢, for some distinct
§1,...,&n <25 If f el (A)\ {0}, then there are f,, € A which tend pointwisely to f. Let X C 2°
be the smallest set such that each f, is measurable with respect to o-algebra Bx generated by
{C¢ : € € X}. Clearly X is countable. There is o < ¢ which does not belong to any A¢, £ € X.
Consequently, Ba C (\¢cx R\C¢. Therefore f,|p, = 0and f|p, = 0. Since f is not the zero function,
f(z) # 0 for some x € R. There is § > 0 such that f=1(f(x) — §, f(x) + §) is disjoint with f~1(0).
Since f is Bx-measurable, f~1(f(x) — 6, f(z) + ) contains a Bernstein set of the form MNeex Cg(g)
for some ¢ : X — {0, 1}. Finally, a set which contains a Bernstein set and is disjoint with some other

Bernstein set is also a Bernstein set. O
Let f € RX (or f € CX). Fix the partition {B¢ : £ < £} of R (or C). By V(f) we define the set

{J t©)f1se -t Ry ({{J tEFlBe : t € C™},resp.).

E<k E<k
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Let g1,...,9n € V(f) and let P(yi1,...,yn) be a polynomial in n variables. Let ¢;({) be such that
9ilB. = ti(§) f|B.- Then

P(glw-',gn)’Bg = P(gl‘Bga' . '7971’35) = P(tl(f)f‘Bgv" : 7tn(£)f’35) = P/<f)‘Bg

where P'(y) = P(t1(§)y, ..., tn(§)y). Therefore the algebra A(f) generated by V(f) is of form

A(f) ={ fe: fe € A¢}

E<k

where A is a subalgebra of CPB¢ generated by f| Be-
Theorem 3.6. Assume that f|p, is unbounded for every £ < k. Then A(f) is T,-closed.

Proof. Note that 7, is metrizable by the metric d(g,h) = min{1,sup{|g(x) — h(z)| : = € C}}. To
prove that A(f) is 7,-closed, take a sequence (g,) in A(f) tending with respect to d to some function
g Fix § < k. If g is zero on B, then obviously g € A¢. Otherwise g|p, is nonzero. Then the
sequence (gy| B¢ )JneN eventually consists of nonzero functions. Note that In| Be = Pl HI B, for some
nonzero polynomials P, in one variable. By the assumption f(B¢) is unbounded. Note that the
sequence P, : f(B¢) — C is a Cauchy sequence with respect to d(g, h) = min{1,sup{|g(y) — h(y)| :
y € f(Bg)}}forg,h e C/(Be). Since f(Be¢) is unbounded, then for distinct polynomials in one variable
P,Q : f(B¢) — C without constant term, we have sup{|P(y)—Q(y)| : v € f(B¢)} = oo. Therefore, the
sequence (P,) is eventually constant and equal to some polynomial P. Thus g|, = P(f)|s, € Ac. O

Corollary 3.7. There exists a T,-closed algebra A of cardinality 2°, and hence 2°-generated, such

that A\ {0} consists of perfectly everywhere surjective functions.

Proof. Let {B¢ : £ < ¢} be a decomposition of C into ¢ many Bernstein sets. For any £ < ¢ let
fe : B¢ — C be a free generator such that algebra generated by f¢ consists of perfectly everywhere
surjective functions; the existence of such a function was proved in [10]. Put f = U5 <« Je : C—=C.
Then A(f) is the desired algebra. O

For a sequence x € ¢o put LIM(z) = {y € R : z(ng) — y for some increasing (ng)ren}. It was
proved in [9] that the set of x € o, for which LIM(z) is homeomorphic to the Cantor set is strongly

c-algebrable and comeager. We complete this result with the following.

Theorem 3.8. The set of those x € { for which LIM(z) is homeomorphic to the Cantor set, does

not contain any nontrivial closed algebra.

Proof. Let A be an algebra such that for any x € A\ {0} the set of limit points LIM(z) is homeo-
morphic to the Cantor set. Fix nonzero x € A and let C' = LIM(z). There is a continuous function
[+ [min C, max C] — [0,1] such that f(C) = [0,1]. Let (P,) be a sequence of polynomials, tending
uniformly to f. It is evident that P,(x) tends in /s to some y with LIM(y) = [0, 1]. Since [0, 1] is

not homeomorphic to C, the algebra A cannot be closed. O
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