
DICHOTOMIES FOR LORENTZ SPACES

SZYMON G�A�B, FILIP STROBIN, AND CHAN WOO YANG

Abstract. Assume that Lp,q,Lp1,q1 , ...,Lpn,qn are Lorentz spaces. This note is devoted to answering

the question what is the size of the set

E := {(f1, ..., fn) ∈ Lp1,q1 × ...× Lpn,qn : f1 · · · fn ∈ Lp,q}.

We prove the following dichotomy: either E = Lp1,q1 × ...× Lpn,qn or E is σ-porous in Lp1,q1 × ...×

Lpn,qn , provided 1
p
6= 1

p1
+ ...+ 1

pn
. In general case we obtain that either E = Lp1,q1 × ...×Lpn,qn or

E is meager.

1. introduction

This article is aimed at studying a size of the set of all tuples (f1, ..., fn) from the product of n

Lorentz spaces such that their product f1 · · · fn is in another Lorentz space. This study is originated

from the paper of Balcerzak and Wachowicz [BW] where it was proved that the set

{(f, g) ∈ L1[0, 1]× L1[0, 1] : fg ∈ L1[0, 1]}

is a meager subset of the product L1[0, 1] × L1[0, 1]. It has been generalized by Jachymski [J] who

proved the following condition are equivalent when p ≥ 1 and (X,Σ, µ) is any σ-�nite measure space:

(i) {(f, g) ∈ Lp(X)× Lp(X) : fg ∈ Lp(X)} is meager;

(ii) {(f, g) ∈ Lp(X)× Lp(X) : fg ∈ Lp(X)} 6= Lp(X)× Lp(X);

(iii) inf{µ(A) : µ(A) > 0} = 0.

This result has been further generalized by Gª�ab and Strobin [GS]. Let (X,Σ, µ) be any measure

space, p1, ..., pn, p ∈ (0,∞] and min{p1, ..., pn} < ∞ (i.e., at least one of the pi's is �nite). They

proved that the following conditions are equivalent (we de�ne 1
∞ := 0):

(i) {(f1, ..., fn) ∈ Lp1(X)× ...×Lpn(X) : f1 · · · fn ∈ Lp(X)} is σ-α-lower porous for some α > 0;

(ii) {(f1, ..., fn) ∈ Lp1(X)× ...× Lpn(X) : f1 · · · fn ∈ Lp(X)} 6= Lp1(X)× ...× Lpn(X);

(iii) One of the following conditions holds:

* 1
p1

+ ...+ 1
p1
> 1

p and inf{µ(A) : µ(A) > 0} = 0;

* 1
p1

+ ...+ 1
p1
< 1

p and sup{µ(A) : µ(A) <∞} =∞.

In this paper we will strengthen the above result. The main idea is that if p ∈ (0,∞], then Lp(X)

is a particular example of the so called Lorentz space. Hence it is interesting if the above result
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can be extended by considering Lorentz spaces instead of Lp(X) spaces. Our main reference will be

Grafakos' monograph [G].

2. Notation and basic facts

Let X be a metric space. B(x,R) stands for the ball with a radius R centered at a point x. Let

α ∈ (0, 1]. We say that M ⊂ X is α-lower porous [Z1], if

∀x∈M lim inf
R→0+

γ(x,M,R)

R
≥ α

2
,

where

γ(x,M,R) = sup{r ≥ 0 : ∃z ∈ X B(z, r) ⊂ B(x,R)\M}.

Clearly, M is α-lower porous i�

∀x∈M ∀β∈(0,α2 ) ∃R0>0 ∀R∈(0,R0) ∃z∈X B(z, βR) ⊂ B(x,R)\M.

The set is σ-α-lower porous if it is a countable union of α-lower porous sets. Note that a σ-α-lower

porous set is meager, and the notion of σ-lower porosity is essentially stronger than that of meagerness.

Note that the sets investigated in this paper will be α-porous in some stronger sense, namely,

∀x∈X ∀β∈(0,α2 ) ∀R>0 ∃z∈X B(z, βR) ⊂ B(x,R)\M.

However, we do not want to de�ne any new notion of porosity, so in the formulations of theorems we

will deal only with α-lower porosity. For more information on porosity, we refer the reader to survey

papers [Z1] and [Z2].

Assume that (X,Σ, µ) is a measure space, and let p, q ∈ (0,∞] be such that if p = ∞, then also

q = ∞. A Lorentz space Lp,q(X,Σ, µ) (Lp,q in short) is the space of all measurable functions (more

formally, of all equivalence classes of measurable functions equal µ-a.e.) with a �nite quasinorm given

by

‖ f ‖p,q:=


(∫∞

0 pµ({x : |f(x)| > λ})
q
pλq−1dλ

) 1
q
, if q <∞;

supλ>0 λµ({x : |f(x)| > λ})
1
p , if p <∞ and q =∞;

supess |f |, if p = q =∞.

Note that the presented de�nition of quasinorm on Lp,q is equivalent to the original one (cf. [G]) and

that Lp,q is linear space, but the quasinorm on Lp,q is not usually a norm since the triangle inequality

does not hold for all quasinorms ‖ · ‖p,q. However, it is always cp,q-subadditive for some cp,q > 0.

If p ∈ (0,∞], then ‖ · ‖p denotes the standard Lp-norm:

‖ · ‖p:=


∫
X |f |

p dµ, if p ∈ (0, 1);(∫
X |f |

p dµ
) 1
p , if p ∈ [1,∞);

supess |f |, if p =∞.
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The following basic facts about Lorentz spaces are known and can be easily found in [G]. In the

sequel we will use them, sometimes without emphasizing it. If (X,Σ, µ) is a measure space, then

we de�ne Σ+ := {A ∈ Σ : 0 < µ(A) < ∞}, and if A ∈ Σ, then by χA we denote the characteristic

function of the set A.

Proposition 2.1. Assume that (X,Σ, µ) is a measure space. The following conditions hold:

(i) For any p ∈ (0,∞],

‖ · ‖p,p=

{
‖ · ‖p, if p ∈ [1,∞];

(‖ · ‖p)
1
p , if p ∈ (0, 1).

(ii) If p ∈ (0,∞) and q ≤ q′ ≤ ∞, then Lp,q ⊂ Lp,q
′
. In particular, for every f ∈ Lp,q there exists

M > 0 such that µ({x : |f(x)| > λ}) ≤Mλ−p for every λ > 0;

(iii) If p, r ∈ (0,∞) and q ∈ (0,∞], then ‖ |f |r ‖p,q= (‖ f ‖pr,qr)r for every f ∈ Lp,q;

(iv) If p ∈ (0,∞) and q ∈ (0,∞], then there exists Dp,q > 0 such that for every A ∈ Σ+,

‖ χA ‖p,q= Dp,qµ(A)
1
p .

(v) If Lp,q is any Lorentz space, then for every f ∈ Lp,q and measurable function g, if for every

x ∈ X, |g(x)| ≤ |f(x)|, then g ∈ Lp,q and ‖ g ‖p,q≤‖ f ‖p,q;
(vi) If p <∞ and Σ+ = ∅, then for every q ∈ (0,∞], Lp,q = {0};
(vii) If Lp,q is a Lorentz space, f ∈ Lp,q and α is any real, then ‖ αf ‖p,q= |α| ‖ f ‖p,q.

By (i), every Lp space is a particular example of Lorentz space.

Assume now that Σ+ 6= ∅. It is well known, that every Lorentz space Lp,q is metrizable by some

metric dp,q, which satis�es the following condition (Kp,q, rp,q > 0 are some constants which depend

on p and q):

(1) (‖ f − g ‖p,q)rp,q ≤ dp,q(f, g) ≤ Kp,q (‖ f − g ‖p,q)rp,q .

Indeed, if p = q, then we set dp,p(f, g) :=‖ f − g ‖p, and in the other cases we can make use of [G,

Exercises 1.4.3 and 1.1.12].

Since each Lorentz space is quasi-Banach (i.e., every Cauchy sequence with respect to a quasinorm, is

convergent), (1) implies that the metrics dp,q are complete. Hence we can consider Lp1,q1× ...×Lpn,qn

as a complete metric space with the supremum metric dmax:

dmax((f1, ..., fn), (g1, ..., gn)) := max{dp1,g1(f1, g1), ..., dpn,gn(fn, gn)}.

In particular, if pi = qi, i = 1, ..., n, then we have:

dmax((f1, ..., fn), (g1, ..., gn)) := max{‖ f1 − g1 ‖p1 , ..., ‖ fn − gn ‖pn}.
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3. Results

We will assume that we work with some �xed measure space (X,Σ, µ). Again, we denote Σ+ :=

{A ∈ Σ : 0 < µ(A) <∞}.
If n ∈ N (we allow n to be 1) and Lp,q,Lp1,q1 , ...,Lpn,qn are Lorentz spaces, then we de�ne the set

E(p1,q1,...,pn,qn)
p,q := {(f1, ..., fn) ∈ Lp1,q1 × ...× Lpn,qn : f1 · · · fn ∈ Lp,q}.

We also set

E(p1,...,pn)
p := E(p1,p1,...,pn,pn)

p,p

We will �rst deal with the trivial case: when Σ+ = ∅ or min{p1, ..., pn} =∞.

Proposition 3.1. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces. If Σ+ = ∅ or min{p1, ..., pn} =

∞, then the following conditions are equivalent:

(i) E
(p1,q1,...,pn,qn)
p,q is 1-lower porous subset of Lp1,q1 × ...× Lpn,qn;

(ii) E
(p1,q1,...,pn,qn)
p,q 6= Lp1,q1 × ...× Lpn,qn;

(iii) µ(X) =∞ and min{p1, ..., pn} =∞ and p <∞.

Proof. We �rst show the implication (i)⇒(ii). Let f1, ..., fn ∈ L∞, R > 0 and α ∈
(
0, 12
)
. For any

i = 1, ..., n, set

f̃i(x) :=

{
fi(x) + 1

2R, if fi(x) ≥ 0;

fi(x)− 1
2R, if fi(x) < 0.

Then ‖ f − f̃i ‖∞= 1
2R for each i = 1, ..., n. Now let a1, ..., an be such that ‖ ai − f̃i ‖∞< αR,

i = 1, ..., n. Then for every i = 1, ..., n and for µ-almost every x ∈ X, we have |ai(x)| ≥
(
1
2 − α

)
R,

so for µ-almost every x ∈ X,

|a1(x) · · · an(x)| ≥
(
R

(
1

2
− α

))n
.

Hence ‖ a1 · · · an ‖p,q=∞.

The implication (ii)⇒(iii) is trivial.

Assume now that µ(X) <∞ or min{p1, ..., pn} <∞ or p <∞. Since Σ+ = ∅ or min{p1, ..., pn} =∞,

one of the following conditions holds:

(a1) µ(X) = 0;

(a2) 0 < µ(X) <∞ and min{p1, ..., pn} =∞;

(a3) min{p1, ..., pn} <∞ and Σ+ = ∅;
(a4) p =∞ and min{p1, ..., pn} =∞.

In each case, the equality E
(p1,q1,...,pn,qn)
p,q = Lp1,q1 × ...×Lpn,qn is obvious. Hence we get (iii)⇒(i). �

Now we will deal with more complicated cases.

In the �rst result we state the condition, under which E
(p1,q1,...,pn,qn)
p,q = Lp1,q1 × ...× Lpn,qn .
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Proposition 3.2. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces, and assume that min{p1, ..., pn} <
∞ and Σ+ 6= ∅. If one of the following conditions holds:

(a) inf{µ(A) : A ∈ Σ+} > 0 and 1
p1

+ ...+ 1
pn
> 1

p ;

(b) sup{µ(A) : A ∈ Σ+} <∞ and 1
p1

+ ...+ 1
pn
< 1

p .

then E
(p1,q1,...,pn,qn)
p,q = Lp1,q1 × ...× Lpn,qn.

Before we start the proof of Proposition 3.2, we need some lemmas. The �rst one is an easy

consequence of [G, Exercise 1.1.15] and we skip its proof.

Lemma 3.3. Let n ∈ N and p, p1, ..., pn ∈ (0,∞] be with 1
p1

+ ... + 1
pn

= 1
p . Then E

(p1,∞,...,pn,∞)
p,∞ =

Lp1,∞ × ...× Lpn,∞.

Lemma 3.4. Assume that Σ+ 6= ∅. The following conditions hold:

(I) If inf{µ(A) : A ∈ Σ+} > 0, then every element of any Lorentz space is µ-a.e. bounded;

(II) If sup{µ(A) : A ∈ Σ+} < ∞, then there exists A ∈ Σ+ such that for every p ∈ (0,∞)

and q ∈ (0,∞], the projection f → f|A is an isometry between Lorentz spaces Lp,q(X,Σ, µ) and

Lp,q
(
A,Σ|A, µ|A

)
.

Proof. We �rst show (I). Let Lp,q be a Lorentz space. If p = q =∞, the thesis holds by the de�nition

of ‖ · ‖∞. Hence assume that p < ∞ and let f ∈ Lp,q. By Proposition 2.1 (ii), there exists M > 0

such that for every λ > 0, we have

µ({x : |f(x)| > λ}) ≤Mλ−p.

Hence limλ→∞ µ({x : |f(x)| > λ}) = 0, so for some λ0 > 0, we get µ({x : |f(x)| > λ0}) = 0, which

proves (I).

Now we show (II). Set K := sup{µ(A) : A ∈ Σ+} < ∞. For every n ∈ N, there is An ∈ Σ+ with

K ≥ µ(An) ≥ K − 1
n . Set A =

⋃
n∈NAn. Then µ(A) = K and for any measurable D ⊂ X \ A, we

have that either µ(D) = 0 or µ(D) =∞. Hence if f is an element of any Lorentz space Lp,q(X,Σ, µ),

then µ({x ∈ X \A : |f(x)| > 0}) = 0. This easily gives (II). �

The following lemma seems to be known, but we will give a proof.

Lemma 3.5. Assume that Σ+ 6= ∅ and p, p′, q ∈ (0,∞]. If one of the following conditions holds:

(i) inf{µ(A) : A ∈ Σ+} > 0 and 1
p <

1
p′ ;

(ii) sup{µ(A) : A ∈ Σ+} <∞ and 0 < 1
p′ <

1
p ,

then Lp
′,∞ ⊂ Lp,q.

Proof. Assume that (i) holds and let f ∈ Lp
′,∞. By Lemma 3.4 (I), there exists S < ∞ such that

|f(x)| < S for µ-almost x ∈ X. Hence if Lp,q = L∞, then obviously f ∈ Lp,q. Thus assume that
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p <∞. By Proposition 2.1 (ii), we may also assume that q <∞.

Since f ∈ Lp
′,∞, there exists M > 0 such that for every λ > 0,

µ({x : |f(x)| > λ}) ≤Mλ−p
′
,

and since |f(x)| < S for µ-almost x ∈ X, for any λ ≥ S we have µ({x : |f(x)| > λ}) = 0. Hence∫ ∞
0

µ ({x : |f(x)| > λ})
q
p λq−1dλ =

∫ S

0
µ ({x : |f(x)| > λ})

q
p λq−1dλ ≤

∫ S

0
M

q
pλ
−p′q
p λq−1dµ =

∫ S

0
M

q
pλ

q
(
1− p

′
p

)
−1
dµ <∞,

so f ∈ Lp,q and the result follows.

Assume now that condition (ii) holds. By Proposition 2.1 (ii), we may assume that q < ∞. By

Lemma 3.4 (II), we may assume that K := µ(X) <∞. Now let f ∈ Lp
′,∞. Then there exists M > 0

such that for every λ > 0,

µ({x : |f(x)| > λ}) ≤Mλ−p
′
.

Hence we have ∫ ∞
0

µ ({x : |f(x)| > λ})
q
p λq−1dλ =∫ 1

0
µ ({x : |f(x)| > λ})

q
p λq−1dλ+

∫ ∞
1

µ ({x : |f(x)| > λ})
q
p λq−1dλ ≤∫ 1

0
K

q
pλq−1dλ+

∫ ∞
1

M
q
pλ
−p′q
p λq−1dµ =∫ 1

0
K

q
pλq−1dλ+

∫ ∞
1

M
q
pλ

q
(
1− p

′
p

)
−1
dµ <∞,

so f ∈ Lp,q.

�

We are ready to give a proof of Proposition 3.2

Proof. (of Proposition 3.2) Let p′ ∈ (0,∞) be such that 1
p1

+ ... + 1
pn

= 1
p′ , and let (f1, ..., fn) ∈

Lp1,q1 × ...×Lpn,qn . By Proposition 2.1 (ii), (f1, ..., fn) ∈ Lp1,∞ × ...×Lpn,∞, and by Lemma 3.3, we

get f1 · · · fn ∈ Lp
′,∞. Hence and by Lemma 3.5, f1 · · · fn ∈ Lp,q, so the result follows. �

The next theorem deals with the case when E
(p1,q1,...,pn,qn)
p,q is small. Recall that we consider the

product of Lorentz spaces as a metric space with a metric dmax de�ned in the previous section, and in

the case of Lp1× ...×Lpn , we have dmax((f1, ..., fn), (g1, ..., gn)) = max{‖ f1−g1 ‖p1 , ..., ‖ fn−gn ‖pn}

Theorem 3.6. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces. Assume that min{p1, ..., pn} <
∞ and Σ+ 6= ∅. If one of the following conditions holds

(i) 1
p1

+ ...+ 1
pn
> 1

p and inf{µ(A) : A ∈ Σ+} = 0;

(ii) 1
p1

+ ...+ 1
pn
< 1

p and sup{µ(A) : A ∈ Σ+} =∞,
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then the set E
(p1,q1,...,pn,qn)
p,q is σ-α-lower porous in Lp1,q1 × ...× Lpn,qn for some α > 0.

If additionally q = p and qi = pi for i = 1, ..., n, then we can take α = 2
m+1 , where m is the number

of i′s for which pi <∞.

Note that the last statement of the above result, together with part (i) of Proposition 3.1, give the

thesis of the main result of [GS] ([GS, Theorem 6]). Before we prove the result, we will present some

lemmas. Note that they are re�nements of [GS, Lemmas 4 and 5].

Lemma 3.7. Let n ∈ N, A,A1, ..., An be measurable sets and s1, ..., sn ≥ 0 be such that
∑n

i=1 si ≤ 1.

If Ai ⊂ A and µ(Ai) > (1− si)µ(A) for any i = 1, ..., n, then

µ

(
n⋂
i=1

Ai

)
> 0.

Proof. Using the induction principle, it is easy to show that

µ

(
k⋂
i=1

Ai

)
>

(
1−

k∑
i=1

si

)
µ(A) for any k = 1, ..., n.

In particular, for k = n, we get that µ(
⋂n
i=1Ai) > 0. �

Recall (cf. Proposition 2.1 (iv)) that if q ∈ (0,∞] and p <∞, then for some Dp,q > 0, ‖ χA ‖p,q=
Dp,qµ(A)

1
p for every A ∈ Σ+.

Lemma 3.8. Assume that n ∈ N, p1, ..., pn ∈ (0,∞), q1, ..., qn ∈ (0,∞] and let A ∈ Σ+. If

f1, ..., fn, g1, ..., gn are such that |gi(x)| ≥ 1 for x ∈ A and i = 1, ..., n, and ‖ (fi − gi)χA ‖pi,qi≤ si,

i = 1, ..., n for some s1, ..., sn, then

‖ f1 · · · fnχA ‖p,q ≥ Dp,qC
n

(
µ(A)−

n∑
i=1

(
si

Dpi,qi(1− C)

)pi) 1
q

for any C ∈ (0, 1), p ∈ (0,∞) and q ∈ (0,∞], provided that µ(A) ≥
∑n

i=1

(
si

Dpi,qi (1−C)

)pi
.

Proof. For simplicity, let D,D1, ..., Dn stand for Dp,q, Dp1,q1 , ..., Dpn,qn , respectively. For i = 1, ..., n,

we de�ne the sets Ai := {x ∈ A : |fi(x)| < C|gi(x)|}. Now let i = 1, ...n. Then for every x ∈ Ai,

|fi(x)− gi(x)| ≥ |gi(x)| − |fi(x)| ≥ (1− C)|gi(x)| ≥ 1− C.

Hence

si ≥‖ (fi − gi)χA ‖pi,qi≥‖ (1− C)χAi ‖pi,qi= Di(1− C)µ(Ai)
1
pi ,

and therefore

µ(Ai) ≤
(

si
Di(1− C)

)pi
.

By combining this with the fact that for any x ∈ A \Ai, |fi(x)| ≥ C, we obtain

‖ f1 · · · fnχA ‖p,q≥‖ f1 · · · fnχA\⋃n1=1 Ai
‖p,q≥‖ CnχA\⋃n1=1 Ai

‖p,q≥
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DCn

(
µ(A)−

n∑
i=1

µ(Ai)

) 1
p

≥ DCn
(
µ(A)−

n∑
i=1

(
si

Di(1− C)

)pi) 1
p

.

�

The following lemma is crucial for the proof of Theorem 3.6. If u > 0, then we set

(2) Eu := {(f1, ..., fn) ∈ Lp1,q1 × ...× Lpn,qn :‖ f1 · · · fn ‖p,q≤ u}.

If f ∈ Lp,q and r > 0, then we denote Bp,q(f, r) := {g ∈ Lp,q :‖ f − g ‖p,q< r}.

Lemma 3.9. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces and let the assumptions of

Theorem 3.6 be satis�ed. Assume that for some m ≥ 1 and k ≥ 0 with m + k = n, we have

p1, ..., pm <∞ and pm+1 = ... = pm+k =∞. Let ri ∈ (0,∞) and δi ∈
(
0, 12
)
, i = 1, ..., n, be such that

m∑
i=1

(
δi

1− δi

) pi
ri

< 1 and rm+1 = ... = rn = 1.

For every u > 0, R > 0 and (f1, ..., fn) ∈ Lp1,q1 × ...×Lpn,qn, there exists
(
f̃1, ..., f̃n

)
∈ Lp1,q1 × ...×

Lpn,qn such that (
‖ fi − f̃i ‖pi,qi

)ri
= (1− δi)R for every i = 1, ..., n,

and

Bp1,q1

(
f̃1, (δiR)

1
r1

)
× ...×Bpn,qn

(
f̃n, (δnR)

1
rn

)
∩ Eu = ∅.

Proof. For simplicity, we will write ‖ · ‖i and Di instead of ‖ · ‖pi,qi and Dpi,qi for i = 1, ..., n,

respectively, and ‖ · ‖ and D instead of ‖ · ‖p,q and Dp,q, respectively.

Let u > 0. As we assumed, pi < ∞ for i = 1, ...,m and pi = ∞ for i = m + 1, ...,m + k, for some

m ≥ 1 and k ≥ 0 with m+ k = n.

Let (f1, ..., fm, g1, ..., gk) ∈ Lp1,q1 × ...× Lpn,qn , R > 0. We can choose C ∈ (0, 1) such that

(3)
m∑
i=1

((
δi

1− δi

) 1
ri 1

(1− C)

)pi
< 1.

Now set:

(4) G :=

∏m
i=1(R(1− δi))

1
ri∏m

i=1Di
,

(5) H :=

(
1−

m∑
i=1

((
δi

1− δi

) 1
ri 1

(1− C)

)pi) 1
p

.

By our assumptions ((i) or (ii)), there is a set A ∈ Σ+ such that

if p <∞, then

(6)

(
n∏

i=m+1

R (1− 2δi)

)
GDCmHµ(A)

(
1
p
− 1
p1
−...− 1

pm

)
> u
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and if p =∞, then

(7)

(
n∏

i=m+1

R (1− 2δi)

)
GCmµ(A)

−
(

1
p1

+...+ 1
pm

)
> u.

Note that in the case when 1
p −

1
p1
− ...− 1

pm
< 0, we take the set A with an appropriate small positive

measure and in the case when 1
p −

1
p1
− ...− 1

pm
> 0, we take the set A with an appropriate large �nite

measure.

Next, let M1, ...,Mm be such that for i = 1, ...,m,

(8) (‖MiχA ‖i)ri = (1− δi)R.

Then for every i = 1, ...,m,

(9) µ(A) =

(
((1− δi)R)

1
ri

MiDi

)pi
.

Now, let us de�ne f̃1, ..., f̃m, g̃1, ..., g̃k as follows.

For i = 1, ...,m, we set

f̃i(x) :=


fi(x) +Mi, x ∈ A and fi(x) ≥ 0;

fi(x)−Mi, x ∈ A and fi(x) < 0;

fi(x), x /∈ A,

and for i = 1, ..., k, we set

g̃i(x) :=

{
gi(x) + (1− δm+i)R, if gi(x) ≥ 0;

gi(x)− (1− δm+i)R, if gi(x) < 0.

Using (8), we obtain for every i = 1, ...,m:(
‖ f̃i − fi ‖i

)ri
= (‖MiχA ‖i)ri

(8)
= (1− δi)R

and similarly for every i = 1, ..., k (recall that ri = 1 for i = m+ 1, ..., n),

||g̃i − gi||i = (1− δm+i)R.

Now let

(a1, ..., am, b1, ..., bk) ∈ Bp1,q1
(
f̃1, (δ1R)

1
r1

)
× ...×Bpn,qn

(
g̃k, (δnR)

1
rn

)
.

Clearly, since for every i = 1, ..., k and x ∈ X, |g̃i(x)| ≥ (1− δm+i)R, then for µ-almost every x ∈ X,

(10) |bi(x)| ≥ (1− 2δm+i)R.

Consider two cases:

Case 1. p <∞. For any i = 1, ...,m, we have

(11) (δiR)
1
ri ≥‖ ai − f̃i ‖i≥

∣∣∣∣∣∣(ai − f̃i)χA∣∣∣∣∣∣
i

= Mi

∣∣∣∣∣
∣∣∣∣∣
(
ai
Mi
− f̃i
Mi

)
χA

∣∣∣∣∣
∣∣∣∣∣
i
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and also, by (9),

(12)

(
(Rδi)

1
ri

MiDi(1− C)

)pi
= µ(A)

((
δi

1− δi

) 1
ri 1

(1− C)

)pi
and

(13) Miµ(A)
1
piDi = ((1− δi)R)

1
ri .

Hence, by (4) � (6), (10) � (13) and Lemma 3.8 (used for gi := f̃i
Mi

, fi := ai
Mi

and si := (δiR)
1
ri

Mi
), we

obtain the following

‖ a1 · · · am · b1 · · · bk ‖≥‖ a1 · · · am · b1 · · · bkχA ‖
(10)

≥(
n∏

i=m+1

R (1− 2δi)

)
‖ a1 · · · amχA ‖=(

n∏
i=m+1

R (1− 2δi)

)
M1 · · ·Mm

∣∣∣∣∣∣∣∣ a1M1
· · · am

Mm
χA

∣∣∣∣∣∣∣∣ L 3.8,(11)

≥

(
n∏

i=m+1

R (1− 2δi)

)
M1 · · ·MmDC

m

µ(A)−
m∑
i=1

(
(δiR)

1
ri

MiDi(1− C)

)pi 1
p

(12)
=

(
n∏

i=m+1

R (1− 2δi)

)
M1 · · ·MmDC

m

(
µ(A)−

m∑
i=1

µ(A)

((
δi

1− δi

) 1
ri 1

(1− C)

)pi) 1
p

(5)
=

(
n∏

i=m+1

R (1− 2δi)

) ∏m
i=1Miµ(A)

1
piDi∏m

i=1Di
DCmµ(A)

(
1
p
− 1
p1
−...− 1

pm

)
H

(4),(13)
=

(
n∏

i=m+1

R (1− 2δi)

)
GDCmµ(A)

(
1
p
− 1
p1
−...− 1

pm

)
H

(6)
> u.

Hence (a1, ..., bk) /∈ Eu.
Case 2. p =∞. This case is possible only if inf{µ(E) : E ∈ Σ+} = 0. For any i = 1, ...,m, we de�ne:

A1
i := {x ∈ A : |ai(x)| ≥ CMi}, A2

i := A \A1
i .

Then for every i = 1, ...,m, we have

(δiR)
1
ri >‖ ai − f̃i ‖i≥

∣∣∣∣∣∣(ai − f̃i)χA2
i

∣∣∣∣∣∣
i
≥‖ (Mi(1− C))χA2

i
‖i= DiMi(1− C)µ(A2

i )
1
pi .

Hence by (12) (which works in this case), for every i = 1, ...,m,

µ(A2
i ) <

(
(δiR)

1
ri

DiMi(1− C)

)pi
(12)
= µ(A)

((
δi

1− δi

) 1
ri 1

(1− C)

)pi
.

Then for each i = 1, ...,m,

µ(A1
i ) = µ(A)− µ(A2

i ) > µ(A)

(
1−

((
δi

1− δi

) 1
ri 1

(1− C)

)pi)
.



DICHOTOMIES FOR LORENTZ SPACES 11

By Lemma 3.7 and (3), we obtain that µ
(
A1

1 ∩ ... ∩A1
m

)
> 0. Also, for µ-almost every x ∈ A1

1∩...∩A1
m,

we make use of (4), (7), (10) and (13) (which, clearly, works in this case) to obtain

|a1(x) · · · am(x) · b1(x) · · · bk(x)|
(10)

≥ CmM1 · · ·Mm

(
n∏

i=m+1

R (1− 2δi)

)
(4),(13)

=

=

(
n∏

i=m+1

R (1− 2δi)

)
CmGµ(A)

−
(

1
p1

+...+ 1
pm

)
(7)
> u.

Hence

||a1 · · · am · b1 · · · bk|| > u.

This ends the proof. �

We are ready to give a proof of Theorem 3.6

Proof. (of Theorem 3.6) For simplicity, we will write ‖ · ‖i and di, i = 1, ..., n instead of ‖ · ‖pi,qi and
dpi,qi , i = 1, ..., n, respectively.

By (1), for each i = 1, ..., n, there exist Ki, ri > 0 such that for every f, g ∈ Lpi,qi ,

(14) (‖ f − g ‖i)ri ≤ di(f, g) ≤ Ki (‖ f − g ‖i)ri ,

and if pi =∞, then Ki = ri = 1.

Since E
(p1,q1,...,pn,qn)
p,q =

⋃
u∈NEu (where each Eu is de�ned as in (2)), we have to show that there

exists α > 0 such that for each u > 0, the set Eu is α-lower porous.

Let u > 0. Without loss of generality, we assume that pi < ∞ for i = 1, ...,m and pi = ∞ for

i = m+ 1, ...,m+ k, where m+ k = n, m ≥ 1 and k ≥ 0.

Now let K := max{K1, ...,Kn} and λ > 0 be such that

m∑
i=1

(
λ

1− λ

) pi
ri

= 1.

It is easy to see that λ ≤ 1
2 . Take δ ∈ (0, λ). Then

m∑
i=1

(
δ

1− δ

) pi
ri

< 1.

Now take (f1, ..., fn) ∈ Lp1,q1 × ...×Lpn,qn and R > 0. Let
(
f̃1, ..., f̃n

)
∈ Lp1,q1 × ...×Lpn,qn be as in

Lemma 3.9, chosen for r1, ..., rn, u, (f1, ..., fn), R′ := R
K and δi := δ, i = 1, ..., n.

By (14) and Lemma 3.9, for every i = 1, ..., n, we have that

di

(
fi, f̃i

) (14)

≤ K
(
‖ fi − f̃i ‖i

)ri L 3.9
= K(1− δ)R′ = (1− δ)R,

so

(15) Bd

((
f̃1, ..., f̃n

)
,
δR

K

)
⊂ Bd

((
f̃1, ..., f̃n

)
, δR

)
⊂ Bd ((f1, ..., fn), R) ,
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where Bd((·, ..., ·), ·) denotes an open ball in (Lp1,q1 × ...× Lpn,qn , dmax).

On the other hand, by (14), for any i = 1, ..., n and any ai ∈ Lpi,qi , if di

(
f̃i, ai

)
< δR

K , then also(
‖ f̃i − ai ‖i

)ri
< δR

K = δR′. Hence and by Lemma 3.9, (a1, ..., an) /∈ Eu, which shows that

(16) Bd

((
f̃1, ..., f̃n

)
,
δR

K

)
∩ Eu = ∅.

By (15) and (16), Eu is 2λ
K -lower porous.

Now we will prove the last statement of the thesis. We may assume that p1, ..., pj < 1, pj+1, ..., pm ∈
[1,∞) and pm+1 = ... = pn =∞. For i = 1, ..., j, set ri := pi, and for i = j+ 1, ..., n, set ri := 1. Now

if λ := 1
m+1 , then

λ
1−λ = 1

m , so
m∑
i=1

(
λ

1− λ

) pi
ri

≤
m∑
i=1

1

m
= 1.

Proceeding similarly as above we get that each Eu is
2 1
m
1 -lower porous (note that here K = 1). �

Finally, Propositions 3.1, 3.2 and Theorem 3.6 imply the following partial dichotomy:

Corollary 3.10. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces such that if p < ∞, then

1
p 6=

1
p1

+ ...+ 1
pn

. Then the following conditions are equivalent:

(a) the set E
(p1,q1,...,pn,qn)
p,q is σ-α-lower porous in Lp1,q1 × ...× Lpn,qn for some α > 0;

(b) E
(p1,q1,...,pn,qn)
p,q 6= Lp1,q1 × ...× Lpn,qn;

(c) one of the conditions holds:

(i) Σ+ 6= ∅ and inf{µ(A) : A ∈ Σ+} = 0 and 1
p1

+ ...+ 1
pn
> 1

p ;

(ii) Σ+ 6= ∅ and sup{µ(A) : A ∈ Σ+} =∞ and 1
p1

+ ...+ 1
pn
< 1

p ;

(iii) µ(X) =∞ and min{p1, ..., pn} =∞ and p <∞.

Proof. Implication (a)⇒(b) is trivial. Implication (c)⇒(a) follows from Proposition 3.1 and Theorem

3.6. We will prove implication (b)⇒(c). Assume that (i), (ii) and (iii) do not hold. Consider two

cases:

Case 1. Σ+ = ∅ or min{p1, ..., pn} =∞.

Then the equality E
(p1,q1,...,pn,qn)
p,q = Lp1,q1 × ...×Lpn,qn follows from negation of (iii) and Proposition

3.1.

Case 2. Σ+ 6= ∅ and min{p1, ..., pn} <∞.

Then the negation of (i) and (ii) easily imply the assumptions of Proposition 3.2.

The result follows. �

Now we will deal with the case when 1
p1

+ ...+ 1
pn

= 1
p and min{p1, ..., pn} <∞.

Proposition 3.11. Assume that 1
p1

+ ...+ 1
pn

= 1
p . Then the following conditions hold:

(i) for q1, ..., qn ∈ (0,∞], E
(p1,q1,...,pn,qn)
p,∞ = Lp1,q1 × ...× Lpn,qn;
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(ii) for every qi ∈ (0, pi], i = 1, ..., n and q ∈ [p,∞], E
(p1,q1,...,pn,qn)
p,q = Lp1,q1 × ...× Lpn,qn.

Proof. Part (i) follows from Lemma 3.3 and Proposition 2.1 (ii).

Part (ii) follows from a general version of the Hölder inequality [G, Exercise 1.1.2] and Proposition

2.1 (ii). �

Now we show that we can also have E
(p1,q1,...,pn,qn)
p,q 6= Lp1,q1 × ...× Lpn,qn .

Proposition 3.12. Let X = Rk and µ be the Lebesgue measure on X, p′ < ∞, p = p′

n , q
′ ∈ (0,∞]

and q < q′

n . Then E
(p′,q′,...,p′,q′)
p,q 6= Lp

′,q′ × ...× Lp
′,q′.

Proof. Let t = q′

n . By [G, Exercise 1.4.8], there is f ∈ Lp,t \ Lp,q. Clearly, we may assume that

f ≥ 0. By Proposition 2.1, f
1
n ∈ Lpn,tn = Lp

′,q′ . Hence (f
1
n , ..., f

1
n ) ∈ Lp

′,q′ × ... × Lp
′,q′ and

f
1
n · · · f

1
n = f /∈ Lp,q. �

Now we show that the following dichotomy holds:

Theorem 3.13. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces with 1
p1

+ ...+ 1
pn

= 1
p . Then

the following conditions are equivalent:

(i) E
(p1,q1,...,pn,qn)
p,q 6= Lp1,q1 × ...× Lpn,qn;

(ii) E
(p1,q1,...,pn,qn)
p,q is a meager subset of Lp1,q1 × ...× Lpn,qn.

To prove the above fact, we need the following lemma. If Lp,q,Lp1,q1 , ...,Lpn,qn are Lorentz spaces

such that p, q <∞, then for every reals v, u > 0, we put

(17) Evu :=

{
(f1, ..., fn) ∈ Lp1,q1 × ...× Lpn,qn :

∫ ∞
0

µ({x : |f1(x) · · · fn(x)| > vλ})
q
pλq−1dλ < u

}
.

Lemma 3.14. Let n ∈ N and Lp,q,Lp1,q1 , ...,Lpn,qn be Lorentz spaces such that q, p, p1, ..., pn ∈ (0,∞).

If (h1, ..., hn) ∈ Lp1,q1 × ...× Lpn,qn is such that h1 · · ·hn /∈ Lp,q, then for every u, v > 0, there exists

r > 0 such that

Bp1,q1 (h1, r)× ...×Bpn,qn (hn, r) ∩ Evu = ∅.

Proof. Let (h1, ..., hn) ∈ Lp1,q1× ...×Lpn,qn be such that h1 · · ·hn /∈ Lp,q. In particular, h1···hnv2n /∈ Lp,q,

so

(18)

∫ ∞
0

µ({x : |h1(x) · · ·hn(x)| > v2nλ})
q
pλq−1dλ =∞.

Now for every k ∈ N, set

Ak :=

{
x ∈ X : k > |hi(x)| > 1

k
, i = 1, ..., n

}
.
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Since for every i = 1, ..., n, pi <∞, we have that µ(Ak) <∞ for every k ∈ N. Now let A :=
⋃
k∈NAk.

Then A = {x ∈ X : ∞ > |h1(x) · · ·hn(x)| > 0}, so by (18) and a fact that for each i = 1, ..., n,

µ{x ∈ X : |hi(x)| =∞} = 0, we get∫ ∞
0

µ({x ∈ A : |h1(x) · · ·hn(x)| > v2nλ})
q
pλq−1 dλ =∞.

Hence by the Lebesgue monotone convergence theorem, there exists k > 0 such that

(19)

∫ ∞
0

µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})
q
pλq−1 dλ > u.

De�ne

s0 := inf{λ > 0 : µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ}) = 0}.

By (19), we get s0 > 0, and since for λ > kn

v2n we have µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ}) = 0, we

also have s0 <∞. Moreover, again by (19), we obtain∫ s0

0
µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})

q
pλq−1dλ > u,

therefore for some s ∈ (0, s0),∫ s

0
µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})

q
pλq−1dλ > u.

By the de�nition of s0, we have µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2ns}) > 0. Hence and by the

Lebesgue monotone convergence theorem, there exists m > 0 such that for every λ ∈ (0, s], µ({x ∈
Ak : |h1(x) · · ·hn(x)| > v2nλ}) > 1

m and

(20)

∫ s

0

(
µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})− 1

m

) q
p

λq−1dλ > u.

Now set r > 0 such that

(21)
n∑
i=1

(
2rk

Di

)pi
<

1

m
,

whereDi := Dpi,qi , i = 1, ..., n. Now let (a1, ..., an) ∈ Lp1,q1×...×Lpn,qn be such that ‖ hi−ai ‖pi,qi< r

for every i = 1, ..., n. For every i = 1, ..., n, put

(22) Ai :=

{
x ∈ Ak : |ai(x)| ≤ 1

2
|hi(x)|

}
.

Then for every i = 1, ..., n, we have

r > ‖ hi − ai ‖pi,qi ≥
∣∣∣∣∣∣∣∣12hiχAi

∣∣∣∣∣∣∣∣
pi,qi

≥ 1

2k
Diµ(Ai)

1
pi ,

so for every i = 1, ..., n, we have

(23) µ(Ai) <

(
2rk

Di

)pi
.
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Hence, by (21) � (23), for every λ ≥ 0, we get

µ({x ∈ X : |a1(x) · · · an(x)| > vλ}) ≥ µ

({
x ∈ Ak \

n⋃
i=1

Ai : |a1(x) · · · an(x)| > vλ

})
(22)

≥

µ

({
x ∈ Ak \

n⋃
i=1

Ai : |h1(x) · · ·hn(x)| > v2nλ

})
(21),(23)

≥ µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})− 1

m
.

Therefore by (20), ∫ ∞
0

µ({x ∈ X : |a1(x) · · · an(x)| > vλ})
q
pλq−1dλ ≥∫ s

0

(
µ({x ∈ Ak : |h1(x) · · ·hn(x)| > v2nλ})− 1

m

) q
p

λq−1dλ
(20)
> u,

so (a1, ..., an) /∈ Evu. �

Proof. (Theorem 3.13) We only have to prove implication (i)⇒(ii). Hence assume (i). By Proposition

3.11 (i), we can assume that

min{p1, ..., pn} <∞ and p, q <∞.

Moreover, without loss of generality, we can assume that p1, ..., pm <∞ and pm+1 = ... = pm+k =∞
for some m ≥ 1 and k ≥ 0 with m+ k = n.

Now take (h1, ..., hn) ∈ Lp1,q1 × ... × Lpn,qn with h1 · · ·hn /∈ Lp,q. Since hm+1, ..., hn ∈ L∞, we get

h1 · · ·hm /∈ Lp,q.

For any v, u > 0, let Evu be de�ned as in (17). Clearly, we have E
(p1,q1...,pn,qn)
p,q =

⋃
u∈NE

1
u, so we only

have to show that for every u > 0, the set E1
u is nowhere dense.

Let di,Ki, ri, i = 1, ..., n be as in (14). Set u > 0 and let (f1, ..., fm, g1, ..., gk) ∈ Lp1,q1× ...×Lpm,qm×
L∞ × ...× L∞ and R > 0. Now take r0 > 0 such that for every i = 1, ...,m,

(24) Kir
ri
0 ≤

1

2
R.

De�ne for every i = 1, ...,m,

f̃i(x) :=

 fi(x) + r0
‖hi‖pi,qi

|hi(x)|, fi(x) ≥ 0;

fi(x)− r0
‖hi‖pi,qi

|hi(x)|, fi(x) < 0,

and for i = 1, ..., k,

g̃i(x) :=

{
gi(x) + R

2 , gi(x) ≥ 0;

gi(x)− R
2 , gi(x) < 0.

Then, clearly, for each i = 1, ...,m, ‖ f̃i − fi ‖pi,qi= r0, and for each i = 1, ..., k, ‖ g̃i − gi ‖pi,qi= R
2 .

In particular, by (14) and (24), for every i = 1, ...,m, di

(
f̃i, fi

)
≤ 1

2R, and for each i = 1, ..., k,

dm+i (g̃i, gi) ≤ 1
2R. Hence

(25) Bd

((
f̃1, ..., f̃m, g̃1, ..., g̃k

)
,
1

2
R

)
⊂ Bd ((f1, ..., fm, g1, ..., gk) , R) .
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Since for every i = 1, ...,m and every x ∈ X, |f̃i(x)| ≥ r0
‖hi‖pi,qi

|hi(x)|, we get that f̃1 · · · f̃m /∈ Lp,q.

Now let l > 0 be as in the thesis of Lemma 3.14, chosen for
(
f̃1, ..., f̃m

)
, u and v =

(
4
R

)k
. Clearly,

we may assume that

(26) Kil
ri ≤ 1

2
R, i = 1, ..., n.

Let

(a1, ..., am, b1, ..., bk) ∈ Bp1,q1
(
f̃1, l

)
× ...×Bpn,qn(g̃k, l).

Then for µ-almost all x ∈ X,

|b1(x) · · · bk(x)| ≥
(

1

2
R− l

)k
≥
(
R

4

)k
.

Hence and by Lemma 3.14,∫ ∞
0

µ({x : |a1(x) · · · am(x)b1(x) · · · bk(x)| > λ})
q
pλq−1 dλ ≥

∫ ∞
0

µ

({
x : |a1(x) · · · am(x)| >

(
4

R

)k
λ

}) q
p

λq−1 dλ
L 3.14
> u,

so (a1, ..., am, b1, ..., bk) /∈ Eu1 . Hence

(27) Bp1,q1

(
f̃1, l

)
× ...×Bpn,qn(g̃k, l) ∩ E1

u = ∅.

Moreover, by (14) and (26), for every i = 1, ...,m, di

(
ai, f̃i

)
< 1

2R, and for every i = 1, ..., k,

di (bi, g̃i) <
1
2R. Hence

B
(
f̃1, l

)
× ...×B

(
f̃m, l

)
×B(g̃1, l)× ...×B(g̃k, l) ⊂ Bd

((
f̃1, ..., f̃m, g̃1, ..., g̃k

)
,
1

2
R

)
Since each open "ball" with respect to quasinorm has a nonempty interior (this follows from (14)),

the above together with (25) and (27), show that E1
u is nowhere dense. �

Problem 3.15. It would be interesting to �nd the necessary and su�cient condition, under which

E
(p1,q1,...,pn,qn)
p,q 6= Lp1,q1 × ...× Lpn,qn in the case when 1

p1
+ ...+ 1

pn
= 1

p .
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