
TANGENTIAL CHERN-WEILHOMOMORPHISM *Jan KUBARSKIInstitute of Mathematis, Tehnial University of  L�od�z,PL-90-924  L�od�z, Al.Politehniki 11, PolandAbstratMoore and Shohet gave the Chern-Weil homomorphism of a vetor bundlef over a foliated spae (M;F), measuring the nonexistene of partially atovariant derivatives. We look at this problem (restriting our interest to vetorbundles over foliated manifolds) from the point of view of nontransitive Liealgebroids. We use { for our problem { the Chern-Weil homomorphism of theregular Lie algebroid oming from the Lie algebroid A(f) of f by restriting itto the elements whose anhors are tangent to the foliation F . Our observationslead to the onjeture that we an sometimes obtain some essentially new kindsof harateristi lasses (with respet to the onstrution of Moore-Shohet)alled singular.1 Introdution1.1 Category of regular Lie algebroidsLet F be a C1 onstant dimensional and involutive distribution on a C1 Haus-dor� paraompat onneted manifold M . By a regular Lie algebroid over a foliatedmanifold (M;F ) [5℄ (see also [3℄, [4℄, [7℄) we mean a system(A; [[�; �℄℄; )onsisting of a vetor bundle A over M and mappings[[�; �℄℄ : SeA� SeA! SeA;  : A! TM;suh that:*This paper is in �nal form and no version of it will be submitted for publiations elsewhere1



1) (SeA; [[�; �℄℄) is a real Lie algebra;2) , alled by K.Makenzie [7℄ an anhor, is a homomorphism of vetor bundles,and Im = F ;3) Se :SeA! X (M); � 7!  Æ �, is a homomorphism of Lie algebras;4) [[�; f � �℄℄ = f � [[�; �℄℄ + ( Æ �)(f) � �, �, � 2SeA, f 2 C1(M).A Lie algebroid (A; [[�; �℄℄; ) is alled transitive if F = TM .Let (A; [[�; �℄℄; ) and (A0; [[�; �℄℄0; 0) be two Lie algebroids on the same manifold M .By a homomorphism H : (A; [[�; �℄℄; )! (A0; [[�; �℄℄0; 0)between them we mean a homomorphism H : A ! A0 of vetor bundles over idM :M !M suh that:1) 0 ÆH = ;2) SeH : SeA0 ! SeA, � 7! H Æ �, is a homomorphism of Lie algebras.A homomorphism H of Lie algebroids indues a homomorphism of the assoiatedexat Atiyah sequenes0 �! ggg ,! A �! F �! 0# H+ # H #0 �! ggg0 ,! A0 0�! F 0 �! 0 :A trivial Lie algebroid is de�ned to be one isomorphi to (TM�g; [[�; �℄℄; pr1) whereg is a �nite-dimensional Lie algebra and the braket is given by the formula[[(X; �); (Y; �)℄℄ = ([X; Y ℄;LX� � LY � � [�; �℄);X; Y 2 X (M); �; � 2 C1(M ; g). Every transitive Lie algebroid over a manifolddi�eomorphi to Rn is trivial [6℄, [7℄.1.2 Soures of Lie algebroidsDi�erential Geometry has disovered many objets whih determine Lie algebroids,suh as, for example, di�erential groupoids, prinipal bundles, vetor bundles, transver-sally omplete foliations, nonlosed Lie subgroups, Poisson manifolds, some ompletelosed pseudogroups, and ations of Lie groups on manifolds.On the other hand, if (A; [[�; �℄℄; ) is a transitive Lie algebroid on M and (M;F ) isa foliated manifold, then AF := �1[F ℄ � A forms, in an evident manner, a regularLie algebroid over (M;F ). For example, a prinipal bundle or a vetor bundle overa foliated manifold determines an objet whih is the fundamental tool serving ourproblem. For the other examples, see "Charateristi homomorphisms of regular Liealgebroids", Poster, European Congress of Mathematis, Paris, 1992, ontained in [6℄.2



1.3 Representations and invariant ross-setionsLet f be a vetor bundle over M . We reall [5℄ (see also [7℄) that the �bre A(f)jx ofthe Lie algebroid A(f) of f over x onsists of all linear homomorphisms l :Sef! fjx,alled f-vetors, for whih there exists a vetor u 2 TxM suh thatl(f � �) = f(x) � l(�) + u(f) � �(x); f 2 C1(M); � 2 Sef:u is the anhor of l and is denoted by q(l). A ross-setion � 2 SeA(f) de�nesa ovariant di�erential operator L� : Se f ! Se f; L�(�)(x) = �x(�); x 2 M ;L[[�;�℄℄ = [L�;L�℄ = L� Æ L� � L� Æ L� [7℄.The Lie algebroid A(f) is (loally) desribed in the following:Theorem 1.3.1 [5; 5.4.4℄ Let  : U � V ! p�1[U ℄ be a loal trivialization of avetor bundle f (with V as a typial �bre). For � 2 Se f, denote by � the funtionU 3 x 7!  �1jx (�x) 2 V: Then the mapping� : TU � End(V ) �! A(f)jUsuh that � (v; a)(�) =  jx(�v(� ) + a(� (x)))when v 2 TxU and a 2 End(V ), is an isomorphism of Lie algebroids. 2By a representation of a Lie algebroid A on f [5℄, [7℄ we mean a homomorphismT : A! A(f) of Lie algebroids. A ross-setion � 2 Se f is alled T{invariant ifT (v)(�) = 0 for all v 2 A:Denote by (Se f)IÆ(T ) (or (Se f)IÆ when there is no misunderstanding) the spae ofall T -invariant ross-setions of f.1.4 Connetions, urvature and the Chern-Weil homomor-phism of regular Lie algebroidsLet A be any regular Lie algebroid over a foliated manifold (M;F ). Any splitting� : F ! A of the exat Atiyah sequene0 �! ggg ,! A �! F �! 0� �is alled a onnetion in A. The tangential di�erential form
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de�ned by 
(X; Y ) = �Æ[X; Y ℄� [[�ÆX; �ÆY ℄℄; X; Y 2 SeF;is alled the urvature tensor of �. If A = A(P )F , P being a prinipal bundle andA(P ) = TP=G { its Lie algebroid [4℄, [7℄, then there is a bijetion between onnetionsin A and partial onnetions in P over F .By the adjoint representation adA : A ! A(ggg) of a regular Lie algebroid A wemean the one de�ned by adA(v)(�) = [[�; �℄℄(x) where � is an arbitrarily takenross-setion of A suh that �(x) = v 2 Ajx and � 2 Seggg. The mapping adA induesanonially a representation Wk ad\A of A on the symmetri power Wk ggg? denoted, forshort, also by adA. Let IÆk(A) := (Se(Wk ggg?))IÆ be the spae of invariant elementswith respet to this representation. IÆ(A) := Lk�0 IÆk(A) forms an algebra. Wereall that � 2 IÆk(A) if and only � 2 Se(Wk ggg�) and8�2SeA 8�1;::: ;�k2Seggg ( (Æ�)h�; �1 _ : : : _ �ki= kXi=1h�; �1 _ : : : _ [[�; �i℄℄ _ : : : _ �ki )Theorem 1.4.1 [5℄ For � 2 IÆk(A) and the urvature tensor 
 of a onnetion inA, the real tangential form�(�) = 1k!h�;
 _ � � � _ 
| {z }k times i 2 
2kF (M)is losed. The mapping hA : IÆ(A)! HF (M); � 7! [�(�)℄; (1.4.1)alled the Chern-Weil homomorphism of A, is a homomorphism of algebras indepen-dent of the hoie of a onnetion. 2Remark 1.4.2 HF (M) in the above theorem denotes the tangential ohomology spaeof (M;F ) being the ohomology spae of the omplex (
F (M); dF ) of real tangentialdi�erential forms, where dF is the standard di�erentiation de�ned in an elementaryway in terms of loal oordinates [8℄ or, equivalently, by the global formula, the sameas for usual real di�erential forms.Remark 1.4.3 Homomorphism (1.4.1) for the Lie algebroid A(P ) of a onneted prin-ipal bundle P = P (M;G) agrees with the lassial Chern-Weil homomorphismhP : I(G) ! HdR(M) of P [2℄ in the sense that there exists a natural isomorphism� : I(G)! IÆ(A) of algebras suh thathA(P ) Æ � = hPWe pay our attention to the fat that this holds although in the Lie algebroid A(P )there is no diret information about the struture Lie group G of P whih may bedisonneted ! 4



Remark 1.4.4 There are transitive Lie algebroids whih do not ome from prini-pal bundles but have nontrivial Chern-Weil homomorphisms (Lie algebroids of sometransversally omplete foliations have this property [5℄ ).1.5 The inverse image of a regular Lie algebroid and of arepresentationIn [5℄ there is a onstrution of some important (from the tehnial point of view)notion of the inverse image f^A of a regular Lie algebroid A over (M;F ) by a mor-phism f : (M 0; F 0) ! (M;F ) of the ategory of foliated manifolds (i.e. a smoothmapping f : M 0 ! M suh that f?[F 0℄ � F ). In this paper we shall only take theabove notion for the inlusion iL : (L; TL) ,! (M;F ) where L is a leaf of the foliationF . Then iL̂(A) is the transitive Lie algebroid for whih1) the total spae is equal to TL�iL?; A = f(v; w) 2 TL� A; v = wg;2) the projetion pr1 : TL�iL?; A! TL is the anhor;3) the Lie braket in Se(iL̂A) is de�ned uniquely by demanding that, for �; � 2SeA, [[( Æ � j L; � j L); ( Æ � j L; � j L)℄℄ = ([ Æ �;  Æ �℄ j L; [[�; �℄℄ j L):Clearly, the total spae of the Lie algebroid iL̂(A) is isomorphi to the restritionAjL via the linear isomorphism AjL 3 w 7! (w;w) 2 iL̂(A): Therefore we an identifyiL̂(A) with AjL to obtain a transitive Lie algebroid on L. The braket in Se(AjL)satis�es the ondition [[�jL; �jL℄℄ = [[�; �℄℄jL; �; � 2 SeA:We shall all AjL the restrition of A to the leaf L.The seond important "tehnial" notion is the inverse image f ?T of a represen-tation T : A ! A(f) over f : (M 0; F 0) ! (M;F ); see [5℄. For the inlusion iL, weobtain in this way the restrition TjL : AjL ! A(fjL) of T to L as a representationsuh that TjL(v)(�jL) = T (v)(�) for � 2 Se f:1.6 Representation of prinipal bundles on vetor bundlesDenote by Lf the GL(V )-prinipal bundle of all frames z : V �=�!fjx, x 2M (V beingthe typial �bre of f). Let � : G! GL(V ) be a homomorphism of Lie groups.
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De�nition 1.6.1 By a �-representation of a prinipal bundle P = P (M;G) on f wemean [5℄ a �-homomorphism H : P ! Lf between prinipal bundles. The homo-morphism H after its di�erentiation gives a homomorphism dH : A(P ) ! A(Lf) ofLie algebroids [4℄, [7℄; on the other hand, A(Lf) is anonially isomorphi to the Liealgebroid A(f) via some isomorphism �f : A(Lf)! A(f) de�ned by�f([v℄)(�) = u(�v(~�));where v 2 Tu(Lf); u 2 Lf; � 2 Se f, whereas~� : Lf! V; w 7! w�1(�(�w));see [5℄. The superposition H 0 = �f Æ dH : A(P )! A(f) is alled the di�erential of H.Let H : P ! Lf be a �-representation of P on f. A ross-setion � 2 Se f isalled H-invariant if there exists a vetor v 2 V suh that H(z)(v) = ��(z) for allz 2 P . Let (Se f)I(H) denote the spae of allH-invariant ross-setions of f. The spae(Se f)I(H) is isomorphi to the spae of �-invariant elements VI(�) via the isomorphismVI(�) ! (Se f)I(H) given by v 7! �v where �v(x) = F (z)(v) for all z 2 Pjx; x 2 M[5; 5.5.2℄.The ruial role in the sequel of the theory is played by the followingTheorem 1.6.2 [5; 5.5.3℄ The spaes of invariant ross-setions (Se f)I(H) and (Se f)IÆ(H0)under a representation H : P ! Lf and its di�erential H 0 : A(P ) ! A(f) are re-lated by (Se f)I(H) � (Se f)IÆ(H0). If P is onneted (nothing is assumed about theonnetedness of G !), then (Se f)I(H) = (Se f)IÆ(H0): 2Let ggg be the LAB adjoint of A(P ). By the adjoint representation of P we meanthe (AdG : G! GL(V ))-representation AdP : P ! Lggg de�ned by AdP (z) = ẑ whereẑ : g ! gggj�(z) is an isomorphism of Lie algebras de�ned by ẑ(v) = [(Az)?e(v)℄, whereAz : G! P; a 7! za, (g denotes here the right! Lie algebra of G). Aording to [5℄,we have (AdP )0 = adA(P ):2 Partially invariant ross-setionsLet (A; [[�; �℄℄; ) and f be a transitive Lie algebroid and a vetor bundle on a manifoldM , respetively. Assume that F � TM is a C1 onstant dimensional involutivedistribution and F { the foliation determined by F . We reall that A and F giverise to the regular Lie algebroid over (M;F ) where we put AF := �1[F ℄ � A; see[5; 1.1.3℄. Its Atiyah sequene is0 �! ggg ,! AF F�! F �! 0 ;6



where ggg is the Lie algebra bundle adjoint of A, and F := jAF . Any representationT : A! A(f) of A on f [5; 2.1.1℄ restrits to the representationT F = T jAF : AF �! A(f)of AF on f. Any T F{invariant ross-setion � 2 Se f will be alled a partially invariantross-setion with respet to T over F .For any leaf L �M of the foliation F , we have the restrition AFjL of AF and theinverse image T FjL : AFjL �! A(fjL)of T F :Aording to this, the following lemma is obvious.Lemma 2.1 A ross-setion � 2 Se f is T F -invariant if and only if, for eah leaf Lof F , the restrition �jL 2 Se fjL is T FjL -invariant. 2Lemma 2.2 For �nitely many F-basi funtions f i 2 
Æb(M;F) and T -invariantross-setions �i 2 Se f; Pi f i � �i is a T F -invariant ross-setion, in other words,
Æb(M;F) � (Se f)IÆ(T ) � (Se f)IÆ(TF ) : (2:1)Proof. For � 2 SeAF , we obtainLTF Æ �(Xi f i � �i) =Xi f i � LTF Æ �(�i) + (Æ �)(f i) � �i = 0beause LTF Æ �(�i) = LTÆ �(�i) = 0 by the T -invariane of �i, and (Æ �)(f i) = 0 bythe fat that f i ia basi and Æ � 2 SeF . 2Inlusion (2.1) an not always be replaed by the equality, whih means that,in general, not every T F -invariant ross-setion is of the form Pi f i � �i for F -basifuntions f i and T -invariant ross-setions �i, see example (2.4) below.An important lass of examples in whih (2.1) is the equality is desribed later inTh.3.2.2.De�nition 2.3 Eah T F -invariant ross-setion � 2 (Se f)IÆ(TF ) not belonging to
Æb(M;F) � (Se f)IÆ(T ) will be alled singular. The harateristi lass orrespondingto any singular ross-setion will be also alled singular.Example 2.4 Consider the M�obius bandM with the foliation F by "meridians", see
7



the Fig. 1.

Fig. 1Let F denote the tangent bundle to F . EquipM with a at Riemannian struturefor whih the �elds e1 = ��x and e2 = ��y form an orthonormal base. The vetor �elde1 on M is not ontinuous at points of the segment AB.Let P be the O(2;R)-prinipal bundle of orthonormal frames of the tangent bundleTM . P is onneted beauseM is not orientable [2℄ (therefore the struture Lie groupO(2;R) annot be redued to SO(2;R)).Consider the Atiyah sequene of the Lie algebroid (A(P ); [[�; �℄℄; ) of the prinipalbundle P : 0 �! ggg ,! A(P ) �! TM �! 0 ;where ggg �= EndSk(TM; TM) is the vetor bundle of skew-symmetri endomorphisms( eah element � 2 gggjx with respet to the base e1x; e2x has a matrix of the form h 0 � 0ifor some real  ).Denote by A(ggg) the Lie algebroid of the vetor bundle ggg. Consider the adjointrepresentation adA(P ) : A(P )! A(ggg) and the one adFA(P ) : A(P )F ! A(ggg) determinedby adA(P ).For a real  2 R; ~ denotes the ross-setion of ggg whose value at x 2 M isan endomorphism TxM �! TxM with the matrix h 0 � 0i. The ross-setion ~ isontinuous exept at points of the segment AB, and ~ restrited to any leaf L of thefoliation F ; ~jL, is:1) smooth,2) invariant with respet to the restrited representation ad(L) : A(P )FjL �!A(ggg)jL (equal to the adjoint representation of the Lie algebroid of the prinipalbundle PjL). 8



It is evident to see the property 1) holds. As for 2), leaves of F are di�eomorphi to thesegment (0; 1) � R, therefore the transitive Lie algebroid A(P )FjL is trivial: A(P )FjL �=TI � Sk(2;R); I= (0;1) � R, see 1.1. In this identi�ation, ~ is a onstant ross-setion (0; h 0 � 0i). The equality [[�; ~℄℄ = 0 for any � 2 Se(TI � Sk(2;R)) now followstrivially from the de�nition of the braket in the Lie algebra Se(TI � Sk(2;R))for the trivial Lie algebroid TI � Sk(2;R). The property 2) an be also notied inanother way by using Proposition 5.5.2 in [5℄: L is ontratible, so PjL has a redutionto SO(2;R), say, P 0L. On the other hand, Sk(2;R) is abelian, therefore eah of itselements is invariant with respet to the adjoint representation of Sk(2;R) [2℄, and ~orresponds (via the isomorphism desribed in Prop. 5.6.2 [5℄, applied to P 0L) to theinvariant element h 0 � 0i.De�ne a ross-setion Pf 2 Seggg� by the formula Pf(h 0 � 0i) = . Of ourse,Pf is ontinuous exept at points of the segment AB. Besides, Pf has propertiesanalogous to 1) and 2) above (we only need to hange the representation adA(P ) byits ontragredient). Notie that Pf restrited to L orresponds to the PfaÆan [1℄ forthe prinipal bundle P 0L.The last step of our onstrution will be the smoothing of Pf whih onsists inmultiplying it by a suitable basi funtion g. First, we notie that the spae of leavesof F is the irle S1 with a base point x0 orresponding to the segment AB. Next, g isde�ned in suh a way that it is C1 and has only one zero at x0 and all the derivativesare also zero at x0. Clearly, Pf � g is the sought-for partially invariant ross-setion.3 The tangential Chern-Weil homomorphism3.1 The tangential Chern-Weil homomorphism of a transi-tive Lie algebroidDe�nition 3.1.1 By the tangential Chern-Weil homomorphism of a transitive Liealgebroid A, over a foliated manifold (M;F ), we mean the Chern-Weil homomorphismhAF : IÆ(AF ) �! HF (M)of the regular Lie algebroid AF .Clearly, hAF measures the nonexistene of at onnetions in AF .For any leaf L of the foliationF , the Atiyah sequene of the transitive Lie algebroidAFjL is 0 �! gggjL ,! AFjL jL�!TL �! 0 :Without any diÆulties we an verify the following9



Proposition 3.1.2 The Chern-Weil homomorphisms hA of A, hAF of AF and hAFjLof AFjL are onneted with one another via the ommuting diagramIÆ(A) hA���! H(M)�#1�� ???y ???y �#�F
Æb(M;F)�IÆ(A) i���! IÆ(AF ) hAF���! HF (M)�#�jL ???y ???y �#�jLIÆ(AFjL) hAFjL���! HdR(L)where �F is the tangential ohomology lass whose representantive omes from somerepresentantive of � by restriting it to vetors from the distribution F . 2Notie that the triviality of hA implies the same assertion for hAF Æ i :hAF Æ i(Xi f i � �i) =Xi f i � (hA(�i)) = 0:3.2 The tangential Chern-Weil homomorphism of a prinipalbundleLet P be a G-prinipal bundle on M , whereas F � TM and F are as above.De�nition 3.2.1 By the tangential Chern-Weil homomorphism of P over (M;F )we mean the Chern-Weil homomorphism hA(P )F of the regular Lie algebroid A(P )F .Let g be the right Lie algebra of G and (W g?)I(G) | the algebra of G-invariantelements [2℄.Theorem 3.2.2 Let GÆ be the onneted omponent ontaining the unit of G. If eahGÆ-invariant element of W g? is G-invariant, then the domain of the homomorphismhA(P )F is equal to 
Æb(M;F)�IÆ(A(P )) (�= 
Æb(M;F)�(W g?)I(G) when P is onneted).Remark 3.2.3 The assumptions of the above theorem are satis�ed, for example, whenG is onneted or when G = GL(V ).Proof of Theorem 3.2.2. Sine the representation adA(P ) is the di�erential of therepresentation AdP and the same holds for the symmetri powers of their ontragredi-ents (see Th. 5.4.3 in [5℄), the theorem learly follows from the following Proposition.2 10



Proposition 3.2.4 Let A = A(P ) for a G-prinipal bundle P on a manifold M , andlet f be a vetor bundle on M with a typial �bre V . Assume that T : A(P ) ! A(f)is the di�erential of some (� : G ! GL(V ))-representation H : P ! L(f) of P on f(see 1.6). If eah (�jGÆ : GÆ ! GL(V ))-invariant vetor v 2 V is �-invariant, then,for any involutive distribution F on M , eah T F -invariant ross-setion of f is of theform of a �nite sum Pi f i �	i for F-basi funtions f i and T -invariant ross-setions	i.Proof. Aording to Propositions 5.5.2{3 in [5℄ we haveVI �= (Se f)I(H) � (Se f)IÆ(T )where VI is the spae of �-invariant vetors, whereas (Se f)I(H) and (Se f)IÆ(T ) arethe spaes of invariant ross-setions with respet to H and T , respetively.Let � 2 Se f be T F -invariant. In partiular, �x 2 fjx is (T F )+jx (= T+jx )-invariant(for the index "+", see setion 1.1). We reall, see setion 1.2 in [5℄, that the LABadjoint of A(f) is isomorphi to End f. Via this isomorphism, the following diagramg d����! End(V )ẑ???y ???y a#H(z)ÆaÆH(z)�1gggjx T+jx���! End (fjx)ommutes for eah z 2 P (ẑ is de�ned in setion 1.6). This easily implies that, forz 2 P , the vetor wx := H(z)�1(�x) 2 V is d�-invariant. By the assumption with G,wx is �-invariant [2℄. Let (w1; : : : ; wk) be a base of the spae VI of �-invariant vetors.Then there exists real numbers f 1(x); : : : ; fk(x) suh that wx = Pi f i(x) � wi; on theother hand, we have the equality � = Pi f i � �wi where �wi are H-invariant (thereforeT -invariant) ross-setions de�ned in 1.6. The linear independene of �wi proves thesmoothness of f i. Finally, we prove that f i 2 
Æb(M;F): Let X 2 SeF . There exists� 2 SeA(P )F suh that  Æ � = X. Therefore we obtain0 = LTF Æ�(Xi f i � �wi) =Xi (f � � LTÆ�(�wi) + ( Æ �)(f i) � �wi) =Xi X(f i) � �wi;whih implies X(f i) = 0. The free hoie of X proves that f i are basi. 23.3 The tangential Chern-Weil homomorphism of a vetorbundleLet f p�! M be a vetor bundle with typial �bre V and let G � GL(V ) be a Liesubgroup of GL(V ). Assume that A is any maximal family of distinguished loal11



trivializations  : U �V �! p�1[U ℄; U being an open subset ofM and SU =Msuh that the transition funtions have values in G. The pair (f;A), alled a vetorbundle with the struture Lie group G (or in the sequel, briey, a G-vetor bundle),determinesa) the G-prinipal bundle L(f;A) of distinguished framesL(f;A) = f jx : V �! fjx ;  2 A; x 2 U g;b) the transitive Lie algebroid denoted by A(f;A) (being a Lie subalgebroid of A(f)),putting A(f;A) = �f[A(L(f;A))℄(we reall that �f : A(Lf) �! A(f) is the anonial isomorphism of transitiveLie algebroids, see setion 1.6).De�nition 3.3.1 By the tangential Chern-Weil homomorphism of a G-vetor bundle(f;A), over a foliated manifold (M;F ), we mean the Chern-Weil homomorphismhA(f;A)F : IÆ(A(f;A)F) �! HF(M)of the regular Lie algebroid A(f;A)F .Now, we desribe elements of the Lie algebroids A(f;A) in terms of the vetorbundle (f;A).Theorem 3.3.2 Let l 2 A(f)jx ; x 2 M , then l 2 A(f;A)jx if and only if, for any 2 A suh that x 2 U , the endomorphismV 3 u 7�!  �1jx (l( (�; u))) 2 Vbelongs to the Lie algebra of G.We begin with the following lemma.Lemma 3.3.3 For an arbitrary loal trivialization  : U � V �! p�1[U ℄ of a vetorbundle f, the following diagramA(Lf) �f���! A(f) ̂Ax??? x??? � T (U)� Tid(GL(V )) id��V���! T (U)� End(V )is ommutative when1)  ̂A is a loal trivialization determined by  ̂ : U�GL(V )! Lf; (x; a) 7!  (x; �)Æa; via the formula (see [4; 1.1℄)  ̂A(v; w) = [( ̂)?(x;e)(v; w)℄;12



2) � is desribed in Th. 1.3.1,3) �V : Tid(GL(V ))! End (V ) is an isomorphism of Lie algebras (Tid(GL(V )) ismeant as a right Lie algebra), de�ned by [5; 5.2.1℄�V (w) : V �! V; u 7! �v(~u);where ~u : GL(V )! V; a 7! a�1(u):Proof. For v 2 TxU; w 2 Tid(GL(V )) and � 2 Se f, we obtain (see 1.6)�fÆ ̂A(v; w)(�) = �f([ ̂�(v; w)℄)(�)=  (x; e)(� ̂�(v;w)(~�))=  jx(�(v;w)(~�Æ ̂))=  jx(�v(~�Æ ̂(�; e)) + �w(~�Æ ̂(x; �)))=  jx(�v(� )) +  jx(�V (w)(� (x)))= � (v; �V (w))(�)= � (id� �V )(v; w)(�): 2Proof of Theorem 3.3.2. Suppose that x 2M and take an arbitrary loal trivial-ization  2 A suh that x 2 U . Clearly, the restrition  ̂G of  ̂ to U �G, ̂G : U �G �! L(f;A); (y; a) 7�!  (y; �)Æa ;is a loal trivialization of the G-prinipal bundle L(f;A). Passing to algebroids, wehave the following diagram:A(L(f;A)) ,! A(Lf) �f�! A(f)"  ̂AG "  ̂A " � TU � TidG ,! TU � Tid(GL(V )) id��V�! TU � End(V ) :Understanding GL(V ) as an open subset of End(V ), we have the anonial isomor-phism Tid(GL(V )) �= End(V ); then %V = �id (see 5.2.1 in [5℄). Let g � End(V) bethe Lie algebra ofG. Clearly, %V [TidG℄ = g, therefore, aording to the above diagram,the restrition � g of � to TU � g has values in A(f;A) and � g : TU � g! A(f;A) isa loal trivialization of the Lie algebroid A(f;A).Take l 2 A(f)jx: From the above we obtain:l 2 A(f;A)jx() � �1jx (l) 2 TU � g:To prove the " =) " part of our theorem, assume that l 2 A(f;A)jx and writel = � jx(q(l); a) for a 2 g (q(l) is the anhor of l, see 1.3) and notie that we must13



show the relation a(u) =  �1jx (l( (�; u))), i.e. equivalently, that  jx(a(u)) = l( (�; u)).But from the fat � (�;u) � u, we obtain jx(a(u)) =  jx(�q(l)(� (�;u)) + a(� (�;u)(x)))= � (q(l); a)( (�; u))= l( (�; u)):To prove the " (= " part, assume that a := (u 7!  �1jx (l( (�; u)))) belongs to g.It only remains to notie that l = � jx(q(l); a): However, l and � jx(q(l); a) are f-vetors with the same anhors, so, to show their identity, it is suÆient to hek theirbehaviour on the ross-setions generating the module Se f near x, for example, on (�; u), u 2 V :� jx(q(l); a)( (�; u)) =  jx(�q(l)( (�; u) ) +  �1jx (l( (�;  (�; u) (x))))= l( (�; u)): 2If r is a ovariant derivative in f, then, for v 2 TxM , x 2M , the linear mappingrv : Se f �! fjx; � 7�! rv�;is learly an f-vetor, i.e. rv 2 A(f)jx. Besides, the mappimgTM 3 v 7�! rv 2 A(f)is a onnetion in A(f). Conversely, any onnetion � : TM ! A(f) determines aovariant derivative r in f by the formularv(�) = �(v)(�); v 2 TM; � 2 Se f:Lemma 3.3.4 If r is the ovariant derivative in f orresponding to a onnetion �in A(f), then the urvature tensor R 2 
2(M ; End f) of r is equal to the urvaturetensor 
 of � multiplied by -1.Proof. For X; Y 2 X (M) and � 2 Se f, we have (see 1.3):
(X; Y )(�) = L�Æ[X;Y ℄(�)� L[[�ÆX;�ÆY ℄℄(�)= r[X;Y ℄(�)� [rX ;rY ℄(�)= �RX;Y (�): 2Corollary 3.3.5 A onnetion � in A(f) is at over an involutive distribution F �TM if and only if the orresponding ovariant derivative in f is at over F . 2De�nition 3.3.6 A ovariant derivative r in f will be alled a ovariant derivativein the G-vetor bundle (f;A) if the orresponding onnetion r in A(f) has values inA(f;A). 14



Clearly, the orrespondene (desribed above) between onnetions in A(f;A) andovariant derivatives in (f;A) is one-to-one.Aording to Th. 3.3.2, r is a ovariant derivative in (f;A) if and only if, for any 2 A, x 2 U and v 2 TxM , the endomorphismV 3 u 7�!  �1jx (rv( (�; u))) 2 Vbelongs to the Lie algebra g of G.Remark 3.3.7 Important examples of a redution of the struture Lie group GL(V ) inf an be obtained via the so-alled �-bundles [2; Ch.VIII℄. Let (f;�f) be an arbitrary�-bundle, �f being a �nite ordered set of ross-setions �i of fpi;qi (:= 
pif?N
qif),i � m, subjet to the following ondition:there is a �nite ordered system �V = fv1; : : : ; vmg of tensors vi 2 V pi;qi (V isthe typial �bre of f) and there is a system of loal trivializations A of f suhthat, for eah  2 A,  pi;qijx (vi) = �i(x); i � m; x 2 U .The pair (f;A) is then a vetor bundle with a redution to the losed Lie subgroupG � GL(V ) onsisting of those and only those linear isomorphisms ' : V ! V forwhih 'pi;qi(vi) = vi; i � m. The Lie algebra g of G is the subalgebra of End(V )onsisting of the linear transformations ' of V whih satisfy �pi;qi' (vi) = 0; i � m,where �pi;qi is the anonial representation of the Lie algebra End(V ) on V pi;qi [2℄.Denote also by �pi;qi the anonial representation of the Lie algebroid A(f) on fpi;qi,generated by the idential one idA(f) : A(f)! A(f); see [5; 2.2℄.By the above, there are no essential diÆulties to proveProposition 3.3.8 Let l 2 A(f)jx; x 2M ; then l 2 A(f;�f)jx if and only if �pi;qi(l)(�i) =0; i � m: 2A ovariant derivative r in f detrmines, in the standard way, the ovariant deriva-tive rpi;qi in fpi;qi. Clearly, we have rpi;qi = �pi;qi Æ r. Aording to this and the lastproposition, we obtainCorollary 3.3.9 A ovariant derivative r is in (f;�f) if and only if rpi;qi(�i) =0; i � m, i.e. if and only if r is a �-onnetion. 2As an example onsider a Riemannian bundle (f; fGg), G being a Riemanniantensor in f. In this ase, ovariant derivatives in (f; fGg) are simply Riemannianonnetions.Now on the base M let us de�ne a foliation F having F � TM as its tangentbundle. If � is a onnetion in the G-vetor bundle (f;A), then the operator rde�ned by rv(�) = �(v)(�); v 2 F; � 2 Se f, is a partial ovariant derivative in fover F in the sense of [3℄. Conversely, a partial ovariant derivative in f over F suhthat rv 2 A(f;A) for v 2 F (alled a partial ovariant derivative in (f;A) over F )15



determines a onnetion F 3 v 7! rv 2 A(f;A) in A(f;A)F . This orrespondene isone-to-one. Clearly, in the ase of a �-bundle (f;�f), a partial ovariant derivative rin f over F is in the bundle (f;�f) if and only if r� = 0 for � 2 �f.Now, pass to the investigation of the Chern-Weil homomorphism of the regularLie algebroid A(f;A)F . Aording to the above, its nontriviality means that in (f;A)there is no at partial ovariant derivative over F .3.4 Open problem| Find some G-vetor bundle (f;A) over a foliated manifold, possessing nontrivialsingular harateristi lasses.Let Pont(A) := Im(hA) be the Pontryagin algebra of a regular Lie algebroid A.Consider a nonorientable Riemannian vetor bundle f of rank 2m and a onnetedO(2m;R)-prinipal bundle P of orthonormal frames of f, and the transitive Lie alge-broid A = A(P ). We have Pont2m(P ) = Pont2m(A) = 0 (and, of ourse, Pontk(P ) = 0for k > 2m).Conjeture 3.4.1 There exists an example of a nonorientable Riemannian vetorbundle f and an involutive distribution F with orientable leaves on the base M of f,for whih Pont2m(AF ) 6= 0:(Stronger onjeture: f an be taken as the tangent bundle TM to some manifoldM).Singular partial invariant ross-setions from the domain of h2m(AF ) an be ob-tained by "gluing" and "smoothing" the ross-setions (de�ned on leaves) omingfrom the PfaÆans (as in Example 2.1).Referenes[1℄ J. L. Dupont, Curvature and harateristi lasses, Leture Notes in Mathe-matis 640, Springer-Verlag 1978.[2℄ W. Greub, and S. Halperin, and R. Vanstone, Connetions, Curvature,and Cohomology, Vol II, Aademi Press, New York and London, 1973.[3℄ F. Kamber, and Ph. Tondeur, Foliated Bundles and Charateristi Classes,Letures Notes in Mathematis 493, Springer-Verlag 1975.[4℄ J. Kubarski, Lie algebroid of a prinipal �bre bundle, Publ. Dep. Math. Uni-versite de Lyon 1, 1=A, 1989.[5℄ J. Kubarski, The Chern-Weil homomorphism of regular Lie algebroids, Publ.Dep. Math. Universite de Lyon 1, (to appear).16
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