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Abstract. The index of the classical Hirzebruch signature operator on a manifold M is
equal to the signature of the manifold. The examples of Lusztig ([10], 1972) and Gromov
([4], 1985) present the Hirzebruch signature operator for the cohomology (of a manifold)
with coefficients in a flat symmetric or symplectic vector bundle. In [6], we gave a signature
operator for the cohomology of transitive Lie algebroids.

In this paper, firstly, we present a general approach to the signature operator, and the
above four examples become special cases of a single general theorem.

Secondly, due to the spectral sequence point of view on the signature of the cohomology
algebra of certain filtered DG-algebras, it turns out that the Lusztig and Gromov examples
are important in the study of the signature of a Lie algebroid. Namely, under some natural
and simple regularity assumptions on the DG-algebra with a decreasing filtration for which
the second term lives in a finite rectangle, the signature of the second term of the spectral
sequence is equal to the signature of the DG algebra. Considering the Hirzebruch—Serre
spectral sequence for a transitive Lie algebroid A over a compact oriented manifold for which
the top group of the real cohomology of A is nontrivial, we see that the second term is just
identical to the Lusztig or Gromov example (depending on the dimension). Thus, we have a
second signature operator for Lie algebroids.

DOI: 10.1134/S1061920809030108

1. PRELIMINARIES CONCERNING LIE ALGEBROIDS, AND
THE SIGNATURE OF TRANSITIVE LIE ALGEBROIDS

The Lie algebroids arose as infinitesimal objects associated with Lie groupoids, principal fiber
bundles, vector bundles (Pradines, 1967), TC-foliations and nonclosed Lie subgroups (Molino,
1977), Poisson manifolds (Dazord, Coste, Weinstein, 1987), etc. Their algebraic equivalents are
known as Lie pseudo-algebras (Herz, 1953), which are also referred to as Lie-Rinehart algebras
(Huebschmann, 1990).

A Lie algebroid on a manifold M is a triple A = (A, [-, ], #a4), where A is a vector bundle on M,
(Sec A, [-,-]) is an R-Lie algebra, #4 : A — T'M is a linear homomorphism (the so-called anchor)
of vector bundles, and the Leibniz condition [, f-n] = f-[§,n] + #4(&)(f) -n (where f € C°°(M)
and &,n € Sec A) is satisfied.

The anchor is bracket-preserving, #4 o [,n] = [#a4 0 &, #4 o n]. A Lie algebroid is said to be
transitive if the anchor # 4 is an epimorphism. For a transitive Lie algebroid A,

(1) the Atiyah sequence holds,

0—>g<—>A#—A>TM—>O, g = ker #4, (1)
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(2) the fiber g, of the bundle g at the point € M is the Lie algebra (the so-called isotropy
Lie algebra of A at z € M) with the commutator operation [v,w] = [{,n](x), &,n €
Sec A, 5('7:) =, 77(7"> =w, U,WE gy,

(3) the vector bundle g is a Lie algebra bundle (briefly, LAB), the so-called adjoint of A, and
the fibers are isomorphic Lie algebras.

The tangent bundles to manifolds and finite-dimensional Lie algebras are simple examples of
transitive Lie algebroids.

To an arbitrary (transitive or not) Lie algebroid A we assign the cohomology algebra H(A)
defined via the DG-algebra of A-differential forms (with real coefficients) (2(A),d4), where

QA) = Sec/\A* is the space of cross-sections of /\ A% da:Q%(A) — Q*TH(A),
k

(daw) (o, - - &) = Z(—l)j #Ha0&) (W (Ee-vsdsesr))

7=0
+ Z(il)i—kjw ([[52’7'5]’]]7507 B 7’27 v 7j7 v 7£k)7 (2)

1<j

w € QF(A), and &; € Sec A. The operators d¥ satisfy the condition d4 (w A1) = dawAn+ (—DFwA
dam; thus, they are of first order, and the symbol of d¥ is equal to S (d’jl) () ° /\]C Ar — /\kJrl Az,

where (di)(m v) (u) = (vo(#a),) ANu, 0# v e T;M. This implies the following assertion.

Proposition 1.1. The sequence /\k A is exact if
and only if A is transitive. Therefore, the complex {d,i\} is elliptic provided that A is transitive.

S(d3) (@) p k1 St ) @) p kg2
T €T

Proof. The composition is zero. If 0 # v € Ty M and A is transitive, then o = (vo (#4),) # 0
and S (d’fl) (2) = P> ps(u) = vAu. By the properties of exterior algebras, the sequence of symbols
is exact. If A is not transitive, then there is a covector 0 # v € Ty M such that o = (vo (#a4),) = 0.
Hence, o (d’;x) (ew) = PP = 0 for any k, and the sequence of symbols is not exact.

For the trivial Lie algebroid TM (the tangent bundle of the manifold M), the differential drp; is
the ordinary de Rham differential dj; of differential forms on M, whereas, for L = g (a Lie algebra),
the differential dg is the usual Chevalley-FEilenberg differential, dy = dg.

Theorem 1.2 [Kubarski-Mishchenko [8], 2004]. For any transitive Lie algebroid (A,[-,-],#a)
with the Atiyah sequence (1) over a connected compact oriented manifold M , the following conditions
are equivalent (m = dim M and n = dim g|,, i.e., rank A = m + n):

(1) H™"(A) £ 0,

(2) H™™"(A4) =R,

(3) A is invariantly oriented, i.e., there is a global nonsingular cross-section € of the vector
bundle N\"g, 0 # e, € \" 8|z, invariant with respect to the adjoint representation of A

in the vector bundle \" g (extending the adjoint representation ads of A on g given by
(ada) (§): Secg — Secg, v+— [§,V]).

Condition (3) implies that the structure Lie algebras g, are unimodular. Lie algebroids sat-
isfying (3) arose in 1996 [5] under the title “TUIO-Lie algebroids” (transitive unimodular in-
variantly oriented). Since M is connected, any invariant cross-section ¢ is uniquely determined

up to constant factor. The fiber integral operator f,: QFA) — QSE”(M), k > n, given by
(fA w)m(wl, e Wh—n) = (=1 Wy (e, W1, . . ., Wp—_p) With # 4 (1;) = w;, commutes with the differ-
entials d4 and dj; if and only if € is invariant. In this case, the fiber integral defines a homomor-
phism in cohomology, fA# : H*(A) — H} ;" (M) and we obtain an isomorphism fA# : H™ 1" (A) =,
H7%, (M) = R. The Poincaré inner product P% : H*(A) x H™ "% (A) - R, (], [n]) — [ywAn =
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Jus (f4w An), is nondegenerate and, if m + n = 4p, then P7 : H?(A) x H*’(A) — R is nonde-
generate and symmetric. Therefore, its signature is well defined; it is referred to as the signature
of A and is denoted by Sig(A).

Problem 1.3. FEvaluate the signature Sig(A) and give conditions for the relation Sig(A) = 0.

There are examples for which Sig(A) # 0. In them the example of flat bundle over surfaces with
nonzero signature is used [4, 82].

In [6], a Hirzebruch signature operator for the cohomology H(A) was constructed. Below, we
look at this operator from a more general point of view, and also present a general mechanism

to calculate the signature via spectral sequences, see [8], in which we use two kinds of spectral
sequences associated with Lie algebroids, namely,

a) the spectral sequence of the Cech-de Rham complex,
b) the Hochschild—Serre spectral sequence.

2. GENERAL APPROACH TO SIGNATURE VIA SPECTRAL SEQUENCES

The idea to use spectral sequences, to find the signature comes from Chern, Hirzebruch, and
Serre [1]. Using spectral sequences, the authors proved the following assertion.

Theorem 2.1. Let . — M be a fiber bundle with the typical fiber F' and such that the following
two conditions hold:

(1) E, M, and F are compact connected oriented manifolds;
(2) the fundamental group (M) acts trivially on the cohomology ring H* (F') of F.

In this case, if E, M, and F are oriented coherently (in such a way that the orientation of E is
induced by those of F and M), then the index of E is the product of the indices of F and M, i.e.,
Sig(E) = Sig(F)- Sig(M).

The authors consider the Leray spectral sequence E?*? for the cohomology of the bundle £ — B
with real coefficients. By condition (2), the term Ej is the bigraded algebra E5'Y ~H?P (M; H? (F))
H? (M) ® H? (F) . Therefore, F¥"Y = 0 for p > m or ¢ > n. Clearly, Fs is a Poincaré algebra by
assumption (1). Using the spectral sequence argument, the authors noted that (FEs,ds,-), s > 2,
are Poincaré algebras with Poincaré differentiation. The infinite term (E,-) is also a Poincaré
algebra, and the coincidence of signatures Sig £y = Sig F3 = --- = Sig F, holds. The last step
Sig Fo, = SigH(FE) is also proved. We note that it is by no means trivial since the algebras E.,
and H (F) are not isomorphic in general (although E., = H (F) as bigraded spaces).

Recall that a finitely graded algebra ( * :@ogr@v AN U) is referred to as a Poincaré algebra if

(1) dim AN =1,

(2) zUy = (—1)¥yUzifz e A" ye Al ie., (4,U) is an anticommutative algebra,

(3) if € # 0 is a base element of A, then the bilinear form (-,-): A” x AN~" — R related to &
(i.e., (z,y)¢ = v Uy) is nondegenerate. Therefore, A" = (AN_T)* and dim A" = dim AN ",

The key to the further investigation is the notion of Poincaré differentiation, i.e., of a linear
homomorphism d: A — A satisfying the following conditions:

(1) d? =0,

(2) d[AT] C AT,

(3) d is an antiderivation,

(4) d [AN~'] =0 (in particular, if € A" and y € AN~ then dz Uy = —(—1)"z U dy).

By analogy with the signature of an oriented manifold, the signature of a finite-dimensional
Poincaré algebra (A = @ A", U) related to &, 0 # ¢ € AN is introduced. It must be zero if N # 0
(mod 4) and, if N = 4k, then Sig A is the signature of the symmetric nondegenerate function
(-, -)2k:2k - A2k A%F R defined relative to &, Sig A = Sig(-,-)2k:2k,

The following lemma is very useful below.
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Lemma 2.2 [1]. If (A,U,d) is a finite-dimensional Poincaré algebra with Poincaré differentia-
tion, then the graded cohomology algebra (H*(A),U) is a Poincaré algebra, and Sig A = SigH(A)
relative to the same element £, 0 # & € AN = HY (A, d).

Example 2.3. (1) Let E be any finite-dimensional vector space. Then the exterior algebra A E
is a Poincaré algebra. Its signature is zero.

(2) Let g be any real Lie algebra. Then the system (Ag*,A,d4) with the Chevalley-Eilenberg
differentiation d4 is a Poincaré algebra with Poincaré differentiation if and only if g is unimodular.
By the above lemma, if g is unimodular, then the cohomology algebra H (g) is a Poincaré algebra

and SigH (g) = Sig Ag* = 0.

It turns out that the Chern—Hirzebruch—Serre arguments used to prove the above theorems on
the signature of the total space of the bundle £ — M are purely algebraic and lead to the following
general theorems [8].

Theorem 2.4. Let ((A,(,)),A",U,D, A;) be any DG-algebra with grading A" and decreasing
filtration A; and let (E®?,d) be its spectral sequence. Assume that there are positive integers m
and n such that:

o ENY =0 forp>m and ¢ >n, m+n =4k,

e Fs5 is a Poincaré algebra with respect to the total grading and the top group E§m+”) = Ey"".

Then each term (Eg*),U,ds), 2 < 5 < 00, is a Poincaré algebra with Poincaré differentiation, and
the infinite term (EC(:;),U) 1s also a Poincaré algebra with Sig E5 = Sig B3 = --- = Sig E,.

If m and n are odd, then Sig F5y = 0. If m and n are even, then Sig Ey = Sig (Eé%) X Eézk) —
E{™ = Bt = R) = Sig (By*"? x By o BTN = EPM = R).

It remains to prove the relation Sig E,, = SigH(A). The same arguments as in the original
work [1] give the following general theorem.

Theorem 2.5. Let (A, A",U, D, A;) be any DG-algebra with a grading A™ and with a decreasing
filtration A; compatible with the DG structure, i.e., A;A; C A;rj, D(A;) C Aj, A; =@, A" N A;,
and satisfying the reqularity condition Ag = A, A=Ay D---DA; DAjr1D---. Let (EP9,dy) be
the spectral sequence associated with this graded differential filtered algebra A. Assume that

— the infinite term ED:1 lives in the rectangle 0 < p < m, 0 < g < n,
— dim E2" =1,
— FE is a Poincaré algebra with respect to the total grading; in particular, dim E, is finite.

Under the above assumptions on the graded differential filtered algebra A, the cohomology algebra
H(A) satisfies the following conditions:

(1) H™t"(A) = E™™; in particular, dim H™T"(A) = 1;

(2) the algebra H(A) = @™ " H"(A) is a Poincaré algebra;

(3) the signature of the cohomology of H(A) is equal to the signature of the term Eo, Sig Es =
Sig H(A), under a suitable choice of generators of the top groups.

Therefore, under natural simple regularity assumptions on the DG-algebra A", if E'? is a
Poincaré algebra living in a finite rectangle, then Sig (Fs) = Sig (H(A)) .

Let us apply this mechanism

(a) to the spectral sequence for the Cech-de Rham complex of the Lie algebroid A [8],

(b) to the Hochshild-Serre spectral sequences [9].

(a) For details, see [8]. Let H*(A) = (U — H* (A)y)) be the Leray-type cohomology presheaf
(locally constant on a good covering 1) with values in the cohomology algebra H* (g) of the
structural Lie algebra g. Then EP? = CP(, H9(A)) and d; = 0% : BP9 — EPTH where § is
the coboundary homomorphism, and E3? = H, (4, H9(A)). If the monodromy representation
p: m(M) = m(N)) — Aut(H(g)) of the presheaf H(A) is trivial, then ES? =~ HY (M) ®
H(g) (the isomorphisms are canonical isomorphisms of bigraded algebras). Therefore, Sig Fy =
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Sig (H(M) ® H(g)) = SigH(M) - SigH (g) . Hence, since the isotropy Lie algebra g is unimodular,
i.e., dimH" (g) = 1, it follows that SigH (g) = Sig A\ g* = 0, and therefore, Sig(A) = Sig H(A) =
Sig By = Sig(M) - Sig (g) = 0.

Example 2.6. The triviality condition for the monodromy (in the situation Sig(A) = 0) holds
provided that

e M is simply connected,

e Aut G = Int G, where G is a simply connected Lie group with the Lie algebra g (for example,
if g is a simple Lie algebra of type By, Cj, E7, Es, Fy, G>),

e the adjoint Lie algebra bundle g is trivial in the category of flat bundles (the cohomology
bundle H(g) of isotropy Lie algebras with typical fiber H (g) possesses a canonical flat
covariant derivative, which is of importance when studying the Hochshild—Serre spectral
sequence). For example, g is trivial, in the category of flat bundles, for the Lie algebroid
A (G5 H) of the TC-foliation of left cosets of a nonclosed Lie subgroup H in any Lie group G.

(b) Following Hochschild and Serre [2], for a pair of R-Lie algebras (g, ), one can consider a
graded cochain group of R-linear alternating functions Ag (P) = @y, Ak (P), Ak (P) = C* (g, P),
with values in a g-module P, g x P — P, with the standard R-differential operator d of degree 1
and the Hochschild-Serre filtration A; C Ag (P) as follows:

— Aj = Ag(P) for j <0,
— if j >0, then 4; = @,@j A?, A? =A; NAF, where A? consists of all k-cochains f for which
f(1,---y7) = 0 whenever k — j + 1 arguments ~; belong to ¢.

In this way, we have obtained a graded filtered differential R-vector space (AR =P k>0 Ak d, Aj).
Let us use its spectral sequence (EP?,d,). For a transitive Lie algebroid A = (A, [-,-],#4) with

the Atiyah sequence 0 — g — A e Vg 0, consider the pair of R-Lie algebras (g, ), where
g = Sec(4), = Sec(g). Following Mackenzie (1987) (see [13]), Itskov, Karasev, and Vorobjev
(1998) (see [11]), and Kubarski and Mishchenko (2004) (see [9]), consider the C'*°(M)-submodule
of C®(M)-linear alternating cochains QF(A) c C* (g,C°°(M)) with values in the trivial g-module
C*(M) (i.e., with respect to the trivial representation J¢(X) = #4(£)(X)) and the induced fil-
tration ; = Q;(A) = A; N Q(A) of C*°(M)-modules. In this way, we obtain a graded filtered
differential space (Q(A) =@, (A),da, Qj) and its spectral sequence (Eﬁ’f"s, dA,s)-

Assume as above that m = dim M and n = dimg),, i.e., rank A = m + n. The multiplica-
tion A and differentiation d4 of the differential forms (defined by (2)) preserves gradings and
filtrations, A: QF x QF — ijg and da: QF — Q?H. We have EL{ = Qpta(A)/QPTY and
a0 EXG — EZ’7%+1, [w] — [daw] . Taking an arbitrary connection A\: TM — A on the Lie alge-
broid A, we obtain an isomorphism of C°°(M)-modules [9, Con. 5.2], a’}: El, — QP (M;ng*),
a?? ([w]), (v1,.. ) (01,000 0q) = Wy (01,...,0¢, AV1,...,Avp), where v; € T, M and o0; € g|,.

Since w € Q?Jrq, the isomorphism a’}? does not depend on .

Through the isomorphism a’?, the differential da o : Efyf — Ef{%ﬂ can be identified with the
differentiation ‘Zi{:ko : QP (M;N1g*) — QP(M;A9T'g*) of differential forms with values in A?g*
with respect to the Chevalley-Eilenberg differential at any point for the isotropy Lie algebra g,

H(Q (M; \"g")dao) = QP(M;H?(g)). Therefore, E%S = H(ELY,dao) = QF(M:H*(g)),
where the isomorphism b9 is given by [w] —— [w0,] for w € QbF, dyw € in‘lﬁ'l, and @, €
QP (M; \?g*) is equal to @y, (v1,...,vp) (01,...,04) = w(0o1,...,04,AV1,...,Av,). Transfer the
differentials %% : B} — Eﬁfll’q to QP (M;H?(g)) by using the isomorphisms b”%. There is a
flat covariant derivative V¢ on the vector bundle H? (g) such that d%; = (—1)%dv. [9, Prop. 5.9],
and V7 is defined by V% [f] = [Lxf] for f € QP (M;Z [\ g*]), [f] € QF (M;H(g)), where
(Lxf)(o1,...,09) =0x (f(o1,...,09) = >ty f(o1,....[AX,04],...,04) (vecall that A : TM —
A is an arbitrary auxiliary connection in A). Therefore, B = HP(EY, d%%) = Hg, (M; H(g)),
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where the second isomorphism is given by [w] — [[@]].
Summing up, we obtain the following assertion.

Theorem 2.7. If A is a TUIO-Lie algebroid such that m +mn = 4p (with m = dim M and
n = dim g|$), then the following assertions hold.

a) If m and n are odd, then Sig A = 0.
b) If m and n are even, then Sig A = Sig Es = Sig (E§2p) X E§2p) — E§m+n) = E"" =

R) = Sig (E;n/z,n/z % E;n/z,n/z N E§m+n) = BV = ]R), where E;n/z,n/z _ H@i% (M; Hn/2(g))

and H@é% (M;H"?(g)) x H@/L% (M;H"2(g)) — HY, (M;H"(g)) = R is defined by the usual
multiplication of differential forms with respect to the multiplication of cohomology class for Lie

algebras, ¢: H™? (g) x H"/? (g) — H" (g) = M x R. Note that, if n/2 is even, then ¢ is symmetric
and nondegenerate (in this way, we obtain the Lusztig example), whereas, if n/2 is odd, then ¢ is
symplectic (in this way, we obtain the Gromov example). However,

H™/2(M;H"2(g)) < H"™/?(M; H" 2 (g)) - R
1 always symmetric and nondegenerate.

3. ALGEBRAIC ASPECTS OF THE HIRZEBRUCH SIGNATURE OPERATOR

Below, we present a common algebraic approach to the calculation the signature Sig(W) using
the Hirzebruch signature operator.

3.1. Hodge Space

In this subsection, the *-Hodge operator, the Hodge theorem, and the Hirzebruch signature
operator are treated from an algebraic point of view.

Definition 3.1. By a Hodge space we mean the triple (W, (,),(,)), where W is a real vector
space (dim W is finite or infinite), (,), (,): W x W — R are 2-linear tensors such that
(1) (,) is symmetric and positive definite (i.e., an inner product),
(2) there is a linear homomorphism sy, : W — W, the so-called *-Hodge operator, such that
(i) (v,w) = (v,*w(w)) for any v €V,
(ii) *yp is an isometry with respect to (, ), i.e., (v,w) = (xwv, xpw).

Clearly, the x-Hodge operator is uniquely defined (if it exists).
Two 2-tensors, f: VXV — Rand g: WxW — R, determine the tensor product f@g(V & W) x
(V@ W) — R, which is 2-linear.

Lemma 3.2 [3]. The tensor f®g is symmetric and positive definite if both f and g are symmetric
and positive definite (the dimensions of V. and W can be infinite).

The above consideration gives the following assertion.
Lemma 3.3. If (V, (-, )v,(-,)v) and (W, {-,Yw, (-, )w) are Hodge spaces, then their tensor
pTOdUCt (V @ W, < ) '>V ® < ) '>Wa ( ) ')V ® ( ’ )W) s a HOdge space and *UQW = ¥V @ *w.
3.2. Finite-Dimensional Hodge Spaces. Examples

Lemma 3.4. Let (W,(-,-)) be a finite-dimensional real vector space equipped with a 2-tensor
(-,+). Then an inner product (-,-) such that the system (W, (,),(,)) is a Hodge space exists if and
only if there is a basis of W in which the matrixz of (,) is orthogonal.

Proof. Standard calculations.

It is an important observation that the calculation of the signature (in standard cases) using
the idea of Hirzebruch operator is restricted to 2-tensors (-,-) (in fibers of some vector bundles)
for which there is an auxiliary inner product (-, -) such that the system (W, (,),(, )) is a Hodge
space.

Let us now give examples of finite-dimensional Hodge spaces.
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Example 3.5 [classical]. Let (V,G) be a real N-dimensional oriented Euclidean space with an
inner product G: V x V — R and the volume tensor ¢ = e; A --- Aex € ANV, (where {ei}f\il is a
positive ON basis of V). We identify ANV = R via the isomorphism p: ANV =, R, s-e—s. We
obtain the classical Hodge space (AV, {,),(,)), where (-,-): AVXAV — R, (-, ¥ : ARV x ANk —
ANV = R, <vk,vN’k> = p (" ANTF), () = 0 outside the pairs of degree (k, N —k), and
(L) APV XAV S R, (v A AU wp A A wk)k = det [G (v;,w,)] . The subspaces AFV,
k=0,1,...,N, are orthogonal (by definition).

The *-Hodge operator exists and is determined by an ON basis {ei}iil according to the formula
* (e, N---Neip) =E€(j1sejnn) €ir N A€, where i <--- <ip and j; <--- <jn_g, the sequence
(J1s- s Jn—k) is complementary to (i1,...,ix), and g, . i) = S0 (Jis -+ Jn—ky P15+ -+ 0k) -

The above classical example is used

o for V=T,M or V="T;M, where M is a Riemannian manifold,
o for V = A,, where A is a TUIO-Lie algebroid over a Riemann manifold (see below).

Example 3.6 [Lusztig example [10], 1972]. Let (, )o : £ x E — R be a symmetric nondegenerate
tensor (indefinite in general) on a finite-dimensional vector space E. Let G be an arbitrary positive
inner product on E. Then there is exactly one direct product £ = E;@®FE_ which is ON with respect
to both the inner products (,)g and G and such that (, )q is positive on E, and negative on E_.
Denote by #g the involution *g : E — FE such that xg|E, = id, *g|E_ = —id. Then the quadratic
form (, ): E x E — R, (v,w) := (v,*gw),, is symmetric and positive definite. The involution *p
is an isometry, (xpv,*gw) = (*gv,x3w), = (xpv,w), = (w,*gv), = (w,v) = (v,w). Therefore,
(E,(,)o,(,)) is a Hodge space.

0

Example 3.7 [Gromov example [4], 1995]. Let (,)o: E x E — R be a skew-symmetric non-
degenerate tensor on a finite-dimensional vector space E. There is an anti-involution 7 on F,
% = —id (i.e., a complex structure) such that (rv,7w), = (v,w),, v,w € E, and (v,7v)g > 0
for any v # 0. Namely, there is a basis of E for which the matrix of (,)( is orthogonal and is of

the form [_2 é and 7 is given by the formula 7(v;) = v,44, 7(vn1i) = —v;. Then the tensor

(,): ExE — R, (v,w) := (v,Tw)g, is symmetric and positive definite and (7v,7w) = (v,w),
i.e., 7 preserves both the forms (,)q and (,). The system (E, (,)o,(,)) is a Hodge space since the
operator —7 is the x-Hodge operator (v,w), = (v, —7?w), = (v, 7 (—7w))y = (v, —Tw) , and —7 is

0
an isometry (—7v, —tw) = (v, TW) = (V,W).

Definition 3.8. By a Hodge vector bundle we mean a system (&, (, ), (,)) consisting of a vector
bundle ¢ and of two smooth tensor fields (,), (,) : € x & — R (sections of (£ ® £)”) such that, for
each x € M, the system (&, (, )z, (,)z) is a finite-dimensional Hodge space and the family of Hodge
operators #,: £, — &, © € M, gives a smooth linear homomorphism of vector bundles, *: £ — &.

Example 3.9 [important example]. Consider an arbitrary Riemannian oriented manifold M of
dimension N and a Hodge vector bundle (&, (,),(,)). Then, for any point x € M, we take the
tensor product of Hodge spaces AT M ® &,. Assuming the compactness of M, we can define two
2-R-linear tensors ((a, 3)), ((o, B)) : Q(M;€) x Q(M;€) — R by integrating over the Riemannian
manifold,

(@) = [ (aus)ad and (o) = [ (o id = [ an s,

where o, = (-, Ve AFT*M @&, x ANFT*M @ ¢, — A™ T*M = R stands for the wedge product
with respect to the multiplication (,), of values. The 2-form ((-,-)) is symmetric and positive
definite, and the triple (Q (M; W), ({(a, B)), ((o, 3))) is a Hodge space with the x-Hodge operator

(o, B)) = ((a,*B)) defined pointwise, (), = %5 (3;) . Indeed,

(o, B)) = /M (. ) M = /M (s o) AM = ((c, %5))
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3.3. Graded Differential Hodge Space

Definition 3.10. By a graded differential Hodge space we mean a system (W = EBLV:OW]C, (-,),
(-,+),d), where (W, (-,-),(-,-)) is a Hodge space (finite- or infinite-dimensional) and

(1) (-, WF x WN=*k - Rand (,) = 0 outside the pairs (k, N — k),

(2) W* are orthogonal with respect to (-,-),

(3) d is homogeneous of degree +1, i.e., d: W* — W¥**+! and d? = 0,

(4) {dw,u) = (=) (w,du) for w € W,

Clearly,

a) the induced cohomology pairing (, )k : H¥(W) x HY "*(W) — R, ([u], [w])lﬁI = (u,w)", is

well defined,
b) « [WF] ¢ WN=F and «: W» — WN=F is an isomorphism.

Assume that W is a graded differential Hodge space. Let d*: W — W be the adjoint opera-
tor with respect to (,), i.e., such that (d* (wy),ws2) = (w1,d(w2)). Assume that d* exists. It is
easy to see that d* is of degree —1, d*: W**! — WP, Using standard calculations, we can show
that the operator (the so-called Laplacian) A := (d+ d*)*> = dd* + d*d is homogeneous of de-
gree 0, i.e., A[W"] C W", it is selfadjoint, (Av,w) = (v, Aw), nonnegative, (Av,v) > 0, and
{veW; (Av,v) =0} ={veW; dv=0=d"v}.

Definition 3.11. A vector v € W is said to be harmonic if dv = 0 and d*v = 0 or, equivalently,
if vL (Av). Write H(W) = {v € W; dv =0, d*v =0} and H*(W) = {v € W*; dv =0, d*v =0}.

The harmonic vectors form the graded vector space H(W) = @&i_H*(W).

Lemma 3.12. HF¥(W) = ker {d+d*: Wk - W} = ker {AF: Wk — Wk} | ie., HW) =
ker A = (ImA)*.

Proof. Standard calculations.

The kernel ker A is the eigenspace of A corresponding to the zero eigenvalue.

If W is a Hilbert space and Y C W is a closed subset, then W is the direct sum Y EBYL. For
a Riemannian vector bundle £ over a Riemannian manifold, the space W = Sec(§) is not a Hilbert
space (because it is not complete). However, the following well-known and important theorem holds,
see, e.g., [12].

Theorem 3.13. Let £ be a Riemannian vector bundle over a compact oriented Riemannian
manifold M. If A: Secé — Sec€ is a selfadjoint nonnegative elliptic operator, then ker A is a

finite-dimensional space and Sec& = Im A @ker A = ImA@ (ImA)™.

Below, the symbol (W =@ WF (), (), d) denotes an arbitrary graded differential Hodge

space. The spaces ker A* and Im d*~! are orthogonal; in particular, ker A*NIm d*~! = 0. Therefore,
the inclusion H*(W) = ker A* < ker d* induces a monomorphism ker A* — HF(W).

Let us now prove that, under the algebraic assumption W = Im A € (Im A)L, this monomor-
phism is an isomorphism, i.e., every cohomology class contains (exactly one) harmonic vector.

Theorem 3.14. If W =Im A & (Im A)J‘, then

(1) W = ker AF @ Im AF,
(2) W* =ker AF @ Imd*~! @ Im (d*)* ",
(3) ker d* = ker A @ Im d*~1.

In particular, if W = Im A @ (Im A)J‘, then the inclusion ker A* < ker d* induces an isomorphism

ker AF < kerd® — kerd*/Imd*~! = H¥(W). This means that every cohomology class contains
exactly one nonzero harmonic vector.
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(4) The equation Aw = u, for a given u, has a solution if and only if u € (ker A)J‘. Equivalently,
ImA = (ker A)*.

Proof. (1) Evident.

(2) Since ImA* € Tmd*~! + Imd**+tY) (Au = d(d*u) + d* (du) € Tmd*~' + Imd**+D), it
follows that W* = ker AF @ Im A% = ker A¥ 4+ Im d*~1 + Im (d*)* " . Thus, we must only prove
(which is easy) that these three subspaces are ON.

(3) Since ker AF and Imd*~! are ON and ker A¥ + Imd*~! C ker d*, we must show only that
ker A¥ 4+ Imd*~! C kerd”. Let u* € kerd*. Expand u* according to (2), u* = wy + dwy + d*ws,
Aw; = 0. In particular, dw; = 0 and 0 = dd*ws. Since (d*ws,d*w3) = (w3, dd*w3) = 0, we have
d*ws = 0 and u* = wy + dws € ker A¥ +ImdF—1.

(4) Assume that the equation Aw = u has a solution w for a given u. Then (u,v) = (Aw,v) =
(w, Av) = (w,0) = 0 for any v € ker A. Therefore, u € (ker A)L . To show the converse, take u €
(ker A)* and assume that W = Im A @ (Im A)" . Representing  in this direct sum as u = uy 4 uy,
where u; € ImA and us € (ImA)" = ker A, we have u € (ker A)" and uy € ker A. Therefore,
if up = Ah, then 0 = (u,uz) = (Ah,uz) + (ug,uz) = (h, Aus) + (ug,us) = (ug2,us), which gives
ups =0, i.e., u=u; € ImA and u = Ah.

Remark 3.15. The above fact (4) means that the condition W = Im A @ (Im A)™" is sufficient
to show the equality Im A = (ker A)™ . We can ask: Is this condition necessary?

Let us now try to formulate a condition assuring the existence of the adjoint operator d* in a
graded differential Hodge space.

Theorem 3.16. Let (W = @szo Wk (0, (-, -),d) be a graded differential Hodge space. Let
e: {0,1,...,N} — {—1,1} be an arbitrary function such that €, = en_j for any k. Assume that
(,) is e-anticommutative, i.e., <vk,’UN—k> =3 <vN_k,vk> for vk € Wk oN=F ¢ WN=F [note that,
if (VN =F is nontrivial, then epen_j = +1, i.e., ep = enx_x]. Then the following assertions hold.
k. in particular, *~ (uF) = ep - x(u¥) and (NTF)TL(WF) = g - #F ().

(b) The adjoint operator d* exists and is given by d*(w*) = ex(—1)* x d* (W), w* € W*, where
x stands for the x-Hodge operator on W.

(c) (xd*)(w*) =er(=1) en—pr1(de)(w"), (d*)(w*) = (=1)"Fepen—i(+d)uw® = (=1)"*(«d)w".

(d) If er—1 = €y, then *A = £Ax (to be precise, *Aw* = ep_16, (= 1)V LA x w), and we
then conclude that = [HF(W)] ¢ HN*(W), and «: HF(W) — HN=%(W) is an isomorphism.

(a) * * (WF) = &1, - w

Proof. (a) Immediate calculations.

(b) The form (,) is symmetric and positive definite (i.e., this is an inner product). Since the
tensor (,) is an inner product, it is sufficient to prove that the operator d(w*) = ep(—1)* *
dx (w*), wk € WF is adjoint to d. Take w*=! € W*=L. Since *d * (w¥) € W*~1 it follows
that, by (a), (w1 d(w*)) = (w1 ep(=1)F xdx (wh)) = (W1 ep(=1)F xdeg =1 (wk)) =
(=DF (wh=t xd «7t (wh)) = (1% (w1, d*~1 (w¥)), which is equal [note that (dw® u) =
(=11 (wk, du)] to the expression (dw*=1, « 1 (w")) = (dwP=1 ««71 (wh)) = (dwh~1, wk).

(c) Easy calculations.

(d) The manipulations A * (w¥) = (=1)N7*d « dw* + e, (=1)N*T! x« d x d * (w") and
«A(wh) = epprep ()N (—=1)N=Fd « dw* + g1 (~1)N T s dx d x (wF)) imply the relation
*Awk = e _1ep(~1D)N LA % wF for ex_1 = py1.

The above assertion (d) yields the following theorem.
Theorem 3.17 [duality theorem]. If W = Im A @ (Im A)™, then HF(W) ~ HN k().
The composition H*(W) «— H*(W) % HNF(W) — HNH(W), [v] — [*v], is an isomor-
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phism given by the above formula for harmonic vectors only!

We restrict the positive inner product (-,-): W* x W* — R to the space of harmonic vectors
(-, )1 HE(W) x HF(W) — R, the tensor (-,-): Wk x WN=*k — R to harmonic vectors as well,
BF = (-, 3¢ s HF(M) x HN=k(M) — R. Properties of the x-Hodge operator imply the commutative

5
st (-, s HE(M) x HY=F(M) — R

lidx*

;) HEOW) x HF(W) — R.
3.4. Signature and the Hirzebruch Operator

Let (W = @kN:O WE (0, d) be a graded differential Hodge space. Let ¢ : {0,1,..., N} —
{=1,1} be an arbitrary function such that e, = ey_j for any k. Assume the e-anticommutativity
of (,). From the point of view of signature, we must consider an even N, N = 2n, and take
en = +1. Then (-, )": W" x W" — R and (-,-)}, = B": H*(W) x H"(W) — R are symmetric
and nondegenerate. Therefore, in cohomology, the tensor (-,-)f: H* (W) x H*(W) — R is also

symmetric, and it is an extension of (-,-)},.

Definition 3.18. If dimH"(W) < oo, then we define the signature of W as the signature of

Remark 3.19. Under the assumption W = Im A & (Im A)™, we have H™(W) = H"(W) and
B™ = (-, ). Therefore, if dimH"(W) < oo, then Sig(W) = Sig (-, )5 = Sig B" because (-, )y =
(-, )% under the identification H*(W) = H*(W).

Remark 3.20. The condition W = Im A @ (Im A)™ does not imply the relation dim ker A < oo.
Indeed, if d = 0, then d* = 0, A = 0, and ker A = W. Therefore, W = 090+, and dimH = dimH =
dim W can be arbitrary.

In the construction of the Hirzebruch signature operator, the fundamental role is played by an
operator (a small modification of the *-Hodge operator)

TW =W, Wk WwhR ™ (w) = &, - xw, & € {-1,1}, (3)

such that (i) To7 =1id, (ii) d* = —7odoT, and (iii) 7" = *, i.e., &, =1 (n = N/2).
Let us verify the existence of 7 and prove its uniqueness (assuming that d* # 0). (If an odd N
is considered, then one must admit complex &, € C with the absolute value 1).

Theorem 3.21. If N =2n and
er = (=1)"(=1)FVR = (-1 (1", (4)

then there is an operator T satisfying (1)—(iii) and given by 7% (w*) = (—1)FF+1/2 (1) n(F+1)/2.4 (k).
Conversely, if d* # 0 for allk =0,1,...,N—1 and if T exists, then ey, is given by (4). The function
€ satisfies the relation €,_1 = €py1.

Proof. Easy calculations show that, for an arbitrary positive integer N, even or odd, the oper-
ator 7, which is defined by (3),

(a) satisfies condition (i) if and only if
ELEN—k = €k, k’E{O,l,...,N}, (5)
(b) and satisfies condition (ii) if and only if

ELEN—k+1 = (*l)kJrlEk, k>1. (6)
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Let us now prove that, for a sequence g5, € {—1,1}, there is a complex sequence &, € C satisfying
(5) and (6) if and only if € is given by the formula

= (—)MV I (N2 (52 (7)

for some £y € {1,—1,4,—i}. Every value &, € {1,—1,4,—i} defines a sequence £} uniquely by the
rule &, = (—1) = kz,.

Let us assume first that, for e, there is an &, € C satisfying (5) and (6). Substituting (5)
into (6), we obtain (for k = 1,2,...,N) &én_jt1 = (=) één_p, Encprr = (—1)FTlen_y,
(k~ N —k+1), and &, = (—=1)N=F&,_;. Tt follows that &, = (—1)N=F+N=Dk/25, Next & ©

Eoén = (—1)NWV=D/2(50)2 and ¢), = Epén_g = (—1)FN=R)(—1)NIN=1)/2(£,)2, Since ¢, € {—1,1},
we have &y € {1,—1,i,—i}.

(N—k+N-1)k/2z

Conversely, let ¢ satisfy (7) and let &, = (—1) 0. It can readily be seen that

the condition &yéy_ = &) holds, and &én_ry1 = (—1)¥Tle,. Adding k and noticing that
(—1)NIN=1/2 (£3)? € {—1,1}, we see that (for d¥ # 0) there are only two possibilities for e
for which there is a suitable 7, namely, e, = (=1)*(N=F) and ¢, = —(—=1)*V=F)_If N = 2n and

£n = +1, then g = (=1)FN=R)(_NWV=1/2 ()% = (—1)F(=1)NN=D/2(5)2 1 = ¢, = (&)
Therefore, &y € {—1,1} and g, = (—=1)*(=1)NWV=1/2 = (_1)*(=1)", which yields two possible 7
given by &, = (—1)@N=k=Dk/25, — (_1)FE+1/25, and &, € {—1,1}. Finally, we must take &, in
such a way that &, = +1, and thus & = (—1)"("*1/2 Therefore, &, = (—1)Fk+1/2(—1)nn+1)/2,

Example 3.22 [classical]. For differential forms, the e-anticommutativity is defined by e =
(—1)#(N=k) Then the operator 7 such that 7 o7 = id and d* = —7 o d o 7, exists, and we must
take (—1)NN-1/2(50)* = 1, ie., (5)° = (=1)NN=1/2_ The operator 7 is real if and only if
(~1)NIN=1)/2 — 11 which is equivalent to N = 4k or N = 4k + 1. Note that &; is then given by
. | £1 for N=4kor N =4k+1,
0= { +i for N=4k+2 or N =4k+3.

We assume below that N = 2n and ¢, = (—1)"(—1)* and take the suitable operator 7. Denote

by Wi = {w € W; 7w = fw} the sets of eigenspaces corresponding to the eigenvalues +1 and —1
of 7. Note that (d + d*) [W,] C W_.

Definition 3.23. The operator Dy = d + d*: Wy — W_ is referred to as the Hirzebruch
signature operator.

Remark 3.24. If dimH < oo, then the index Ind Dy := dimgker (D) — dimgker (D7) is
well defined (the dimensions are finite), ker (D) = W, N H(W), and analogously for the adjoint
operator (D) =D_: W_ — Wy, ker (D_) =W_nH((W).

Theorem 3.25 [Hirzebruch signature theorem]. If dim H < oo, then Ind D, =Sig (B™: H" (W)
xH"(W) — R). If, additionally, W =Im A @ (ImA)™", then Ind D, = Sig W.

Proof. For the subspace V' C W stable under 7, 7 [V] C V, we write V. = {v € V; 7v = v},
and similarly V. = {v € V; v = —v}. The mapping (-,)}, = B": H*(W) x H*(W) — R is
nondegenerate. It can readily be seen that

(a) H*(W) = Vi@V for HE (W) = Vi = {a € H*"(W); *a =a} and H* (W) = Vo =
{a e HM(W); *a = —a}.

(b) The subspaces H*(W) + H2"~%(W) are 7-stable and, for s = 0,1,...,n — 1, the mapping
or: HI (W) — (HS(W) + ')'KQ”_S(W))jE , X — (X £ 7X), is an isomorphism of real spaces.

(c) The subspaces W* + W?2"~5 are r-invariant. Therefore, Wy = ®&7} (WS + VVQ”’S)i oW,
which implies ker D = Wy Nker (d+d* : W — W) = Wy NH(W) = @2 (W* + WQ”_S)Jr SWY
Ny (H(W) + 1= (W)) @ H" (W) = @iZy (H*(W) + H*~*(M)), ® H"(W),, and thus
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(WENH" = HY since 7 = +") dimker Dy —dimker D% = 2"~ dimg (H*(W) + H2"~*(W)) Lt
dimg HE (W) =312 dimg (H5(W) + H2* =5 (W) _ —dimg H™ (W) = dimg H? (W) —dimg H" (W)
= Sig (B"™).

4. FOUR FUNDAMENTAL EXAMPLES AND THEIR GENERAL SETTINGS

4.1. Four Fundamental Examples

In the previous section, we have described a general algebraic approach to the Hirzebruch
signature operator. Thanks to it, the following four fundamental examples can be understood
as special cases of the general setting. Here are the four examples of the spaces with grading
and differential operator (W = @;’Lowk,d) in which M is a connected compact oriented Rie-
mannian manifold and W* is equal to (1) (Q¥(M), dgr) for N = 4p [the classical example], (2)
(QF(A), da) for N = m+n = 4p, where A is a TUIO-Lie algebroid [the Lie algebroid ezample], (3)
(QF(M; E), dy), where (E,(,)o) is a flat vector bundle, (, )o-symmetric nondegenerate parallel,
for N = 4p [the Lusztig evample], (4) (Q¥(M;E), dv), where (E,(,)o) is a flat vector bundle,
(,)o-symplectic parallel, for N = 4p + 2 [the Gromov example]. In the above, in all cases, the
sequences of differentials {d’;R}, {dffl}, {d’%} are elliptic complexes, dim H*(W) < oo, and the
pairing H*¥(W) x HY=*%(W) — R is defined, which is symmetric in the middle degree N/2. Its
signature, Sig(W), is defined to be the signature of W.

4.2. General Setting of the Above Four Examples

Let us give some applications of the above algebraic theory to vector bundles over manifolds.
Other applications (to more general objects than manifolds) are probably available; see the last
section.

Consider a graded vector bundle £ = @2]:0 & kof Hodge spaces over a connected compact oriented
Riemannian manifold M, (£ = @&p_o&%, (), (,),d), where

1) (,),(,) are fields of smooth 2-tensors in & such that (., (, ), (,).) is a Hodge space, z € M,
with a *-Hodge operator #,: {, — &;; it is assumed that (v,w) = 0if v € ", w € £°, and
r 4 s # N, and that subbundles ¢* are orthogonal with respect to (, ),

2) the e-anticommutativity axiom holds, <vk,vN_k> =k <1)N_k,vk>, where g, € {—1,+1}.

By integration over M, introduce 2-linear tensors ((,)), ((,)) : Sec(§) x Sec(§) — R, (o, B)) :=
Juslow, Be)dM and ((a, 8)) == [,;(az, B2)dM. Then ((,)) is a positive definite inner product on
Sec(&), the x-Hodge operator is an isometry ((«, 3)) = ((xa, *3)), and ((«, 3)) = ((«r, %3)) .

3) d is a differential on Sec(¢), d? = 0, of degree +1, d*: Sec (5’“) — Sec ({k“) , such that, by
definition,

3a) d* are differential operators of first order,

3b) ((dw,u)) = (—1)* T ((w, du)) for w € Sec (£*) and u € Sec(§).

Therefore, (Sec(¢) = @n_, Sec(€)*, ((-,)), ((-,-)),d) is a graded differential Hodge space. Then
the adjoint operator d*: Sec(¢) — Sec(€), ((a,d*3)) = ((dev, 8)), exists and d* (aF) = g,(—1)" «
dx ().

Theorem 4.1. If {dk} is an elliptic complex, then the Laplacian A is a selfadjoint, nonneg-

ative, and elliptic operator. Consequently, Sec{ = Im A & (Im A)L, H (Sec&) = H (Sec&,d), and
dimH (Secé) < oco. If N = 2n and ¢, = (—1)"(=1)¥, then we obtain the Hirzubruch operator
Dy =d+d*: Sec&y — Sec&_ and the relation Sig((,)){y = Ind Dy

The ellipticity of A follows from [16, Remark 6.34]. The fact that the symbol o (D*), . of the
adjoint operator of a first-order operator D : Sec{ — Secn is equal to —O'(D)Ekww) is well known
and can readily be verified. Indeed, the symbol o(D) ;) : §&x — 7, is a linear mapping such that
D(fW)z = 0(D)a,(af),) (Wz) + f(x)D(W), for f € C°(M) and W € Sec§. Let D* be the adjoint
operator for D, ie., (D*(V),W)) = ((V,D(W))) for W € Sec& and V € Secn. To prove that
o (D*)(Lv) = —o(D); we can note that, for f, W, and V as above,

(z,v)’
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((z — =0 (D) s apy,) (V) + f(@)D*(V)2, W) = /M (= (D)) V) + (@) D*(V)a, W)

= [ (= Varo D)o W) + [ (Ve DUW)) = [ (Ve f@)DOV)) = (V. DOVY)

= ((D*(fV), W)).
5. APPLICATIONS TO LIE ALGEBROIDS

In all four above examples, the complexes of differentials {dk} , {d’j‘}, and {d’%} are elliptic
because the sequences of symbols are exact.

Let us describe the four fundamental examples of graded differential Hodge space. The funda-
mental idea is as follows. We have a 2-tensor (,) and intend to find a positive definite scalar tensor
(, ) for which the x-Hodge operator exists and is an isometry.

Example 5.1 [standard]. Let M be a compact oriented Riemannian manifold, dim M = 4p.
(a) WF=QFWM) = Sec (A*T*M).
(b) (NP WEXWNF SR, (a, 8) — [, aAB,
(B = [ anp =0 [ gna— (145 "
M SN~——

M
In the middle degree 2p, the tensor ((,)) is symmetric.
(c) d: W* — Wk+1 is the differentiation of differential forms.
(d) ({da, B)) = (—1)F1((a,dB)) for « € Wk, 3 € WN=(+1) (this holds since [,, d (o A 3) = 0).
With respect to the standardly defined inner product on AT, M, we have a finite-dimensional

Hodge space (AT; M, (,)z,(,),) By integrating over the Riemannian manifold M, we obtain 2-
linear tensors ((,)), ((,)): QM) x Q(M) — R,

ek

(i) = [ tamart= [ an (@)= [ (@pam

and the relation ((«, 3)) = ((a, *3)) holds, thus producing a graded Hodge space with a differential

operator, (Q(M), ((,)),((,)),d) . The signature Sig M = Sig({,))3¥ can be calculated as the index
of the Hirzebruch operator Dy = dag + djp : QM) — Q(M)_ (d}y is the adjoint operator to
dqr with respect to the inner product ((,)) ).

Example 5.2 [5]. Let A be a transitive Lie algebroid over a compact oriented manifold M and let
rank A = N = 4p = m+n, m = dim M, and n = dim g|,. Assume that A is invariantly oriented by

a volume tensor € € Sec ( A" g), which is invariant with respect to the adjoint representation Ada.
(a) W =QF(A) = Sec (/\’“ A%).
(b) W WN-k LR, aﬂr—»//a/\@

//a/\ﬁ YR k>//ma— Ve ({8, )V~

This tensor is symmetric in the middle degree 2p.

(c) da: WF — Wkt is the differentiation of A-differential forms.

(d) {{dac, B)) = (=) {a,daB)) for a € WF, 3 € WN—(k+1),

There is an inner product ((,)) in W = Q(A) such that (Q2(A), {(,)),((,))) is a graded Hodge
space with a differential. Indeed [6], let G’ be an arbitrary Riemannian tensor in g = ker # 4. Then

the volume tensor e/ of G’ is equal to f-e for some smooth function f > 0. The tensor G := f_% G’
is a Riemannian tensor in g for which ¢ is the volume tensor. Let G5 be any Riemannian tensor
on M. Taking an arbitrary connection A\: TM — A on A and the horizontal space H = Im A C A,
we obtain A = g@ H. Define a Riemannian tensor G on A = g€ H such that g and H are
orthogonal. On g, we have GGy, and on H, the pullback A\*G5. The vector bundle A is oriented
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(since g and M are oriented). At each point x € M, we consider the above inner product G, on
A}, and the multiplication of tensors (,)%: AP A% x ANTFAX — AN AX L2, R, where p, is defined
using the volume form for G,.

We can note that p, = pg,z © f A, - The inner product G, in A, can be extended to an inner
product on AA}, and we obtain the classical finite-dimensional Hodge space (A A%, (, )z, (,),) and
two C'*°(M)-tensors (,),(,) : Q(A)xQ(A) — C°°(M) defined as above, pointwise. Integrating over
M, we obtain a graded Hodge space with differential operator (2(M), ((,)),((,)),da). The tensor
{(,)) induces a 2-tensor in cohomology, ((,))g : H*(M) x HN=%(M) — R, which is symmetric in
the middle degree ((,))3¥ : H?*(M) x H?’(M) — R. The dimension dim H(A) is finite (Kubarski
and Mishchenko [7], 2003). Therefore, the signature of ((,))3¥ can be calculated as the index of the
Hirzebruch operator Dy = dy +d¥ : Q(A)1 — Q(A)_, where d% stands for the adjoint to d4 with
respect to the inner product ((,)).

Our previous considerations concerning the signature of a Lie algebroid using the Hochschild-
Serre spectral sequence of A permit us to calculate the signature of a Lie algebroid by using another
Hirzebruch operator, following the Lusztig and Gromov examples.

Example 5.3 [Lusztig [10] (1971), Gromov [4] (1995). Signature for flat bundles]. Let M be a
compact oriented N = 4p-dimensional manifold and let E — M be a flat bundle equipped with a flat
covariant derivative V and a nondegenerate indefinite symmetric tensor Go = (, )o: ExXE — M xR,
(,)oz: Exx Ey — R, constant for V, i.e., satisfying the relation dx (o,n), = (Vxo,1)+ (0, Vxn), -
Take

o Wk =0QF(M:;E),
o the differential operator dy : W* — W*T! defined standardly by using V.

Since VGo = 0, it follows that d (a Ag, 8) = dyvaAg, B+ (=1 (a A, dv ), and therefore, if
la|+|3] = N—1, then [, (dva)Ag, 0 = — (—1)le [ @AG, (dw B) . Define the duality ((-,-))": WFx
WHN=F — R by the rule ((a,3))* = [,, @ Ac, 3; one can see that the condition ((dva, ) =
(=) (e, dB)) is satisfied. Since Gy is symmetric, we have

(e, B = /Momco 6= /M<—1>k<N—k>ﬂAGO o = (—1){(8,a))V*.

€k

This tensor is symmetric in the middle degree. There is an inner product ((,)) on W* for which the
x-Hodge operator for (W, ((,)), ((,))) is an isometry. Indeed ([10, 4]), choose some positive-definite
inner product (,)" on E. Then we take a unique splitting F = E; @ E_ of the vector bundle E
which is both (, )o- and (, )’-orthogonal and such that (, )q is positive definite on E, and () is
negative definite on E_. Denote by 7 the involution 7: E — E (72 =id ) such that 7|F, = id and
7|E_ = —1id. Then the quadratic form (v,w) = (v, Tw), is symmetric and positive definite, and
(Ex, (,)oz, (,)z) is a Hodge space.

In each fiber AT M ® E,, we introduce the tensor product of the classical Hodge space AT M
and the above one in E,. Pointwise, we obtain tensors (,), (,): Q(M;E) x Q(M;E) — C>* (M),
x: Q(M;E) — Q(M; E), such that («, 5) = (a, %) and, integrating over M, we obtain a Hodge
space (@ (M E) , {(,)}, ().

= dM = = dM
(i) = [ @madi= [ ana,s  (@p)= [ (@,
with x: Q(M) — Q(M), * (a) (x) = *; (o) , and ((a, §)) = ((a, %)) . Let d% be the adjoint opera-
tor to dy with respect to ((,)) . The tensor ((,)) induces a 2-tensor in cohomology, ({, ) g : H* (M) x

HY~*(M) — R, which is symmetric in the middle degree ((,))3¥: H* (M; E) x H?* (M; F) — R,
and its signature is the index of the Hirzebruch operator Dy = dv +dg : Q (M; E), — Q(M; E)_.
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Example 5.4 [Gromov (1995) [4]. Signature for a symplectic bundle]. Let M be a compact
oriented manifold M of dimension dimM = N = 4p + 2 and let £ — M be a symplectic vector
bundle (i.e., equipped with a flat covariant derivative V and parallel symplectic structure [i.e., skew
symmetric and nondegenerate] S = (,): E X E— M x R and VS = 0). Take

o Wk =QF(M;E),
e and let dy: W* — W*T! be the differential operator defined by V.
The condition [,, (dva) Ag 8= —(=1)°l [\ aAgdyp holds for || + (8] = N — 1.
The form ((-,-))%: W* x WN=F — R is defined by ((a,3))* = [,, @ As 3, and the relation
((ddvoz, B)) = (=1)**{a, dB)) holds. Since S is skew symmetric, we have aAgB=—(—1)FN=F3Aaga
an

(o, B))F = /Ma NG B = —(~1)HNR) /Mms o = —(—1)F (B, a)) N+,

€k

There is an inner product ((,)) on W* for which (W, ({,)),((,))) is a Hodge space. Namely

[15, p. 56], there exists an anti-involution 7 on E, 72 = —7 (i.e., a complex structure), such
that

o (Tv,Tw) = (v,W), vV,w E E,

e (v,7v) >0 for all v # 0.
Then the tensor (v,w) := (v,7w) is symmetric, positive definite, and (7v,7w) = (v,w), i.e., T
preserves both the forms (,) and (, ). The operator —7 is the x-Hodge operator on (Ey, (, )z, (,)z) -
Hence, the system (E,, (, )z, (,).) is a Hodge space.

At each point x € M, we take the tensor product \T;M ) E, of the classical Hodge space
ATiM and the above E,. Similarly to the above example, we obtain a graded Hodge space
(Q(M;E),((,)),((,)),d) with a differential (where the *-Hodge operator is defined pointwise by
*: Q(M) — Q(M), *(a) (x) = *; (o). Passing to the cohomology, we obtain ((,))g : H*(M) x
HN_k(M) — R,

(o B = /Ma NG B = —(~1FVH) /Mms o = —(“DF((B,a))NF,

€k

which is symmetric in the middle degree 2p + 1 (because (,) is skew symmetric),
() B2 (M B) < HH (M B) — R,

and ((a, B))?PT1 = —(=1)2PTH{(3,a))?PT! = ((B,a))?T1. We can calculate the signature of the
form ((,))2P"" as the index of the Hirzebruch operator Dy = dy + d& : Q (M; E), = Q(M;E)_.

Example 5.5. As a consequence, for a TUIO-Lie algebroid A over a compact oriented manifold
M for which m = dim M, n = rankg = dimg,, and under the assumption that H™*"(A) # 0
and m + n = 4p, we have two Hirzebruch signature operators.

(I) The first one is Dy = dag + d¥% : Q(A)y — Q(A)_, where d¥% is the adjoint to ds with
respect to the inner product ((«,f)) = [,,(a,f) defined in Example 5.2 above, and W, =
{a € Q(A); Ta==a} for T(a¥) = (—1)FEFD/2(_1)P . x(aF).

(IT) To introduce the other one, we use the equality Sig H(A) = Sig E5 for the second term FEs,
EPT = H%q (M;HY(g)), of the Hochschild—Serre spectral sequence. The flat covariant derivative
V4 in the cohomology vector bundle H? (g) depends on the structure of the Lie algebroid A.

Let m—+n = 4p. The signature Sign F» is equal to the signature of the quadratic form E§p X E22p —
EJ" =R, and
2 - bl 9
a) if n is odd, then Sig Ey = 0;
b) if n is even, then Sig Fy = Sig (E;n/2’"/2 x EI/An/2 _ g — gren — R), where B2

H@,{fz (M;H™?(g)). Consider the form ((,)): Hgn/ (M; HY2(g)) x Hyn/2 (M; HY?(g)) — R,
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((OF - HE, L (M;HY(g)) x HZ L (M; H"?(g)) — HZ, (M;H"(g)) = R, which is symmetric
in the middle degree k = m/2. The signature of this form is equal to the signature of A. For k = n,
the bundle H™ (g) is trivial, H" (g) & M xR, the connection V" is equal to 9, and the multiplication
of values is taken with respect to the pairing (,) : H*/2(g) x H"/? (g) — H" (g) = M x R.

We have m/2 + n/2 = 2p. Consider two different cases.

(a) Let m/2 and n/2 be even. Then the form H"?(g) x H?(g) — H"(g) = M x R is
symmetric, and we can use Example 5.3 (of Lusztig type) to obtain the Hirzebruch signature

operator Dy = dygn/z + d,, 50 Qyp (M; H"/2(g)) — Q_ (M; H"Y? (g)).

(b) Let m/2 and n/2 be odd. Then the form H"?(g) x H"?(g) — H"(g) = M x R is
symplectic, and we can use Example 5.4 (of Gromov type) to obtain the Hirzebruch signature

operator Dy = dyn/2 + dg,/z-

For each of the cases, the index of D is equal to the signature of A. Therefore, the Atiyah—Singer
formula for the index can be used.
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