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Abstract

In classical differential topology and geometry, the double Cech-de
Rham complex for a good covering i1 of M corresponds to the single
de Rham complex. When passing to noncommutative geometry on
smooth manifolds (i.e. to noncommutative geometry of the algebra
C*° (M) of smooth functions on M), the single Connes complex is the
counterpart of the single de Rham complex. We can ask: which bi-
complex corresponds to the single Connes complex in noncommutative
geometry of smooth manifolds? We give an answer to this question
defining the Cyclic Cech-Hochschild bicomplex for a good covering
of a smooth manifold. We pose fundamental problems on the total
homology of this bicomplex.

1 Cech-de Rham bicomplex for a good cov-
ering

In differential geometry and topology of smooth manifolds a fundamental
role is played by

e the de Rham complex (Q* (M) ,d), dim M = n,

O (M) - e ) ot () Y L on (M) — 0



of differential forms and the de Rham differential operator d = dyp.
The cohomology of this complex is the de Rham cohomology of the
manifold M,
HY, (M) =kerd?/Imd?".
To the single de Rham complex corresponds
e the Cech-de Rham bicomplex for a good covering { of M,
(C* (4,97),6,d)
(over the first quadrant) where C' (8, Q) = {C? (8, Q) } o4 50,0 = d¢
is the Cech differential and d = (=1)’d on CP (U, Q*), dd + d = 0,
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The total differential
D=6+d:C" — CrtY

is homogeneous of degree +1 with respect to the total gradation C(") =
D, CF (U, Q7) along the lines p + g = const.

Total gradation along p + ¢ =const
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In spite of the fact that rows and columns of the double Cech-de Rham
bicomplex are exact, the total cohomology of this bicomplex is on one hand
isomorphic to the de Rham cohomology and on the other hand to the Cech
cohomology:

Hj) = Hjyp, (M) = H' (M)

Therefore the characteristic classes of M (and more generally of any vec-
tor bundle or any G-principal fibre bundle) could be determined by locally
defined cochain forms from the double Cech-de Rham bicomplex. See the
results by Bott [B1], Bott-Tu [B-T, pp. 304-305] and Sharygin [Sh].

The Bott, Bott-Tu and Sharygin approach consists in producing local
formulas in the Cech-de Rham bicomplex by using transition functions Gij :
U;NU; — G (forming a cocycle, i.e. g;;0;x = ¢i) with values in a suitable
Lie group G. The transition functions g;; are obtained from a system of local
trivializations of a suitable principal fibre bundle.

All such formulas for characteristic classes obtained for chains defined for
a good covering are called local formulas for characteristic classes.

And what is the corresponding object in noncommutative geom-
etry?

The counterpart of the de Rham complex is the Connes complex for
an associative algebra A with unit over the field K = R or C, which lies at
the foundations of noncommutative geometry [C1], [C2], [C-M].

2 Single Connes complex

Roughly speeking, the (abstract) Connes complex consists of cyclic Hochschild
chains and bar differentials

(C.(A) /Tm (1= T.) ,[b.]) 2 (O (4) = ker (1~ T.) 1)

where C, (A) = @' (A) which determines the cyclic homology H2 (A) [L].
For a review of abstract Hochschild and Cyclic Homology see [K-T], [T].
Now we turn to noncommutative geometry on smooth manifolds, i.e. to
the algebra A = C'*° (M) of smooth functions on M.
The relationship between the above defined abstract Hochschild theory
of an arbitrary algebra A and the “smooth theory” for manifolds uses the

~q+1
tensor power @q C* (M) in the category of topological linear spaces, fol-
lowing the introduction of the Fréchet topology in the algebra of smooth
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functions C'* (M) (see for example [E]). We have the following identification

—q+1
of ®q C> (M) with the space of smooth functions on the cartesian product
Mot

——q+1

&) (M) =C,(C™(M)) = {¢*: M — R}

fo X ...Q fq (170, ...,Iq) = f() (5(70) L. fq (Iq) .

The above allows us to apply all the cyclic homology differentials like b,
b, B etc. to Hochschild g-chains C, (C*° (M)). The bar differential

by : Cq (C™ (M) — Cyr (C™ (M)
is defined by the formula
(b, (6%) (w0, -ons gm1) = )

We introduce the graded cyclic permutation

q—1 .
(—1)Z ¢q <x07 ey Ly Ljyenny xq,l) .

i=0
T, : Cy (€ (M) — C, (C (M),
Ty (67) (20, .oy xg) = (=1)T @7 (w1, ..., g, 20) -
Definition 2.1. A ¢-chain ¢? is called cyclic if T, (¢?) = ¢7, i.e.
¢! is cyclic = ¢ ecker(1-1T,).
The space of cyclic g-chains is denoted by C (O™ (M)).
The space of cyclic chains is stable under the bar differential:
b [C)(C™ (M))] € C_y (C™(M)).
Definition 2.2. The complex
(C3(C= (M), V)

is called the cyclic complex or Connes complex of the manifold M. Its k-th
homology group is denoted by Hy (C™ (M),

H;; (C% (M) = Hy (C2 (C% (M) V) .



The homology of this complex was given by Connes (for compact mani-
folds) and by Teleman (for paracompact manifolds). See also [L-Q).

Theorem 2.3 (Connes-Teleman theorem). For a paracompact manifold M
we have

Hy (C (M) = Q" (M) = C> (M),
and fori > 1,
Hy, (O™ (M)
=H (M)oH*(M)oH'(M)® ..o H* (M) o Q* (M) /d[Q* " (M)],

Hy,,, (C™ (M)
—H' (M) o H* (M) o H (M) ® ... & H* ' (M) & Q! (M) /d [Q¥ (M)].

In particular if dim M is even, dim M = 2m, then

Hy, 2 (C (M) = Hy,, 4 (C% (M) =
:HO(M)®H2(M)®H (M)® ... H*™ (M),

while if dim M is odd, dim M = 2m + 1, then

H;\m+2 (COO (M)) = H;\m+4 (COO (M)) = .
=HM)eH* (M) H*"(M)® ... o H™ (M).

Therefore the whole algebra of characteristic classes (Chern character) is
sitting in one homology space, H3,, ., (C*™ (M)).

Conclusion 2.4. If U C M is a contractible open subset (U = R™), then
H (U) =0 for k >0, H° (U) = R, therefore

H;; (C (U)) =R (Q* (U) /d [2*71 (U)])
—R@( "(U) /kerd”) =R & Imd”, i>1,
Hj (C* (U)) = C= (U),

H), , (Ow(U)):(Qm (U) [ kerdy;—1) = Imdy;_;.



3 Cech-Hochschild bicomplex for a good cov-
ering

In classical differential topology and geometry, the single de Rham complex
corresponds to the double Cech-de Rham complex for a good covering 4 of M.
And what is the case in noncommutative geometry of smooth manifolds?

We give an answer to this question. A double complex counterpart in non-
commutative geometry of smooth manifolds has been defined by N.Teleman.

During his visit to the Institute of Mathematics of the Lodz University
of Technology in December 2009 at the invitation of the author, N. Teleman
suggested the definition of the Cyclic Cech-Hochschild bicomplex for a good
covering of a manifold, which corresponds to the single Connes complex, and
posed the problem of computing its total homology in connection with the
problem of computing characteristic classes.

Definition 3.1 (Cech-Hochschild bicomplex). By the Cech-Hochschild bi-
complex for a good covering 4 of M we mean a bicomplex (over the first
quadrant) of vector spaces

({OHQH (A R>}pzo7 ¢>0" 2 bl)

where

(a)
CH,, (L R) = @(io ..... ip)EIIH—lC[iO :::: iha (L R)

Clio,...sipla (UR) = { go...z'p : (Uio...ip)q+1 - R} )
(b) ¥ is the bar differential for p > 0,q > 1,
b, CHyg (U, V) — CHpyoy (U, V),
(b;;,q (¢Z))i0 . (20, .oy Tge1) = Z?il (—1) fw.p (L0, vey Tjy Ty ey T 1) -

""" z =0
(c) 4 is a sign modification of the Cech differential for p,q > 0,
679 CHyy (U, V) — CHpyr g (84, V),

p+1 r
0P (¢q)io ipy1 Zr:O (=1) ¢?0 ----- bryeyip 1

..... Iryeenylpt1

oPd — (—1)7 6P



It is a standard calculation that 00’ + b6 = 0. We modify the sign of 4,
not of b’, because in the standard C'C-bicomplex in cyclic homology we have
“—b'” everywhere, and technically the C'C-bicomplex is used in this theory.

We take the graded cyclic permutation

Tpy: CHpy (,R) — CH,, (8, R),

Tpq (0%);, ip (@0, ..o 7g) = (=1)° go...z‘p (@1, .., Tg, T0)

.....

and the cyclic functions
CH),(UR) ={¢p € CH,y (U, R); T, (¢) = ¢} =ker (1 -T,).
The spaces of cyclic chains are stable under the bar and Cech differentials,
v [CH), (W R)] c CH) ., (WR), & [CH), (UR)] CCH),,, (UR).

In this way we introduce a subcomplex (CH* (8, R) ,4,), CH* = ker (1 —T),
of the Cech-Hochschild bicomplex.

Definition 3.2 (Cyclic Cech-Hochschild bicomplex). By the Cyclic
Cech-Hochschild bicomplex we mean the bicomplex

(CH» (U, R), 0,0

!
S “
- CH1§\+2,q+1 HR) —
L L
2 CH),R) % CHN,, (ULR) —
Lo Ly Ly
. 5 . 5 .
- CH;\fl,qfl (ULR) — CH;S\,qA (UR) — CH;\H,qA UR) —
! ! !

The total differential

D=5+ :cl" - ol



is homogeneous of degree +1 with respect to the total gradation
T Y ITA
c= 1] ¢H), WLR)
p—gq=r

along the lines p — ¢ = const

Total gradation along the lines p — g = const,

(we observe that on each line p — ¢ = const we have infinitely many vector
spaces and we must use the cartesian product of vector spaces, and not the
direct sum; see [K, Th. 3.2]). Since D? = 0 we can define the total homology

H" (CH* (U, R)) .
FIRST MAIN PROBLEM:
(1) Calculate the total homology of the Cyclic Cech-Hochschild bicomplex.

We observe that the homology of the columns of the Cyclic Cech-Hochschild
bicomplex is the homology of the suitable Connes complex for contractible
sets Uiy..i, = Ui, N ... N U;,, therefore the above mentioned Connes-Teleman
theorem on homology of the complex O (C’°° (Uio.,.ip)) is very useful.

It turns out that the total homology of the cyclic Cech-Hochschild bicom-

plex (C’Hﬁ_q, 0, is very rich [K], so it is reasonable to look for representa-

tions of characteristic classes in the homology of this bicomplex.

SECOND MAIN PROBLEM:
(2) Find a Cyclic Cech-Hochschild chain representing characteristic classes.

This problem will be discussed elsewhere.
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