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THE SIGNATURE OPERATOR FOR GRADED HILBERT
SUBDIFFERENTIAL HODGE SPACES AND L,-HIRZEBRUCH
OPERATORS FOR LIE ALGEBROIDS

BY JAN KUBARSKI

Abstract. The purpose of the paper is to present the algebraic aspect
of the Hodge theory and Hirzebruch signature operator originally given
for smooth and L2 manifolds and vector bundles. Finally, we give some
aplications to transitive Lie algebroids.

Let (:]-) be a real pairing [Kronecker pairing, in the terminology of L. I.
Nicolaescu [15]] on a graded differential (infinite dimensional) real vector space

N=2n
<W = EBk:o Wk d= (dk)> , where d is linear operator od degree 1 such

that (dw|u) = (—1)'“"+1 (w|du) . The existence of an isomorphism * : W — W
such that (v|w) := (v|* ! w) is an inner product and * is an isometry is very
useful in examining the cohomology pairing H (W) x H (W) — R, especially
the signature [therefore the assumption N is even is necessary]. Signature is
calculated via the index of a suitable Hirzebruch operator. The fundamental
example is of course the Hodge theory for graded differential space of differen-
tial forms on a compact orientable Riemannian manifold. The second example
is obtained for transitive Lie algebroids [8]. The next two important exam-
ples (on the base of Lusztig example [13] and Gromov one [2]) concern the
cohomology of a manifold with coefficients in flat symmetric or symplectic
vector bundle [12]. The last two examples prove to be very important for Lie
algebroids according to some spectral sequence argument [12]. In [12] we pre-
sented algebraic aspects of the Hirzebruch signature operator — and we obtain
the general point of view on the above four examples defining and examining
the so called Hodge spaces.

N. Teleman [18] in 1983 defined and examined the signature operator on
Lipschitz compact manifolds M for Lo-differential forms Lo (M). The space
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Ly (M) (in opposite to smooth differential forms) is Hilbert, but de Rham de-
rivative of such differential forms (determined in distributional manner) is not
defined on the whole space Lo (M) (but only on some dense subspace). The
fundamental (in my opinion) observation by N. Teleman is that the Poincaré
duality property — which is obtained via algebraic topology methods — is suffi-
cient to obtain (in Lo-theory) the Hodge theory (i.e. Hodge isomorphism and
the strong Hodge decomposition) and the calculation of the signature via the
index of the suitable Hirzebruch operator (the convolution Le-argument and
the Lo-Poincaré Lemma is all what it is needed).

In our paper we provide an algebraic point of view on (abstract) graded
Hilbert Hodge spaces with derivative defined on some dense subspace. The
Poincaré duality (or even less — the weak nondegeneracy of the cohomology
pairing) is sufficient to obtain a strong Hodge decomposition theorem and the
Hodge isomorphism (Th. 2.2.6). Therefore the suitable (abstract) Hirzebruch
operator has index equaling to the signature.

For non-Hilbert case W we can do Hilbert completion W and extend the
derivative in a distributional sense. The diagram joins two Hodge homo-
morphisms for W and W. The conditions under which all four homomorphisms
in this diagram are isomorphisms are given. Then the signature can be cal-
culated via Hirzebruch operator for W and for W and we obtain the same
number. As an application we examine the completion of the space of differen-
tial forms for our four fundamental examples (classical, Lie algebroid, Lusztig,
Gromov). The mentioned above conditions giving all isomorphisms in Dia-
gram are fullfilled. Among them there is an La-convolution argument
and the Weyl Lemma is used. Also we must check that H (W) = H (W) which
generally follows from the so-called abstract Hodge theory of elliptic complexes
([13]) but for our four examples we can prove it without elliptic theory using
the Mayer—Vietoris or spectral sequences arguments and sheaves argument.

1. Graded differential Hodge spaces. All vector spaces will be over
the field R. A pairing between two vector spaces V and W is a bilinear map
B :V xW — R. The pairing B is called a weakly nondegenerated, i.e. the both
null spaces are zero (i.e. if B(v,-) = 0 then v = 0, and analogously for the
second variable). The pairing B is called a duality (or strongly nondegenerated)
if the adjunction morphism V. — W* v +— B (v,-), associated to the pairing
B is an isomorphism. If B : V x V — R is a duality then V = V* whence
dimV < oco. If V and W are finitely dimensional and B : V x W — R is a
weakly nondegenerated, then dim V' = dim W and B is a duality.

In [12] there is an abstract definition of a Hodge space which generalize
classical examples for Riemannian manifolds, Lusztig [13] and Gromov [2]
examples and one given for the theory of Lie algebroids [8]. The main purpose
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of [12] is to define an abstract Hirzebruch operator for graded differential
Hodge spaces. Here we present a review of this approach.

1.1. Hodge spaces. For details see [12]. Let W be a real vector space of
an arbitrary dimension (finite or infinite).

DEeFINITION 1.1.1 ([12]). By a Hodge space we mean the system

where (-|-), (:|-) : W x W — R are 2-linear homomorphisms such that
(1) (+|-) is symmetric and positive definite (i.e. it is an inner product),
(2) *w : W — W (called *-Hodge operator) is a linear mapping such that,
(2a) *p is an isometry with respect to (-|-),
(2b) (v|w) = (v| *w (w)) for all v € W.

Clearly, the pairing (-|-) is weakly nondegenerated.

REMARK. The unitary space (W, (+|-)) is not a Hilbert space in general. If
it is Hilbert then we call it a Hilbert Hodge space. The x-Hodge operator sy
fulfilling (2b) is uniquely determined (if exists) for given tensors (:|-), (-|-).

DEFINITION 1.1.2. By the tensor product of Hodge spaces (V; (-|-)/, (-], *v)

and (W, (-|)y», :|")w , *w) we mean the following Hodge space
VoW, (v @ CLw, (v © (1w *v @ *w)
(i.e. W = ¥y & xw )

The tensor (-|-);, ®(+|-)y is symmetric and positive definite (the dimensions
of V and W can be infinite) according to [1].

Let (W, (:]-)) be a finite dimensional real vector space equipped with a 2-
linear tensor (-|-) : W x W — R. Then there exist an inner product (-|-) and an
operator p such that the system (W, (:|-), (-|-),*w) is a Hodge space if and
only if there exists a basis of W in which the matrix of (-|-) is orthogonal.

The inner product and the *-Hodge operator play an auxiliary role in the
study of properties of the pairing (-|-) .

Now we give some examples of finite dimensional Hodge spaces.

ExAMPLE 1.1.3 (Classical). Let (V,G) be a real N-dimensional oriented
vector space with an inner product G : V x V — R. We identify /\N V =R via
arbitrary positive ON-base {ei}ij\i , of V. We have the classical Hodge space

N
(/\v -PA V. <‘\->,<‘\->,*>
r=0
where for v" € \"V

(W' v®) = A e ANV =R, if r+4s5s=N,
0 if r+s#N, "’
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whereas for v;,w; € V
(i Ao A wr AL A wy) = det [G (v, wi)] -
The subspaces A" V are orthogonal and

*(€iy NooNei) =g Y A ANejy_

jl?"'th*T
where the sequence j; < ... < jn—, is complementary to ¢; < ... < %, and
EGrymin_r) = S8 (J1, -+, IN—r, 71, .- ,%r) (it is a small modification with re-

spect to the classical theory on Riemann manifold).

EXAMPLE 1.1.4 (Lusztig example, 1972, [13]). Let (-|) : E x E — R be
a symmetric (indefinite in general) nondegenerated scalar product on a finite
dimensional vector space E. Let G be an arbitrary inner product in E (i.e.
symmetric positive). Then there exists exactly one direct sum decomposition
E = E; @ E_ which is ON with respect to the both scalar products (-|-) and
G and such that (-|-) is positive definite on Ey and negative definite on E_.
We denote by xg the involution xg : F — E such that

*E‘E—i- = Zd, *E‘E— = —Zd
Then the quadratic form
():ExE—R, (v,w)r— (v|Jw):=(v]*gw)

is symmetric and positive definite. The involution xg is an isometry, therefore
the system

(E7 <’>7(’7)7*E)

is a finite dimensional Hodge-space.

EXAMPLE 1.1.5 (Gromov example, 1995, [2]). Let (:|-) : E x E — R, be
a symplectic form on a finite dimensional vector space E [i.e. skew-symmetric
and nondegenerated]. There exists an anti-involution 7 in E, 72 = —id (i.e. a
complex structure) such that

(tv|Tw) = (vjw), v,w € E,
(vlTv) >0 forall wv#0.
Then the tensor
():ExE—R (v,w)+r— (v|jw) = (v|Tw)
is symmetric and positive definite and (7v|7w) = (v|w) . The system
(B, (15 Gl =)

is a finite dimensional Hodge-space since —7 is an isometry and (v|w) =
(v] — Tw).
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ExAMPLE 1.1.6 (Trivial Hodge space). Let (E, (+|-)) be a real p-dimensional
Euclidean space (a vector space with an inner product (+|-)). Then the system
(E, -]y =(|),(:]"),* = Id) is called a trivial Hodge space.

Infinite dimensional Hodge structures can be given on the space of cross-
sections of a vector bundle.

DEFINITION 1.1.7 ([12]). By the Hodge vector bundle (or a vector bundle
of finitely dimensional Hodge spaces) we mean a system

consisting of a Riemann vector bundle (£, (-|-)) and smooth tensor field (-|-) €
Sec (®2£)* and linear isomorphism *¢ : & — & such that for each x € M the

system
(51’ <|>x ) (|)z ) *Ez)

is a finitely dimensional Hodge space. If x¢ = Id, i.e. (-|) = (-|-) then & is
called trivial Hodge vector bundle.

REMARK 1.1.8. In all considered four examples below (see Subsectionm
below) the Hodge vector bundle is a 3-bundle (in the sense of [3, Ch. VIII]).
We recall that it is equivalent to the existence of a covariant derivative in the
vector bundle £ such that all three tensors (-|), (-|-) , ¢ are parallel. Therefore
with a »-Hodge vector bundle we can associate a suitable structure Lie group,
a principal fibre bundle (also a Lie groupoid and a Lie algebroid), and the
characteristic Chern—Weil homomorphism [3, Ch. VIII].

LEMMA 1.1.9. If (&, (-|-), (:]") , *¢) is a Hodge vector bundle over a compact
oriented Riemannian manifold M, then the system

(Sec&, (-[-) > (1))

where {-|-), (-])) : Sec& x Sec§ — R are pairings defined via the integral
operator

(o]B) = /M (0alBa) dM, () = /M (cwlBe) DM,

is a Hodge space (infinite dimensional if dim M > 0) induced by the Hodge
vector bundle . If M is not compact, then the system as above for the subspace
Sec. & of cross-sections with compact supports forms a Hodge space as well. For
arbitrary M (compact or not) passing to La-theory we obtain a Hodge space
on La-cross-sections Lo (§) .

ExaMpPLE 1.1.10. The following are examples of Hodge vector bundles:
o (= /\T*M for a Riemannian manifold M; we use the classical Hodge
space /\ T M for the cotangent space 1 M.
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e Lusztig example of a vector bundle ¢ with nondegenerated indefinite
symmetric 2-linear tensor field (-|-) [and equipped with a flat covariant
derivative V such that the tensor (-|-) is parallel],

e Gromov example of a vector bundle ¢ with a symplectic form (-|-) [and
equipped with a flat covariant derivative such that (-|-) is parallel],

e Tensor product /\ T*M ®¢& of a Riemann manifold M with an arbitrary
Hodge vector bundle £. Particularly, this concerns a trivial Hodge vector
bundle £. (Remark: with this structure we really have to deal - in the
category of Lipschitz manifolds - in the second and third part of the
paper by Teleman [20]).

o (= /\ A* for an invariantly oriented transitive Lie algebroid A, see [8].

The Lusztig and Gromov examples of Hodge vector spaces are very impor-
tant for the calculation of the signature of transitive Lie algebroids, thanks to
some spectral sequence argument [12], see Subsection m

1.2. Graded differential Hodge spaces. To define a signature we in-
troduce a gradation and a derivative to the definition of Hodge space. We
are interested only in the case when the top degree is even (because then the
middle degree can be considered).

DEFINITION 1.2.1 ([12]). By a graded anticommutative differential Hodge
space of even degree N = 2n we mean a system

N=2n
(W =D _, Wb, (-|->,*,d)
where (W, (-|-), (-]) , %) is a Hodge space (finitely or infinitely dimensional) and
(1) (|Y|WFx W" =0if k47 # N,
(2) W" are orthogonal with respect to (+|-),
(3) the operator d, called derivative, is homogeneous of degree +1, i.e. d :
W — Wt and d? = 0,
(4) <dwr|uN7rfl> _ (_1)T+1<wr’duNfr71> for w" e W, uN-1-1¢ WNfrfly
(5) the tensor (-|-) is anticommutative in the sense
<UT"UN_T> =g, <vN—T’vT> 7
where
&= (=1 ()T = (=) (1)
Denote (-|-)" := (|-} [W" x WN="_ Clearly,
a) £, = +1 so the tensor (-|-)" on W™ is symmetric,
b) *[W' c WN=" and *:W" — WN=" is an isomorphism,
c) the induced cohomology pairing
Clp s B (W) < BY T (W) — R, ([u], [v]) = ([u] | [w])g = (uw)",

is correctly defined,
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d) the condition (5) above enables us to consider the cohomology pairing
in the middle degree

([)g - HY (W) x H" (W) — R

which is symmetric, therefore if dim H” (W) < oo then we can consider

the signature of the quadratic form (-|-)g -

DErFINITION 1.2.2. If dim H" (W) < oo we define the signature of W as
the signature of (-|-)5

Sig (W) := Sig (|-)g1 -

The above condition (4) in the classical geometrical examples on an N-
dimensional compact manifold M without boundary follows from the Stokes
theorem.

REMARK 1.2.3. The finiteness of the dimension of the cohomology space
H" (W) (in all dimensions) can be obtained after assuming that the Poincaré
duality holds. For standard cohomology algebra of differential forms on com-
pact smooth oriented manifold M the Poincaré duality is easily to obtain by
a simple argument in algebraic topology: via the so-called Mayer—Vietoris se-
quences. For the cohomology algebra of elliptic complexes on M the Poincaré
duality is a result in the so-called abstract Hodge theory of elliptic complexes
[15] (which use Lg-analysis).

PROPOSITION 1.2.4 ([12]). Let <W = DN WY ()%, d) be a graded
anticommutative differential Hodge space of even degree. Then

1) #x (w") =g, -w",

2) the linear operator § : W' — W'~ [called coderivative] defined by
(W) =g (—1)" xdx* ("), w" €W,
is the adjoint operator, i.e.
(0 (w1) lw2) = (wi]d (w2)),

3) the Laplacian A = (d + 6)* = db + 6d is homogeneous of degree 0, self-

adjoint (Av|w) = (v|Aw), and nonnegative (Av|v) > 0.
DEFINITION 1.2.5. A vector v € W is called harmonic if

dv=0 and Jdv=0.

Denote by H (W) the space of harmonic vectors and H" (W) = H (W)NW"
the space of harmonic vectors of degree 7.
The following are easy to verify:

e the harmonic vectors form a graded vector space H(W) = ED?{V:O H (W),
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o H" (W) =ker A" and
H(W)=kerA = (ImA)™*,
e the spaces ker A" and Imd"~! are orthogonal, therefore the inclusion
H" (W) =ker A" — kerd"
induces a monomorphism (called the Hodge homomorphism)
2" H (W) =ker A" — H" (W) :=kerd"/Imd" L.
The following is the fundamental problem.

PROBLEM 1.2.6. When the Hodge homomorphism 2" is an isomorphism?
Le. when in each cohomology class there is (exactly one) a harmonic vector?

THEOREM 1.2.7 ([12]). If
(1.2.1) W=ImA@ ImA)*

[it means if W =ImA@ker A =Im AP H (W)| then

e WF=ker A"@Imd ' @Imé™*! (strong Hodge decomposition),
e kerd” = ker A" @ Imd ", in particular, the Hodge homomorphism is
an isomorphism

" H" (W) = ker A" = ker d"/Imd—!' =H" (W),

(particularly, in each cohomology class there is exactly one harmonic
vector).

e (Poincaré Duality Theorem) The cohomology pairing (-|-)g : H (W) x
HY=" (W) - R fork=0,1,...,N, is a duality, HW) = H(W)",
(whence dimH (W) < oo and H" (W) ~ HVN=" (W)).

REMARK 1.2.8. In important examples on manifolds (standard, Lie al-
gebroid, Lusztig’s and Gromov’s examples, see Subsection below) the

condition W = Im A @ (Im A)* holds thanks to the fact that Laplacian A is
an elliptic operator.

1.3. Signature and the Hirzebruch operator. Consider a graded an-
ticommutative differential Hodge space of even degree

(W B @iv:o% W) (-!-),*,d> .

We restrict the positive definite product (-]-)" : W™ x W — R and the
tensor (+|-) : W" x WN=" — R to the space of harmonic vectors

([)3 s H" (W) x H" (W) — R,
B = (|5, H (W) x HN=" (W) — R.
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To define the Hirzebruch operator we can use a new operator 7 being a small
=+ sign-modification of the x-Hodge operator.

THEOREM 1.3.1. There exists exactly one operator 7 : W — W such that
) 7)) =¢&-*xw @), u" € W', for some &. € {—1,+1},

ii) ToT = 1Id,

iii) 6 = —7odor,

iv) 7" =%|W", e &,=1.

If T fulfils 1)—iv) then

r(r+1) n(n+1)
2 2

& € (—1) -
In particular,
r(r+1)
o if N =4p thene, = (—1)" and & =(-1) 2 (-1)",
(r+1)

o if N=dp+2thene, = —(—1)" and & = — (—1) "2 (=1)".

REMARK 1.3.2. The operator 7 can be considered also for odd N, but
then we should allow complex numbers &, € {£1,+i} and consider the com-
plexification W ® C. More precisely (see [12]) for a quite arbitrary sequence
of the coefficients of anticommutativity <v’”|vN*’”> =& <UN*’”|U’">, e = &1,
the complex valued operator T fulfilling i) for (£,)* € {+1,—1}, ii) and iii)
exists [assuming nontriviality condition d” # 0 for all r] if and only if the
sequence &, is equal to &, = &g (—I)T(Nfr)where g0 = £1. For each of these

sequences g, there is exactly two solution £, € {£1,+i}, namely given by
2N—r—1 N(N+1)
the formula &, = (—=1)"" 2 . & where (&))® = e9(—1)" 2 . The case of
even N, N = 2n and conditions ¢, = 1 = &, = 1 yields the unique solu-
r(r+1) n(n+1)
2 (_1) 2

tion &, = (—=1)" (—=1)" and unique (real) solution &. € (—1)
described above.

Consider the symmetric and nondegenerated quadratic forms in the middle
degree (-|-)", {|-)3; and (:|-)g -
REMARK 1.3.3. Under the assumption (1.2.1), W = Im A @ (ImA)*, we
have H"™ (W) ER: (W), therefore B" = (-|-)7, = (-|-)1- Then we have
Sig (W) = Sig (-|-)f = Sig B".
We put
Wi ={weW; Tw=+tuw},
the eigenspaces corresponding to the eigenvalues +1 and —1 of 7, respectively.
Denote the operator
D=d+¢
and notice that D [W,] C W_.
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DEFINITION 1.3.4. The operator
D, =DW; Wy — W_
is called the Hirzebruch operator (or the signature operator).
Take the adjoint to Dy,
D_=D} =D|W_:W_ — W,.
Clearly, the spaces ker (D) and ker (D_) are contained in ker D = H (W)

REMARK 1.3.5. For arbitrary graded anticommutative differential Hodge
space of even degree if dim H (W) < oo then the index

Ind Dy := dimg ker (D) — dimg ker (D_)
is correctly defined (the dimensions are finite).

Simple algebraic arguments give the fundamental theorem on the index of
Hirzebruch operator, [12].

THEOREM 1.3.6 (Hirzebruch Signature Theorem). If dimH (W) < oo, then
Ind D4 = Sig B".
If, additionally the condition holds, then
Ind Dy = Sig B" = Sig (-|-)gr = SigW.

SKETCH OF THE PROOF. Put H} (W) = {a € H" (W); *a = £a}. Then
H™ (W) = HE (W)@ H" (W). The subspaces H* (W) + H?*"~5 (W) are 7-
stable for s = 0,1,...,n—Land p1: HS(W) — (H5(W) + H*" (W), X+—
% (X 4+ 7X), is an isomorphism of real spaces. The subspaces W* +W?2"~% are
also T-invariant, therefore Wy = @7, (We +W?2n=s) @ W} which yields

n—1

ker Dy = Wi N'H (W) = @SZO (H* (W) + H*"* (M), P HE (W)
and in consequence

dim ker Dy — dim ker D7}

n—1
= dimg (H* (W) +H>* (W), + dimg 1} (W)
s=0

n—1
=) dimg (K (W) + H*"* (W) _ — dimg H (W)
s=0

— dimg H" (W) — dimg H" (W)
= Sig (B").
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1.4. Four fundamental examples and their general setting [12].
1.4.1. Four examples. The above general algebraic approach to the Hirze-
bruch signature operator can be used to the four fundamental examples.

([ [manifold, classical example],

(Q" (M), dgr); dim M = N = 4p,
here &, = (—1)"™ ") = (=1)"

[Lie algebroid example]
(Q"(A4), da); A — TUIO-Lie algebroid
rank A = N =m +n = 4p,
here g, = (—1)"

W — [Lusztig example]
(E,(:]-)) — flat vector bundle,
(Q"(M;E), dy); (') — symmetric nondegenerated parallel
tensor, dim M = N = 4p,
here ¢, = (—1)"

[Gromov example]
(E,(-|-)) - flat vector bundle,
(Q"(M;E), dv); (:|-) —symplectic parallel tensor,

here g, = — (—1)",

The Lusztig anf Gromov examples are important for the Lie algebroid case
thanks the following spectral sequence argument:

THEOREM 1.4.1 ([10]). Let (B,B",U, D, B;) be any DG-algebra with a de-
creasing filtration B; and (Egz, ds) its spectral sequence. Assume the following
reqularity Bo = 0 of the filtration B; and that there exist natural numbers m
and n with the following conditions:

° Eg’izoforj>m and i > n,

e F5 is a Poincaré algebra with respect to the total gradation and the top

(m+n) _ m,n
group Es =FE,"".
Then H (B) = @™ H" (B) is a Poincaré algebra, dim H™*" (B) = 1, and
Sig F» = SigH (B).
If m and n are odd, then Sig Eo = 0. If m and n are even, then
Sig By = Sig(Ey 2 x B2 ? — BS"™ = g™ = R).

~ Using Hochschild-Serre spectral sequence of the Lie algebroid A we have
E}' = HL,(M;H'((g)) [11], where V' is an suitable flat structure in the
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vector bundle of i-group of cohomology of isotropy Lie algebras H’(g). The
multiplication of values H' (g) x H" (g) — H* (g) is taken with respect to
multiplication of cohomology classes of isotropy Lie algebras, in particular for
the middle degree § we have

([):H2 (9) xHz (9) — H" (9) = M xR,
and we need to consider two different cases:
e if 7 and 5 even, then the above form is symmetric and we can use
Lusztig type example,

e if 7% and 5 are odd, then the above is symplectic and we can use Gromov
type example.

In both cases we obtain the Hirzebruch signature operator
Dy =dgy +05 : Q(M;HE (g)) — Q_(M; HE (g)).

1.4.2. General setting, graded anticommutative differential Hodge vector
bundles. The above four examples can be considered simultaneosly from the
general point of view of graded vector bundle of Hodge spaces over a connected
compact oriented Riemannian manifold M, [12].

DEFINITION 1.4.2 ([12]). Let M be a connected compact oriented Rie-
mannian manifold. By a graded anticommutative differential Hodge wvector
bundle of even degree N = 2n over the manifold M we mean a system

N=2n
(6= €t () a)
such that
1) (& (:]),(:]"),*) is a Hodge vector bundle and the induced infinitely
dimensional Hodge space <Sec§ = @7],\7:0 Sec&™, (-]'N, (-]) , *, d) (see
Lemma is a graded anticommutative differential Hodge space of
even degree,

2) the complex d = {d"}, d" : Sec£™ — Sec &1 is a complex of differential
operators of first order.

The operator ¢ : Sec{ — Sec¢ defined by 6 (o) = &, (—1)" *d * (a”) is
the adjoint operator to d, (a]df)) = (da|B)).

If {dk} is an elliptic complex, then the Laplacian A = (d + 6)? is a selfad-
joint, nonnegative and elliptic operator. In consequence the condition (|1.2.1))
holds, i.e. Secé = ImA @ (ImA)*, whence (Th. we have H (Sec&) =
H (Sec¢,d) and dim H (Sec&) < oo. Therefore, we get the Hirzubruch operator
Dy = (d+0), : Secy — Sec{_ and the equality (Th.

Sig (Sec€) = Sig ()i = Ind D
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The ellipticity of A follows from [21, Remark 6.34] since the symbol o(6),,,

of the adjoint operator of a first order operator d equals —o (d)’(kx’v) .

The above four examples (Subsection|1.4.1)) can be obtained from the above
general setting by putting £ = /\ T"M, /\ A* or /\T*M® E, respectively
(E is Lusztig or Gromov case). In the above four examples the derivative d is

a differential operator of first order with constant coefficients (with respect to
some suitable local trivializations).

2. Graded Hilbert subdifferential Hodge spaces. Teleman [18] no-
ticed that the consideration of the Lipschitz structure on a compact manifold
and Lo-differential forms leads to the Hodge theory in an easy algebraic man-
ner (we need only some convolution argument and Lo-Poincaré duality). The
cause is that all suitable unitary spaces are then Hilbert. There is only one
important difference. On Lipschitz manifolds the derivative of differential Lo-
forms is not defined on all space of Lo-differential forms. This is the source
of the new algebraic notion of the graded Hilbert subdifferential Hodge spaces
(Subsection [2.2)).

Firstly, we briefly describe the suitable definitions and facts concerning the
Lipschitz manifolds given by Teleman [18].

2.1. Lipschitz manifolds and distributional exterior derivative
(subderivative).

DEFINITION 2.1.1 (Teleman 1983, [18]). A Lipschitz structure on a topo-
logical manifold M of dimension n is a maximal atlas U = {Ua, @ }oep » Where
¢o: M DU, — Vo CR™ (Uy, Vo, - open subsets) are homeomorphisms such
that the changes coordinates (i.e. transition functions)

Aap=¢pody', a,B€A
are Lipschitz mappings.

Of course, a C'°>°-manifold possesses a canonical Lipschitz structure.

THEOREM 2.1.2 (D. Sullivan, 1977, [16]). Any topological manifold of di-
mension # 4 admits a Lipschitz structure, and that structure is essentially
UnLque.

Sullivan’s theorem makes then possible to construct signature operators not
only on a compact Lipschitz manifold, but on an arbitrary compact, topological
manifold of even dimension # 4, [19].

The crucial role is played by Rademacher’s theorem:

THEOREM 2.1.3 (Rademacher’s theorem, [5]). If U — R is a Lipschitz
function on an open subset U C R™, then

of
oz

are measurable and bounded.

e the partial derivatives

of
® 9z

exist almost everywhere,
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DEFINITION 2.1.4. We say that a Lipschitz manifold with the atlas U =
{Ua; da}tocyp is orientable if there exists a subatlas A’ C A for which the home-
omorphisms A,g have positive jacobian (in all points of differentiability). If
such an atlas is given we call M oriented.

Since the partial derivatives of a Lipschitz function exists in general not
everywhere (only almost everywhere), therefore we can not define traditionally
a tangent space at a point to a Lipschitz manifold M and we must use other
algebraic ways to define a differential form on M.

Let L% (U) denote the space of k-differential forms of class Ly on an open
subset U C R"™ (i.e. the space of differential forms on U with measurable
coefficients of square integrable). For the standard Riemannian metric on U
the space L% (U) with integral norm (i.e. Lg-norm |lw| = /((w|w)), where
(wlw)) = [ (w|w)), is Hilbert.

DEFINITION 2.1.5. Let M be a compact Lipschitz manifold with the atlas
U = {Uxq, da}acp - By La-differential form on M we mean a system
w = {wa}aeA

where w,, is a [real] Lo-differential form on the open subset V,, = ¢, [U,] C R™,
a € A, such that the following condition of compatibility holds

Denote by Ls (M) the vector space of Lo-differential forms on M (modulo
equality almost everywhere). A O-differential form determines a measurable
function on M.

For an oriented Lipschitz manifold, using a Lipschitz partition of unity, we
define the integral ), w for w € LE (M) (n = dim M) in a standard way.

DEFINITION 2.1.6. A Lipschitz Riemannian metric on M is a collection

I'= {Fa}aeA

where T',, is a Riemannian metric on V, = ¢, [Us] C R™ with measurable
components, which satisfies

e compatibility condition
(Aaﬁ)* s =Ta,

e [o-norms on V,, determined by I', and by the standard metric are equiv-
alent.

THEOREM 2.1.7 (Teleman, 1983, [18]). Any compact Lipschitz manifold
M has a Lipschitz Riemannian metric.
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Clearly, any Lipschitz Riemannian metric determines a measure on M.
Let *,, be a Hodge star isomorphism in /\ (R™)* defined by the metric
I'yat z e R?

*q,z (62'1 VANAN eir) = €(j1,ein_r) " Ch1 ANRIVAN ) N

{ei}i_, is T'q (2)-ON frame and we take (;, _;  identically as in Example

DEFINITION 2.1.8. For a Lipschitz Riemannian metric I' = {I'y} on a
compact Lipschitz manifold M and w € L5 (M), w = {wq}, we define
o Lo-differential form *rw = {*qwa}t,
e for w,n of the same degree we define the inner product (w|n)p :=
{(walna),} (it is a O-form, i.e. a measurable function on M).
e the unitary structure (w[n)r == [y, (wn)p

THEOREM 2.1.9 (Teleman, 1983, [18]). The space L5 (M) with unitary
structure ((-|))p is Hilbert, two Lipschitz Riemannian metrics define equivalent
norms in L5 (M) .

Introducing the pairing of differential forms in complementary degrees by
integration of the wedge product

(wln) = /Mw An

we have (w[n)) = (w|#*r n))p which means that (La (M), {:[-), () ,*) is a
Hilbert Hodge space (Def. [1.1.1)).

DEFINITION 2.1.10. Let o € L5 (U) be any Lo-differential form on U C R"
of degree r < n. We say that o has distributional (or weak) exterior derivative
in the class Lo if there exists an Lo-differential form of degree r + 1

do € Ly (U)

such that for any C°°-differential form ¢ of degree n — 1 — r with compact

support in U
/ do A\ = (—1)T+1/ o Adp.
U U

If r = n, we put do = 0 for each o € Ly (U). B

Distributional exterior derivative do is uniquely determined and do has
zero distributional exterior derivative, d (dcr) = 0. If o is of the form ¢ =
Sir<..<ipottrdr, AL Adwg, € LY (U), the distributional exterior derivative
do (if exists) looks exactly as in the smooth case: do = XY <. <iy a”{;l#dmj/\

ir

dz;, A ... A dx;,, where % is the usual distributional derivative of the
J

function ¢, and although the components of do in the base dz;; A ... A
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dx;. Ndz; ., are requlred to belong to Lo, it is not true, in general, that each
distributional derivative 222" helongs to Ly [18].

Via the convolution argument and a mollifying sequence (see Remark
below adopted for the exterior derivative of differential forms and vector bun-

T r+1
dles £ = Sec/\ U, n = Sec/\ i T*U) we have (compare [20]):

THEOREM 2.1.11. A form o = Eail"'i’“da:“il A...Ndx;, € Ly (U) of degree
r < n has distributional exterior derivative do € Lg"'l (U) if and only if there
exists a sequence o, € L5 (U)NQ" (U) of smooth Ly-differential forms on U

such that oy, Lo, o and doy, is convergent in Lo (then limy, .o doy, s indepen-
dent of the chooice of the sequence oy, and limy,_,~ doy, = do ). For o, we can
take the differential form o, = Yoyl "rdx;, N\ ... N\dx;, such that

(211) U:Ll"'iT — Al * O_il-..’ir

n

where A1 * o' s the convolution operation (see Subsection of)\ 1 and
ot when fort >0 M\ (x) = %ap (%) and ¢ € C§° (R™), ¢ >0, f]R" dx =
1, suppp = B(0,1).

PROPOSITION 2.1.12 ([I8]). If w = {wa}aep 5 an La-differential form on
M of degree r and dw,, € Lo (Vy) is the distributional exterior derivative of wy,
then
do = {dwa},_,
1s an Lo-differential form on M of degre r + 1.

Denote by Q0 (M) C L5 (M) the subspace of Lo-differential forms of degree
r possessing the distributional exterior derivative

Q (M) ={weLy(M); dwe Ly (M)} .
It is easy to see that (d)Z = 0 na Q4 (M) . We obtain a cohomology complex
0= Q) (M) — ... — (M) % Qe (M) — ... — Q1 (M) = LE (M) — 0,

THEOREM 2.1.13 (Teleman 1983, Lo-Poincaré duality, [18]). For a compact
oriented Lipschitz manifold M of dimension n the pairing

(g B (Q (M) < B (@5.00) — R, (o] o)) — / oy
is strongly nondegenerated, i.e. H" (Q5(M)) = (H"™" (Q5(M)))" . Therefore
H Q8 (M)) = (H(Qy(M)))", whence dimH (Q (M)) < co.

The first step of Teleman’s proof demonstrates that the inclusion L* (M) —
Q3 (M) of the Whitney subcomplex L*® (M) (consisting of the so-called flat
differential forms, i.e. differential forms w = {w,} such that w, and dw, have
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bounded measurable components [22]) into Q2§ (M) induces an isomorphism
in cohomology. It follows from the fact that associated differential sheaves
of germs L*® (M) and Q§ (M) are fine and are resolutions of the R-constant

sheaf (thanks the suitable versions of the Poincaré lemmas). The second step
demonstrates the Poincaré duality for L® (M) which is easy to see by the
Whitney’s theory [22].

THEOREM 2.1.14 (Teleman, 1983, [18]).

(1) Suppose that w € Q (M) and n € Q"1 (M), r < n, then we can switch
the distributional derivatives

(wldn) = (=17 (dwlm) -

(2) Letw € Ly (M), r < n, and if there exist ' € L™ (M) such that

(wldn)) = (1) (1)

for all n € Q"1 (M), then w € Q5 (M) and W' is the distributional

exterior derivative of w, dw = W' .
In particular, if <<w|Jn>> =0 for alln e QZ_T_l (M) then dw = 0.

The first part of the above theorem is reduced to a local problem where w
is supported in an open set in R™ (using a Lipschitz partition of unity). The
local problem is proved by the convolution argument (see Theorem .
We notice that this argument easily implies that 4 (M) is an algebra and the
usual formula for the derivative of the wedge products holds. The operator d
remains local.

Notice that Teleman’s considerations [18] concerning Lipschitz manifolds
to obtain the signature operator has algebraic nature which enables us to give
some generalizations.

In the end we notice that if M is a smooth compact manifold and Mg is
corresponding Lipschitz manifold then Ly (M) = Lo (Mg) as Hilbert spaces.

2.2. Hilbert anticommudtative graded subdifferential Hodge spaces.
We start with the following definition.

DErFINITION 2.2.1. By a Hilbert anticommutative graded subdifferential
Hodge space of degree N we mean a system

(2.2.1) <W =@ W) G d s Wy — Wd>

consisting of a Hodge space (W, (-]}, (:|-), *w) and a subderivative d defined
on some subspace with gradation

N T T T
Wa=CD _ WicW, Wi=W'nWy

satisfying the conditions:
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(1) the unitary space (VV, Il = (|)) is complete, i.e. W is Hilbert, the
subspaces W* are orthogonal with respect to (-|-),

2u) ([YIWFxW"=0if k+7r# N and (v",0N"") =&, (v, 0"), where
er =0 (-1 for gg € {+1, -1} .

(3g) Wy is dense in W,

(4p) d is degree +1, d" = d|W5 : Wi — WZ{H, and dod =0,

(5x) (dwlu) = (—1)" " (w|du) for w € Wi, ue Wy 1,

(65) If for w € WT there exists w’ € W't such that (w'|u) = (—1)r+1<w|ciu>
for each u € Wév_r_l, then w € W7 and dw = w'.

A Lipschitz manifold M leads to the Hilbert anticommutative graded sub-
differential Hodge space with g = +1 for W = L5 (M) and Wy = Qg (M) .

NoOTATION 2.2.2. Let W be a Hilbert anticommutative graded subdiffer-
ential Hodge space of degree N. We put

W= = sy (W]
This space is dense in WV~ and sy : Wi — W(sN " is an isometry. By a
cosubderivative of degree r we mean the oparator
o W — Wit
defined by B B
O (w") =g, (—1)" xdx* (w"), w"eWj.
Standardly, we can prove the following lemma.
LEMMA 2.2.3. The operators d and & are adjoint
N olw) = (v]dV T w), ve W we WL
PROOF.
N Tolw) = (en—pr (D) T xdx (W) |w) = (DN wd” (* 1) |w)
— (w| (=D @ (*—1v)> — ()N (w|d" (*—1v)> Gp) <JN_T_1w| 1 v)
= (dV | x ) = @V wl) = (v]dY T ).
O
NoTATION 224, W] = Wi nWf = {we W we Wy, wwewy ™} -
the Sobolev space of order 1 on the Hilbert anticommutative graded subdiffer-

ential Hodge space W.
LEMMA 2.2.5.

(a) W7 is a Hilbert space with respect to the diagonal norm |wl|;:

w2 = f[w])? + ||dw|)* + ||dw]?.
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(b) The operator
D'=d+6: W] — W"
is a bounded operator (i.e. it is continuous).

PRrROOF. (a) Let w; € W] be a Cauchy sequence with respect to the diag-
onal norm |[w||; . For arbitrary ¢ > 0 there exists ny such that ||w; —w;||; <e¢
for 4,7 > ny. Then |[w; — w;||* < €2, HCZ(’U)Z' - wj)HQ <e? Hg(wi —wj)H2 <
e2. Whence w; is Cauchy in W. From assumption (1) there exists a limit
w = limw; € W. The sequences dw; and dw; are Cauchy in W, too. Let
wg = limdw; and ws = limdw;. It is enough to check that wy = dw and
ws = dw.

al) wq = dw. Take arbitrary u € Wév_r_l, then

) _

(wg, wy = lim (dw;, u) @) jiy (—1)" 1 (wi,du) = (1)t (w,du).

By axiom (6y) we have w € Wy and wy = dw.
a2) ws = dw. To show that w € W it is enough to check that xw € Wy.
Firstly, we notice that the sequence d (*w;) is convergent because d (xw;) =

+ % dw; — £ * ws. Secondly,

(limd (sw;) , u) = lim {d (xw;) , u) = lim (=)~ 7" (sw;, du)

_ (71)N7k+1<

kw, du) .

By (6g) we have xw € Wy and d (+w) = limd (*w;). Therefore *d * w =
lim *d (*w;) , whence dw = lim dw; = ws.

(b) evident. O

Let Hy (W) = @7{\/:0 H, (W) be the graded cohomology space of the com-

plex (Wd,d) and let
(g : B (W) xHY " (W) — R, ([w], [v]) — (w]v),
be the pairing induced by the tensor (:|-), r =0,1,..., N (thanks (5g)). We
define now the spaces of harmonic vectors
Hy={weW[; dw=0=bw}.
Clearly
*: Hl — H(Jiv -

is an isomorphism. Any harmonic vector is a cocycle, therefore there exists a
Hodge homomorphism

xyg:Hy — H" (WY).
As in the paper by Teleman (1983) we can prove in an algebraic way the
following theorem



106

THEOREM 2.2.6. If is a Hilbert anticommutative graded subdiffer-
ential Hodge space of degree N then

(a) the subspaces H (W) and Imd"~1 are perpendicular,

(b) zl is a monomorphzsm

(c) the subspace Kerd" is closed in W7, therefore Kerd" is a Hilbert space

(d) H = {h e W™ heKerd', hlImd~ 1}, i.e. H, = ( d— 1)
n Ker dT

(e) if the cohomology pairing (-|-)g 4 is a weak nondegenerated then the sub-
space Imd" " is closed in W, therefore Imd" ' is a Hilbert space,

(f) (Hodge Theorem) if the cohomology pairing (-|-)g 4 i @ weak nondegen-
erated then Tm d"~1(C Kerd") is a closed subspace of the Hilbert space
Kerd" and

Kerd” =Imd ' @ (Imd" )" = Imd" ! &M
which means that
Hy (W) =2 Kerd /Imd™—! = H" (W}),
i.e. the Hodge homomorphism x; is an isomorphism,

(g) if the cohomology pairing (|>;Ld is a weakly nondegenerated and the
subspace of harmonic tensors H}; (W) is finitely dimensional then

(gl) the cohomology space Hy (W) = @1{\;0 H), (W) of the complex
(Wd,d) 18 finite dimensional and fulfills the Poincaré duality, i.e.
the pairing

(Vg H (W) x BY (W) — R, ([w], [v]) — (w]v),
is a duality, H" (W2) = (HN-" (Wd))* , forr=0,1,... N,

(g2) there is a strong Hodge decomposition of closed perpendicular sub-

spaces
(2.2.2) W =Hy(W)od[W; ' od [WiH],
and
(2.2.3) Wr=Hy(W)®d[W s [W]H].
PROOF. (a) If w € M}, and v € W/ ™! then by Lemma (w|dv) =

(dwlv) = 0.

(b) Follows by (a). Independently: if w € H], and z/; (w) = [w] = 0, i.e.
there exists v € Wy such that w = d"~! (v) then by Lemma |: (w|lw) =
(w|dv) = (dwlv) =0, so w = 0.

(c) Assume w; € W}, dw' = 0, and let w; — w € W". For arbitrary vector
u € WY we have

(w|du) = lim <wl|du> %) lim (—1)" " {dw;|u) = 0 = (—1)""" (0[u) .
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Axiom (6p) implies that w € W7 and dw = 0.
(d) ”C” follows from (a). "D” Let h € Kerd” and hLImd"~!. Then for
arbitrary w € W)~ we have (w|h) = &, (w| * h) , therefore

0= (dw|h) =&, (dw| * h).
From Axiom (65) we have xh € Wy and d (xh) = 0, therefore 6h = &, (—1)" x
dxh=0.
(e) Let d'w; — w € W, w; € Wg_l. Then d"~'w; are cocycles. The
part (c) yields that w is a cocycle too. For an arbitrary cocycle h € Wév -,
dh = 0, we see that

(wlhy = lim (& Ywglh)y %2 (=1)" lim (w;|dh) = 0.
The weak nondegenerance of the cohomology pairing implies that [w] = 0, i.e.
w € Imd 1.

(f) follows from (d) and (e).

(gl) it follows by (f) and the fact that the weakly nondegenerated pairing
for finitely dimensional vector spaces is a duality,

(g2) @D Im d"~ is closed from (d), Im 6" = % [Im d™ "] is closed by
(e) and that x is an homeomorphism. All subspaces are then closed and pair-
wise perpendicular. It remains to check that H (W)= (d [W; '@ ¢ [WiT!] )L.
The inclusion ”C” is evident by Lemma [2.:2.3] To prove ”D” take h €
(d[w; ] es [Wg"'l])J—. Clearly h L Imd"~! and h L Imd"*!. According
to (d) we need only to notice that h € Kerd". But (dh|dh) = (h|ddh) = 0
since 6dh € Im 6 and h L Im . Therefore dh = 0.

To prove that the strong Hodge decomposition can be presented in
another way we notice (analogously to Cor. 4.4 from [17]) that

G AW =d[wi™l]  and D) 8 [WrHY] =4 (Wit

Since Wy N & [Ws] € WynN Ws = Wy C Wy therefore to check (i) it is sufficient
to prove the equality

ci[Wd] =d [Wd néd [Wa]] .
It is clear that d [WyN 4 [W;s]] C d[Wg]. Conversely, suppose w € d [W], i.e.
w = du, u € Wy. ;From the first decomposition W™ = H}, (W) & d [W) '] &
& [W;*'] we deduce that there exist h € Hq (W), o € W, and 8 € Wy such

that u = h—_l—JoH— 83. But w, h, da € Wy, it follows that §3 € W, too, whence
0 € Wynd [Ws]. We get

w=du=d(h+da+358) = d(58) € d[Wan & W]
which prove (i). The equality (ii) can be proved similarly. O

Analogously as in Teleman’s paper we show
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THEOREM 2.2.7. The operator D" = d + 6 : W — W" is a continuous
Fredholm operator such that

(1) Ker D" = H% (W),
(2) InD" =d (W, '] @6 [WS] (so Coker D" = H!, ) and index D = 0.

PRrOOF. (1). The inclusion ”>” is evident. To see the opposite inclusion
take h € Ker D". Then

0= (DhIDh) = ((d+ ) bl (d+ ) h) = (dh|dh) + (5h|5h)
therefore dh = 0 = 6h. In conclusion dim Ker D < oo.
(2). The inclusion ”C” holds by definition. To prove the opposite inclusion
it is sufficient to check that d [W;fl] CImD" and § [Wg“} cImD".

a) d[W; '] CImD". Let a € Wy CW =Hag (W) & d W] &6 [Wj],
and put a = h + da + 0f3. Since a, h and da have derivative then §3 has also
the derivative 00 € Wy. Therefore

da = dh + o+ 56 = s = (d+ ) (35) = D (38) & m D.

b) § [Wg“] C Im D" — analogously. O

DEFINITION 2.2.8. A Hilbert anticommutative graded subdifferential Hodge
space of degree N will be called regular if it satisfies the following additional
properties

(7%) the cohomology pairing <|>§{ 4 1s weakly nondegenerated,
(7};) the subspaces of harmonic tensors H}; (W) are finitely dimensional.

Properties (7;)—(7%;) are equivalent to the property
(7g) the cohomology space Hy (W) = EBiV:o H, (W) of the complex (Wy,d)
fulfils the Poincaré duality (i.e. the pairings
([Vra s B (W3) x Y (W)) — R

are dualities).

2.3. The signature operator for regular Hilbert anticommutative
graded subdifferential Hodge spaces of even degree. Let W be a regular
Hilbert anticommutative graded subdifferential Hodge spaces of even degree
N =2n.

Since dim H () is finite (from the Poincaré duality) we can define the
signature of W, and

Sig (W) := Sig -}y = Sig BJ.
Puting (for the operator 7 defined identically as in Subsection
Wy ={weW; tw=xw}, Wyyx=WinWw,
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we notice that
D Wiyl Cc W_, D [Wi_] C Wy

DEFINITION 2.3.1. The operator
Dy = D|Wyy : Wiy — W
is called the signature operator for W. Also we define the operator
D_=D|Wy_ :Wi_ — W,
called adjoint to D .
The condition of duality holds
(D_i_a’ﬂ) = (a]l_?_ﬂ) , for aeWi,peW;_.

By the index of the operator D, we mean index D, := dimp ker (D+) —
dimpg ker (D_) . Analogously as in Subsection (e.g. see [12]) we prove the
signature theorem

THEOREM 2.3.2. For the regular Hilbert anticommutative graded subdiffer-
ential Hodge space W of even degree we have

Sig (W) = index D

3. Hilbert completion of the graded anticommutative differential
Hodge space of even degree.

3.1. Algebraic setting. For a graded anticommutative differential Hodge
space of even degree we define its completion to the Hilbert space. Then we
can obtain two signature operators and we want to compare them. It is the
case of Hodge vector bundles on compact smooth manifolds and associated
Lo-theory, and in particular of Lie algebroids.

Consider a graded anticommutative differential Hodge space of even degree

(W =@, W, (-!-),*,d) ,

(i.e. (W, (:]-),(:]"),=) is a Hodge space and axioms (1)-(5) from Definition
1.2.1] are satisfied).

Now, we complete the unitary space (W, (-]-)) to the Hilbert one W. The
inner product and the norm in W will be denoted by the same symbol. We
extend the *-Hodge isometry to the isometry * : W — W and the pairing (-|-)
to a new one denoting by the same symbol (-|-) : W x W — R. Of course this
pairing remains continuous. We obtain a new Hilbert graded anticommutative
Hodge space of even degree

<W - @i\[:o% W (L) ('!-),*> .
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~ Now we extend the derivative d" : W" — W7+l to some bigger subspace
Wi C W7 in a “distributional manner”.

DEFINITION 3.1.1. We say that a vector w € W has a distributional de-
rivative if there exists a vector belonging to W1 denoted by dw such that
for each vector v € WN="~1 the following condition

<w|dN—r—lv> — (_1)7“4-1 <JT’LU|U>
holds.

The derivative dw is unique (if it exists). The vector space of vectors v pos-
sessing distributional derivative will be denoted by Wj. Clearly, if w € W* then
dw exists and dw = dw. If w € W} then d"w € W, and d"+! (d" (w)) = 0.

It is evident that

e axioms (1y)—(4p) and (6f) are fulfilled.

e W is a Hilbert anticommutative graded subdifferential Hodge space if
condition (5z) holds,

e W is a regular if and only if the axioms (5g), (7y) are satisfied.

Before considering axioms (5x) and (7y) we introduce the fundamental
diagram joining Hodge homomorphisms for W and its extension W. First, we

take the subspace W[ := x [Wévfr} and the coderivative 0" : WJ — V_ngl,

6" := &, (—1)" % dN"" % . The operator § is an extension of 4.

Consider
(3.1.1) Wy = WanWs,
D = J+5 : Wl — W,
Hq (W) kerD:{wET/Tfl; Jw:O:gw}.

The inclusion J : W — W, commutes with derivations therefore induces a
homomorphism in cohomology

Jy :H(W) — H(W,).

We have the commutative diagram joining the Hodge homomorphisms z”
and a7,
d

HT (W) = HY(W)
(3.1.2) N LTy

Hy (W) 5 H(Wy).
We recall that Axiom (5f) says that we can
e switch the distributional derivatives d, (dw|u) = (—1)r ! (w|du) for
weWr ue Wh L
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Theorem [2.1.11] suggests that we should add to the set of axioms (1)—(5)
the following

(6) if w e W) (r=0,1,...,N) then there exists a Cauchy sequence w; €
W convergent to w, w; — w, such that dw; is convergent in W7+

LEMMA 3.1.2. If W fulffills (6) then (51 ) is satisfied (i.e. W is a Hilbert
anticommutative graded subdifferential Hodge space) and xly: Hy(W)—H" (WJ)
18 a monomorphism. Then Jy is a monomorphism too.

PROOF. Let Axiom (6) be fulfilled, and let w € Wi Ifw, € W7 is a
sequence such that w; — w and dwj; is convergent in W+, then lim dw; = dw.
Indeed, for arbitrary v € WN—"—1

(w]dv) = lim (w;|dv) @ lim (—1)7”Jrl (dw;|v) = (—1)7“+1 (lim dw;, v) ,

therefore, see Def. lim dw; = dw. To prove that (5y) is satisfied take
we Wi, ue Wévfrfl and let w; € W" be a sequence such that w; — w and
dw; is convergent. Then lim dw; = dw and

{dw|u) = lim (dw;|u) = lim (=) {(wi|du) = (=) (wldu) .

For the monomorphicity of the Hodge homomorphism 7, see Theorem [2.2.6]
O

CONCLUSION 3.1.3. According to Lemma[2.2.5 (and the pre-sentence) the
condition (6) implies that the operators d and § are adjoint. i.e. (Sv|w) =
(vldw), v € Ws, w € Wy, whence D is self-adjoint in the sense that for
u,w € Wy the equality holds

(Du,w) = (u, Dw).

Condition (6) holds on the spaces of crooss-sections of vector bundles on
manifolds and for linear differential operators of finite rank, see the next sub-
section, see also Theorem [2.1.11

In the sequel we assume that W fulfils properties (6).

Now we pass to the problem of the Poincaré duality for H (V_Vd) . In many
problems we have from the beginning that Poincaré duality property holds
for the cohomology H (W) (for example we have this in all four examples
considerded in Subsection proved simply by algebraic topology methods
[i.e. without using analytic methods of elliptic operators — although it follows
also by the latter ones].

DEFINITION 3.1.4. The graded anticommutative differential Hodge space
of even degree W is called regular if:
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(7) the Poincaré duality property for H (W) holds: i.e. ()5 : H (W) x
HY=" (W) > R, r =0,...,N, are dualities, H" (W) = (H¥~" (W))*
(particularly, the spaces H (W) and H (W) is finitely dimensional).

Clearly, Lemma and axiom (7) yield: if
(8) Jy : H(W) — H (W) is an epimorphism,
then Jyu is an isomorphisms and the Poincaré duality for H (Wd) holds (as a
consequence of that in H (W)). Condition (8) says that in each cohomology

class in H (Wd) there exists a d-cocycle w € W.
If holds then we have by Theorem the Hodge isomorphism

H (W) ::jd H" (W,) and the Hirzebruch operator D for the signature of
W is defined (according to the previous section), and
index Dy = Sig B" < Sig (W) = Sig (Wd) = index D

From the point of view of the theory of elliptic operators on manifolds the
following axiom @, see below, seems to be natural (for elliptic operators on
manifolds [(9)| follows from the so-called Weyl Lemma (on regularity) [15] for
elliptic operators defined on R™ — or on open subsets of R™). We recall this
lemma

THEOREM 3.1.5 (Weyl Lemma, [15, Th. 10.3.6; Cor. 10.3.11]). Let L :
C>* (R™";R?) — C* (R™;R?) be an elliptic operator of order k,

Lu= )" Aa(x)0%u(x)

18I<k
with smooth coefficients A, (x). Denote by (+|-) the natural metric on Euclidean
spaces. Let p € (1,00).
(1) If u € Lpjoc (R™R?), v € Ly joc (R™;R?), and u is a Ly-weak solution
of the equation
(3.1.3) Lu =,

| w@ro@yde= [ @@s@)de forall s e CF RR).

where L* is a formal adjoint to L, then u is an Ly-strong solution of

b6 u € Ly pioe (R™R%), and hold almost everywhere,
where the partial derivatives of u are understood in generalized [distri-
butional] sense.

(2) If u € Lpjoc (R™;R?) is an Ly-weak solution of and v is smooth,
then w must be smooth (particularly, w must be smooth if Lu=0).

Finally we can formulate the mentioned above axiom.



113

(9) H (W) = Hyq (W) (equivalently ker D C W).
PROPOSITION 3.1.6. Assume (1)—(7) and (9). Then the following condi-
tions are equivalent.
(i) all homomorphisms in the fundamental diagram are 1SOMOT-
phisms,
(ii) Jx is an epimorphism (i.e. holds),
(iii) H (W) fulfils Poincaré duality (i.e. (7g) holds),
(iv) the cohomology pairings <|>TH’d are weakly nondegenerated for each r
(i.e. (7y) holds),
(v) there is a strong Hodge decomposition W™ = H, (W) & J[W{fl} @
& [WitY for each r,
If some of these conditions hold then
Sig (W) = Sig (W,) = index Dy = index D
and the strong Hodge decomposition for W is satisfied, i.e.
W=HW)®Ind®Imd=H((W)®dInA.

ProOF. (i) = (ii) = (ili) = (iv) are evident. For (iv) = (v) see The-
orem [2.2.6] (g2). We prove now that (iv) = (i). From (iv) together with
the condition dimHy (W) = dimH (W) < oo we obtain that W is regular
Hilbert anticommutative graded subdifferential Hodge space of even degree.
By Theorem the Hodge homomorphism z7; is an isomorphism, therefore
the remaining homomorphisms in the diagram are isomorphisms, too.

To complete the proof it is sufficient to check that (v) = (ii). Let P" : W —
'H4 denote the orthogonal projection with respect to the strong Hodge decom-
position. To prove that J : H" (W) - H" (Wd) is an epimorphism, take
arbitraly u € Z7) := ker (d" : W) — W) . Then u — P" (u) € B" = Im (d" ).
Indeed, using the above decomposition there exists v € W7 Landw e wy +1
such that

u=P"(u) +d ' (v)+6 (w).
Clearly, 6"+ (w) = u — P" (u) — d"~! (v) € Wy. Applying d" on both sides of
this equality we get

0 = & (w=d (P () +d (@ (v) +d (5" (w))
I (5r+1 (w)) .
The above implies (see Lemma [2.2.3))
(6" w|d™w) = (a6 w|w) = 0,

then 0"™'w = 0 and u = P" (u) + d"~'v. Therefore [u] = [P" (u)] in the
cohomology space H" (Wd) which means that Jy : H(W) — H( d) is an
epimorphism, i.e. holds. ]
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PROBLEM 3.1.7. Assume that the equivalent conditions (i)—(v) hold. Does
it then imply the axiom “sequence compactness” i.e.: for a sequence oy, € W
such that that ||a,|| < C and ||Aay,| < C for some C' > 0 there exists a
Cauchy subsequence a,, ?

Thanks to the above Proposition to prove that index D, = index D,
we can go (for a given W) in three equivalent directions:
(I) to prove that Jy is an epimorphism, or
(IT) to prove the Poincaré duality for H (Wd) (or less that the cohomology
pairings (:|-)g 4 are weakly nondegenerated), or
(IIT) to prove the strong Hodge decomposition for W.

3.2. Lo-Hirzebruch operator for graded anticommutative differ-
ential Hodge vector bundles of even degree; applications to Lie al-
gebroids. Let M be a connected compact oriented Riemannian manifold M.
Take into consideration a graded anticommutative differential Hodge vector

bundle of even degree N = 2n (Def.
N=2n
(3.2.1) (6= el () ma).

Put W = Sec& and W’ = Sec&”. Let <W -®Y, WT,<(~|->>,((-\-)),*,d) be
the induced a graded anticommutative differential Hodge space.

We can use Lo-theory [15]: W = Lo (£). Condition (6) from the previ-
ous subsection holds thanks to the so-called convolution argument, see below.
Whence W together with d is a Hilbert anticommutative graded subdifferential
Hodge space of even degree. The operator d remains local.

3.2.1. Conwvolution argument . In local analysis on R™ and global analysis
on manifolds condition (6) holds for differential operators thanks the convo-
lution argument using the so-called mollifying sequence. We briefly describe
it here. Take any linear differential operator d : Sec{ — Secn of rank k
(in our considerations we use the case of k = 1, only) between modules od
cross-sections of vector bundles £ and 7.

First, we look at this locally. In arbitrary local base of the vector bundles
and identifying coordinate neighbourhood U with open set in R™ any differen-
tial operator d : Sec £ — Secn of rank k can be written in the form (p = rank ¢,
g =rankn )

dy =Y Aq(x)0* for Ay € C*™ (U Hom (RP,R7)).
ol <k

We exploit the convolution operation

Fro@= [ fa-na@d,
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and a mollifying sequence

At<x)=3@(f), £>0,

where ¢ € C§° (R™), ¢ >0, [p. ¢ (x)dz =1, suppy = B(0,1). We have the
well known fundamental theorems

THEOREM 3.2.1. The convolution operation has the following properties:
o for any f € L1 joc (R™) the convolution A\¢ * f is a smooth, and if f has
the distributional derivative 5 f € L1 joc (R™) then

8(>\t*f) — A\ % of
6901 N 8@
o if feL,(R"), p>1, then
Lp
)\t*fj’fa

e if additionally f has the distributional derivative 2 a - € L, (R™) then
()‘t * f) P af
81‘2' t—>0 8331

We will use it for p = 2. Let d be a differential operator of rank k locally
written by dy = 37|, <j Aa (z) 0% and let Aq (2) belong to Ly (restricting U if
needed). Then, according to the above theorem, for a sequence of functions w =

( o, fp) of the class Lo possesing distributional derivative of the class Lo
(i.e. w € Ly 2) the elements of the sequence \; % w := (At N AT Y fp) are
smooth, and
v (A xw) Z A, * (A *w)
o] <k
=) A (@) (A # 0% Z A, =dy (w).
la|<k \a|<k

On a compact manifold we take a partition of unity pg subordinated to the
suitable finite covering {Ug} of M. Representing a cross-section w of the vector
bundle ¢ in local trivializations §y, = Ug x RP we take Apxw := Xgh * (pg-w)
(it depends on the trivializations) and we have
Mw 225 o
t—0

and
A (Miw) = d (Sph* (ps - w))

L
= Ygdy, (At * (pg - w)) :26 Ypdu, (pp-w) =d(Epps-w) = dw.
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Unfortunately, the operations d(-) and A% (-) on a compact manifold do not
commute even if the operator d has locally constant coefficients.

3.2.2. Condz’tion

We continue with our considerations of the graded anticommutative differ-
ential Hodge vector bundle of even degree (|3 . The operator D = d + ¢
is elliptic and the previously defined operator D =d+6: W — W (3.1.1)
is a continuous Fredholm operator. According to Conclusion [3.1.3] we have
(Du|w)) = (u|Dw)) for u,w € Wy, i.e

(3.2.2) /M (Dujw) = /M (u| Duw) .

Let w € Wy and v := Du € W = Ly (¢). Considering integral equality
only for all smooth cross-sections w € W = Sec{ and taking into
account that D is self-adjoint we see that w is a week solution of the equation
Du = v. Considering w supported in a coordinated neighbourhood we can use
Weyl lemma and check that ker D C Sec, i.e. Hy (W) = ker D consists only
smooth cross-sections which yields H (W) = Hy (W) = ker D C Sec&. Whence

[(9)] holds.

3.2.3. Condition
Now, we pass to condition

Method (I1I). Let u € Wy and v := Du € W = Lg (€) . The integral equality
used for all smooth cross-sections w € W = Sec& and Theorem [15],
Theorern 10.3.6.] (see Theorem say that u € L1 o (£), i.e. Wy C L1 (€).
The opposite inclusion follows from the more general fact that the so-called
analytical realization of an elliptic operator is defined on Ly 5 (§) [15), Definition
10.4.3.]. There is the strong Hodge orthogonal decomposition [15, Th. 10.4.29]:

Ly (&) =H (W) P Imd; ' PIm st

where we View both d; and 6; as bounded operators Li(§) — La(€). The
Theorem implies that J# : H(W) — H (Wy) is an epimorphism, i.e. (8)
holds. F mally, in diagram [3.1.2] all arrows are isomorphisms. Hence Sig (W) =
Sig (Wq) = index D = 1ndex Dy.

Method (II) or (I). Sometimes we can use simpler algebraic topology meth-
ods (do not require results from elliptic operators). Our aim is to consider the
four examples (see Subsection W = Q(M) for a manifold M, W =
Q(A) for a Lie algebroid A or W = Q (M, E) for the Lusztig or the Gro-
mov vector bundle E. We pass to the spaces of Lo-differential forms W =
Ly(\T*M), Ly(/\ A*), Lo(/\ T*M ® E) and we obtain graded Hilbert sub-
differential Hodge bundles. First, we start with a classical example.

ExXAMPLE 3.2.2 (classical). N. Teleman has proved (using only algebraic
topology methods and Whitney’s complex of the so-called flat differential



117

forms) that the cohomology pairings (|-} 4 are dualities for the space of Lo-
differential forms on Lipschitz (especially on smooth) manifolds [18, Th. 2.1
(iii)] (see Theorem and subsequent sentences), i.e. (II) holds. We can
also notice that Jy : H(W) — H (Wy) is an isomorphism, i.e. (I) holds since
the associated differential sheaves of germs of smooth differential forms from
W = Q (M) and Lo-differential forms from W are fine and are resolutions of
the real constant sheaf thanks the usual smooth Poincaré lemma and the Lo-
Poincaré lemma given by L. Hérmander [4] in the version by N. Teleman [17],
compare [18, Th. 2.1 (i)]. This ends the Hodge theory for smooth manifolds
(using analysis only in the convolution argument, Weyl lemma and Lo-Poincaré
lemma in the version by N. Teleman).

We recall the Lo-Poincaré lemma.

THEOREM 3.2.3 (Lz-Poincaré lemma, [4], [17]). IfU is a convex domain in
R™, for any differential form v € LY, .(U) such that du =0 (in distributional

sense), then exists a differential form v € H} ' (U) such that dv = u in the
strong sense.

H{™' (U) denotes the space of all differential forms of degree r — 1 whose
components belong to Hy joc (U) .

EXAMPLE 3.2.4 (Lusztig, Gromov). The idea given in Example can
be used also in Lusztig and Gromov examples since the associated differential
sheaves of germs of smooth and Ls-differential forms with values in the flat
vector bundle (£, V) are fine and are resolutions of the sheaf of local V-constant
cross-sections of F.

In a more general case (including the Lie algebroid example) to prove (I) we
can use the Mayer—Vietoris technique or spectral sequences and the comparison
theorem.

Firstly, we describe an application of the Mayer—Vietoris technique (it is
a simple case of the very general technique in algebraic topology of spectral
sequences or sheaves). The MV-technique has limited application to the case
when the associated presheave of cohomology is locally constant on a good
covering. Hovewer, all four important examples considered in the paper (see
Subsection are of this nature. The main defect of this method is necessity
to use cohomology on noncompact manifolds.

We set a graded anticommutative differential Hodge vector bundle W =

<§ = @7{\[;02" &G, Gy, d) 3.2.1|) of even degree N = 2n over a connected
finite type (compact) oriented Riemannian manifold M. Then W = Ly (£) to-
gether with d : Ly (§); — L2 (§), is a Hilbert anticommutative graded subd-

ifferential Hodge space. Since the operators d and d are local we can define
(using compact support smooth cross-sections) the operators dj; : (Seca &), —
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(Secy §(T]+l)d (where (Seca (1)), = Sec (1) N (L2 (1)), - the subspace of smooth
Lo-integrated cross-sections u whose derivative du is also Lo-integrable) and a
graded subspaces

(L2 (&0))g = BN (La (),

where (Lg (£]7)),, consists of all u € Ly (£];) such that there exists u’ € Ly ( EH)
satisfying

/U<u’!¢> :(—1)r+1/U<u\dU¢>, ¢eseco( gﬂq)

and operators

d;] : (L2 (g&))d - (L2 (E(r]+1))d>
di; (u) ==’

The manifold M as a compact one is of finite type (i.e. can be covered
by finite good covering 4 = {Uﬁ}ﬁe{l,..,m})' Now we define a category Oy of
open finite type subsets U C M. The morphisms of this category are inclusions
i,y : U — V. The Mayer—Vietoris principle [I5, Theorem 7.1.41] says that
if 7 and G are two MV-funtors from Oj; to the category of graded vector
spaces and ® is a natural transformation of F and G such that 7, : 7" (U) —
G" (U) is an isomorphisms (for any r) for each U = R™ then ® is a natural
equivalence. Particularly ®}, : 7" (M) — G" (M) is an isomorphisms for any
r. In application to our problem consider open subsets U, V,U UV € Oy and
take into consideration two standartly defined short Mayer—Vietoris sequences
of cochain complexes (for smooth and Ly-category)

0 — (Seca (§puv))g — (Seca (§pr))g © (Seca (§1))q — (Secz (Epav))g — 0

0 — (L2 (§ruv))a — (L2 (€0))a @ (L2 (7)) — (L2 (prv))a — 0

They produce suitable connecting morphisms 0" and and therefore two MF-
functors

FW) = @ B (Seca @ ))a- ).
N

G) = @, 1 ((La(€n)ae-d)

for which morphisms are determined by inlusions and restrictions.
There is a natural transformation of functors F and G

O (U) : H" ((Secz (§0))g-d) — (H" (L2 (§0))q.d)), U € Our.
The Mayer—Vietoris principle yields the following theorem.

THEOREM 3.2.5. The natural transformation ® (U) is a natural equivalence
(particularly ® (M) : H" ((Sec (€*)),d) — (H" (L2 (£*)),,d)) is an isomor-
phism) provided that ® (U) is an isomorphism for each U = R™.
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Applications to Examples 1-3 from the list given in Subsection [1.4.1] are
given in Examples (3.2.2]) and (3.2.4)) [via the language of sheaves|. To consider
the last example of a Lie algebroid it is sufficient to notice that Kiinneth smooth
formula for trivial Lie algebroid A = TU X g [7, Lemma 6.1 and Corollary
6.1] can be written for Lo (A),-differential forms: Ly (U),; ® 2 (g) = L2 (A),,
H(Ly(U),®Q(g)) = H(L2(A),) therefore using the case for differential
forms on manidolds we can obtain a results for Lie algebroids. The identical
results can be obtained via the spectral sequence argument and the following
comparison theorem used for the Cech-de Rham double complexes.

e If there exist spectral sequences EI],Z for W and EI],Z for W, converging
to H(W) and H (Wd) , respectively, such that the homomorphism J :

W — Wy induces an isomorphism on the first terms J{l : E{Z =, E{l
then J induces isomorphism on cohomology Jy4 : H (W) = H (Wa).

Independently, we can define the Hoshchild—Serre type spectral sequence
for Lo-theory on TUIO-Lie algebroids (for smooth case see [11]) and use the
comparison theorem for the second terms. Consider a graded cochain group

L (= B, 15 (War L5, = 12 (),

of Lo-differential forms on A possessing derivative of the class Ly with the
distributional derivative operator d 4 of degree 1

T, : Lo (/\TA*)d I (/\’”+1 A*)d.

Each cochain f € Loy ( /\T A*)d is a measurable r-differential form f : Sec A x

...xSecA— Li (M) (f( v") is a measurable function such that

vt
/ £ (o', 07| < oo

M
for v* € Sec A). In the space Ly (A), we have the Hochschild-Serre filtration
Aj = (L2(A)y); C Lo (A), as follows: A; = (L2 (A)y); = L2 (A), for j < 0.
Ifj >0, 4 = (La(A)y); = @M A7, where A% := (L} (A),); consists of

all those r-cochains f for which f (vl, ey v”) = 0 whenever r — j + 1 of the

arguments v’ belongs to Secg. In this way we have obtained a graded filtered
differential R-vector space

(L2(A)y = @, L5 (A)y, da, 4;)
and we can use its spectral sequence

(EZ",dy) .
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Take auxiliarily dé’i : A;:’Z‘ — Lg (M ; /\Z g*) , by definition

~jl(f) (Xl,... X]) (0'1,...,0'1') = f(O'l,...,O'i,)\Xl,...,)\Xj)
where A : TM — A is a fixed (smooth) connection in A and put

L (M,/\ g*) = Imaj".
The homomorphism
o+ Byt = AT AT — 1 (M N'g) L U ad (),

is an 1bom0rphlsm This generalize the smooth case ([11]). Through isomor-

phism )" the differential d] becomes a differentiation of values with respect
to the usual Chevallenyllenberg differential dg. From the above we obtain
isomorphisms

of ' = (ab") , Bl = W (B, 7)) = L, (M. H (g)),
and Lg (M,H'(g)) 4 is equal to those L%—diﬂ"erential forms with values in the

bundle H' (g) for which there exists the distributional derivative dygi where V'’
is the standard flat structure in the vector bundle H* (g) (see [8]). Through

isomorphism )" the differential ¢ becomes a derivative (—1)’dy,. In conse-
quence

B = W (L3 (M, H' (g)),, dy) E"y H (M, HL, (9)) = E}'

(the second term of Hochschild—Serre spectral sequence for smooth case).
Therefore J3"* : B} — E2" is an isomorphism.
3.3. Applications to Lie algebroids. For our four examples we have

CONCLUSION 3.3.1. Consider the four ezamples W = Q (M) for a manifold
M, W =Q(A) for a Lie algebroid A or W = Q (M, E) for the Lusztig or the
Gromov vector bundle E. Now we pass to the spaces of Lo-differential forms
W = Lg(/\T*M), Lg(/\A*), Lg(/\T*M ® E). We obtain graded Hilbert
subdifferential Hodge bundles.

In consequence, the signature in that four cases can be calculated via two
Hirzebruch signature operators, the usual smooth and second of the Lo class.
So for a Lie algebroid we have four Hirzebruch operators, two smooth using
the space Q2 (A) and Q (M, E) [Lusztig or Gromov subcases| and two Lo Hirze-

bruch operators, using graded Hilbert subdifferential Hodge spaces Lo( /\ A¥),
or LQ(/\ T*M ® E), respectively.
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