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Abstract

The index of the classical Hirzebruch signature operator on a manifold
M is equal to the signature of the manifold. The examples of G.Lusztig [L,
1972] and M.Gromov [Gro, 1985] present the Hirzebruch signature opera-
tor for the cohomology of a manifold with coefficients in a flat symmetric
or symplectic vector bundle. In [K2] we have a signature operator for the
cohomology of transitive Lie algebroids.

In this paper first we present a general approach to the signature
operator, and the above four examples are special cases of a one general
theorem.

Secondly, due to of the spectral sequence point of view on the signa-
ture of the cohomology algebra of some filtered DG-algebras it appears
that the Lusztig and Gromov examples are important to the study of the
signature of a Lie algebroid. Namely, under some natural simple regular-
ity assumptions on a DG-algebra with a decreasing filtration for which
the second term lives in a finite rectangular we obtain that the signature
of the second term of the spectral sequence is equal to the signature of
the DG algebra. Considering the Hirzebruch-Serre spectral sequence for
a transitive Lie algebroid A over a compact oriented manifold for which
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the top group of the real cohomology of A is nontrivial we have that the
second term is just identical with the Lusztig or Gromov example (de-
pending on the dimension). Thus we have a second signature operator for
Lie algebroids.

1 Preliminary of Lie algebroids, signature of tran-
sitive Lie algebroids

Lie algebroids appeared as infinitesimal objects associated to Lie groupoids,
principal fibre bundles, vector bundles (Pradines, 1967), TC-foliations and non-
closed Lie subgroups (Molino, 1977), Poisson manifolds (Dazord, Coste, Wein-
stein, 1987), etc. Their algebraic equivalences are known as Lie pseudo-algebras
(Herz 1953) called also Lie-Rinehart algebras (Huebschmann, 1990).

A Lie algebroid on a manifold M is a triple

A= (Aa [['7 ']]7 #A)
where A is a vector bundle on M, (Sec A, [,-]) is an R-Lie algebra,
#A cA—TM

is a linear homomorphism (called the anchor) of vector bundles and the following
Leibniz condition is satisfied

[[fmfn]] :f[[gan]]—’—#A(f)(f)na fECOO(M>7 f,nGSecA

The anchor is bracket-preserving, #40[¢,n] = [#4 0 &, #4 on]. A Lie alge-
broid is called transitive if the anchor # 4 is an epimorphism. For a transitive
Lie algebroid A we have:

e the Atiyah sequence
#A
0—g—A—=TM —0, (1)

g = ker# 4,

e the fiber g, of the bundle g in the point x € M is the Lie algebra (called
the isotropy Lie algebra of A at € M) with the commutator operation
being

[v,w] =[&,n](x), & n€SecA, &(x)=uvn(x)=w, v,wEg,,

e the vector bundle g is a Lie Algebra Bundle (LAB for short), called the
adjoint of A, the fibres are isomorphic Lie algebras.

Tangent bundles to manifolds and finitely dimensional Lie algebras are sim-
ple examples of transitive Lie algebroids.



To an arbitrary (transitive or not) Lie algebroid A we associate the coho-
mology algebra H (A) defined via the DG-algebra of A-differential forms (with
real coefficients) (2 (A),d4), where

Q2 (A) = Sec /\ A*, - the space of cross-sections of /\ A*

da: Q° (A) — QL (4)

k
(daw) (€gs - &) = Z (*1)j (#A °© ﬁj) (w (§os -5 €k)) (2)
3=0
+Z(—1)i” w ([€:, €], €0y -odeniir E0)

w € OF (A), & € Sec A. The operators d¥ satisfy
da(wAn) =dawAn+ (=) wAdan,

so they are of first order and the symbol of d¥ is equal to

k k+1
S (dlj‘)(ﬂv) (u) = (wo(#a),)Nu, 0F#veT;M.
In consequence

Proposition 1.1 The sequence of symbols
ko S(d) gy p bt ST L, ) k2
A Ar BN A e N A
18 exact if and only if A is transitive. Therefore the complex {d’j‘} is an elliptic
complex provided that A is transitive.

Proof. The composition is zero. If 0 # v € TM and A is transitive, then
0= (vo(#a),) #0and S (dlffl)(x_v) = pg, Py (u) = U Au. From the properties
of exterior algebra the sequence of symbols is exact. If A is not transitive, then
there exists a covector 0 # v € Ty M such that o = (vo (#4),) = 0. Therefore
o (d’j‘)(x’v) = py = 0 for each k£ and the sequence of symbols is not exact. m

For the trivial Lie algebroid T'M - the tangent bundle of the manifold M -
the differential drps is the usual de-Rham differential dys of differential forms
on M whereas, for L = g - a Lie algebra g - the differential dy is the usual
Chevalley-Eilenberg differential, dy = 6.

Theorem 1.2 (Kubarski-Mishchenko, 2004) [K-M-2] For each transitive
Lie algebroid (A, [, ], #4) with the Atiyah sequence (1) over a connected com-
pact oriented manifold M the following conditions are equivalent (m = dim M,
n=dimg,, i.e. rank A=m+n )



(1) H™ ™ (A) #0,
(2) H™+" (A) = R,

(8) A is the so-called invariantly oriented, i.e. there exists a global non-
singular cross-section € of the vector bundle \" g, 0 # e, € /\"gm7 n-
variant with respect to the adjoint representation of A in the vector bundle
N" g (which is extending of the adjoint representation ada of A in g given
by (ada) (€) : Secg — Secg, v—1[& 1] ).

The condition (3) yields that the structure Lie algebras 9|, are unimodular.
Lie algebroids fulfilling (3) appeared in 1996 [K1] under the name TUIO-Lie
algebroids (transitive unimodular invariantly oriented). The connectedness of
M implies that any invariant cross-section ¢ is uniquely determined up to a
constant factor. The fibre integral operator

/ LR (A) - Qb (M), k>,
A

(Aw>z(w1""7wkn) = (=" wy (egy @1y oy When),  #a () = w;

commutes with the differentials d4 and dj; if and only if € is invariant. In this
case the fibre integral gives a homomorphism in cohomology

#
/ ‘H* (A) — H " (M)
A
and we have the isomorphism

# o
/A CH™ (A) S HT, (M) = R

The scalar Poincaré product

P HY (A) x H™TF (A) - R,

(i) — [ wnn=[ (fona)

is nondegenerated and if m + n = 4p then
P2 H? (A) x H” (A) - R

is nondegenerated and symmetric. Therefore its signature is defined and it is
called the signature of A, and is denoted by

Sig (A).

Problem 1.3 Calculate the signature Sig (A) and give some conditions to the
equality Sig (A) = 0.



There are examples for which Sig (A) # 0. They are based on the example
of the flat bundle over surfaces with non-zero signature [Gro, 82].

In the paper [K2]|, a Hirzebruch signature operator for the cohomology
H (A) is constructed. Below, we look at this operator from more general point
of view, as well as we present a general mechanism for the calculation of the sig-
nature via spectral sequences, see [K-M-2], which we use to two kinds of spectral
sequences associated with Lie algebroids:

a) the spectral sequence of the Cech-de Rham complex,

b) the Hochschild-Serre spectral sequence.

2 General approach to signature via spectral se-
quences

The idea of using spectral sequences to the signature comes from S.S.Chern,
F.Hirzebruch, J-P. Serre [Ch-H-S]. Via spectral sequences the authors proved

Theorem 2.1 Let E — M be a fiber bundle, with the typical fiber F, such that
the following two conditions are satisfied:

(1) E, M, F are compact connected oriented manifolds;

(2) the fundamental group w1 (M) acts trivially on the cohomology ring H* (F)
of F.

Then, if E, M, F are oriented coherently, so that the orientation of E is induced
by those of F' and M, the index of E is the product of the indices of F' and M,
that is

Sig (F) = Sig (F') - Sig (M) .

The authors consider the cohomology Leray spectral sequence EP*? of the
bundle E — B with the real coefficients. The term Es by hypothesis (2) is the
bigraded algebra

EPY~HP (M;HY (F)) =~ H” (M) @ H (F).

Therefore
EP?T=0 for p>m or q>n.

Clearly, E5 is a Poincaré algebra by hypothesis (1). Using the spectral se-
quences argument the authors noticed that

(Es7d87 .) ) S 2 27

are Poincaré algebras with Poincaré differentiations. The infinite term
(Ew, ) is also a Poincaré algebra, and the equality of signatures

Sig Fy = Sig B3 = ... = Sig F



holds. The last step
Sig Fo, = SigH (E)

is also proved. We add that it is not so trivial since, in general, the algebras
E., and H (E) are not isomorphic (although we have E., = H (F) as bigraded
spaces).

We recall that a finitely graded algebra (A* = ®Do<r<n AN U) is called a
Poincaré algebra, if

(1) dim AN =1,

(2)zUy=(—1)"yUzifz e A’ y e Al ie. (A,U) is an anticommutative
algebra,

(3) let 0 # &€ € AN be a base element of AY. The bilinear form

() AT x AN SR

relative to £ (i.e. (x,y){ = xz Uy) is nondegenerate. Therefore A" = (AN_T)*
and dim A" = dim AN ",

The key to the further investigation is the notion of a Poincaré differentia-
tion, i.e. a linear homomorphism d : A — A satisfying the conditions:

(1) d®> =0,

(2) d[A"] C AT+,

(3) d is antiderivation,

(4) d[AN7] = 0 (in particular, if z € A", y € AN"""! then dz Uy =
— (=) "xudy).

In analogy with the signature of an oriented manifold we have the signature
of a finitely dimensional Poincaré algebra (4 = @ A", U) relative to 0 # £ € AN.
It is to be zero if N # 0 (mod 4) and if N = 4k, Sig A is the signature of the
symmetric nondegenerated function (-, -)2%:2k : A2k x A2k R defined relatively
to &

Sig A = Sig(-, )2k,

The following lemma will be very useful below.

Lemma 2.2 [Ch-H-S] If (A,U,d) is a finitely dimensional Poincaré algebra
with Poincaré differentiation, then the cohomology graded algebra (H* (A),U)
is a Poincaré algebra and relative to the same element 0 # ¢ € AN = HN (A, d)

the equality holds
Sig A = SigH (A).

Example 2.3 (1) Let F be any finitely dimensional vector space. Then the
exterior algebra A E is a Poincaré algebra. Its signature is zero.
(2) Let g be any real Lie algebra. Then the system

(N

with the Chevalley-Eilenberg differentiation d, is a Poincaré algebra with Poincaré
differentiation if and only if g is unimodular. The above lemma yields: if g is



unimodular, then the cohomology algebra H (g) is a Poincaré algebra and

SigH (g) = Sig/\g* =0.

It appears that the Chern-Hirzebruch-Serre arguments used to prove the
above theorems on the signature of the total space of the bundle E — M are
purely algebraic and lead to the following general theorems [K-M-2].

Theorem 2.4 Let ((4,(,)),A",U,D, Aj) be any DG-algebra with a gradation
A" and a decreasing filtration A; and let (EP7,ds) be its spectral sequence. We
assume that there exist natural numbers m and n such that:

e FPY=0 for p>m and g > n, m+n = 4k,
e I is a Poincaré algebra with respect to the total gradation and the top
(m4+n) _ =m,n
group Ey =Ey".
Then each term (Eg*),u,ds) 2 < s < o0, 15 a Poincaré algebra with Poincaré

differentiation, the infinite term (EC(;), U) is also a Poincaré algebra and
Sig Ey = Sig F3 = ... = Sig Fo.
If m and n are odd, then Sig Fo = 0. If m and n are even, then

SigE, = Sig (E;2k> < B0, gl _ g _ R)

m m
2

= sig (B ¥ x BT o B — B = R).

It remains to prove the equality Sig Eo, = SigH (A). The same arguments
as in the original work [Ch-H-S] give the following general theorem:

Theorem 2.5 Let (A, A",U, D, A;) be any DG-algebra with a gradation A™ and
with a decreasing filtration A; compatible with the DG structure, i.e.

AjA; C Aiyj, D(A)) C Ay, Aj= EBAT NA;,

and satisfying the reqularity condition Ag = A
A:A03~"DAJ'DAJ'+1D"'

Let (EP,d) be the spectral sequence associated to this graded differential filtered
algebra A. We assume that

— the infinite term ER:9 lives in the rectangular 0 <p <m, 0 < g <n,

— dim ED" =1,

— FE 18 a Poincaré algebra with respect to the total gradation, in particular,
dim E is finite.



Under the above assumptions on the graded differential filtered algebra A, the
cohomology algebra H (A) satisfies the conditions:
(1) H™ ™ (A) = E™" G.e. in particular, dim H™T" (A) = 1,
(2) the algebra H (A) = @T:'B" H" (A) is a Poincaré algebra,
(8) the signature of the cohomology of H (A) is equal to the signature of the
term F,
Sig B, = SigH (A)

under suitable choice of generators of the top groups.

Therefore, under some natural simple regularity assumptions on a DG-
algebra A" we have: if E5'? is a Poincaré algebra and live in a finite rectangular,
then

Sig (E2) = Sig (H(4)).

We use this mechanism to
(a) the spectral sequence for the Cech-de Rham complex of the Lie
algebroid A [K-M-2],
(b) the Hochshild-Serre spectral sequences [K-M-3].

(a): For the details see [K-M-2]. Let H* (4) = (U+—— H* (4)yy)) be the
Leray type presheaf of cohomology, locally constant on a good covering 4, with
values in the cohomology algebra H* (g) of the structural Lie algebra g. Then
EPT = CP (Y, HI(A)), dy = 67 : EP? — EPTHY where § is the coboundary
homomorphism, E5¢ = H, (4,17 (A)). If the monodromy representation p :
m (M) =m1 (N (1)) — Aut (H (g)) of the presheaf H (A) is trivial, then

EY?~H, (M)®H?(g)

(the isomorphisms are canonical isomorphisms of bigraded algebras). Therefore
Sig Fs = Sig (H(M) @ H(g)) = SigH (M)-SigH (g) . Hence as the isotropy Lie
algebra g is unimodular, i.e. dim H" (g) = 1, we have SigH (g) = Sig Ag* =0
and therefore

Sig (A) = Sig H (A) = Sig F> = Sig (M) - Sig (g) = 0.

Example 2.6 The condition of the triviality of the monodromy (in consequence
Sig (A) = 0) holds if:

e M is simply connected,

e Aut G = Int G, where G is a simply connected Lie group with the Lie alge-
bra g, for example if g is a simple Lie algebra of type By, C;, E7, Eg, Fy, Go.

e the adjoint Lie algebra bundle g is trivial in the category of flat bundles
(the bundle H (g) of cohomology of isotropy Lie algebras with the typi-
cal fibre H (g) possess canonical flat covariant derivative - which will be
important for studying of the Hochshild-Serre spectral sequence). For ex-
ample, g is trivial in the category of flat bundles, for the Lie algebroid
A (G; H) of the the TC-foliation of left cosets of a nonclosed Lie subgroup
H in any Lie group G.



(b): Following G.Hochschild and J.-P.Serre [H-S], for a pair of R-Lie algebras
(g, ®) one can consider a graded cochain group of R-linear alternating functions
Ar (P) = @,>, AF (P), A*(P) = Ck(g,P) with values in a g-module P,
g X P — P, with the standard R-differential operator d of degree 1 and the
Hochschild-Serre filtration A; C Ag (P) as follows:

7Aj :AR(P) fOI'jSO,

—ifj >0, 4; = @kzj Aé?, Aé? = A; N A, where A? consists of all those
k-cochains f for which f (vq,...,7;) = 0 whenever k — j +1 of the arguments -,
belongs to €.

In this way we have obtained a graded filtered differential R-vector space

(Az = EP A*.d, 4)) (3)

k>0
and we can use its spectral sequence
(B2, dy). (4)
For a transitive Lie algebroid A = (A, [, -], #4) with the Atiyah sequence 0 —
g— A %4 PM — 0 we will consider the pair of R-Lie algebras (g, €) where
g=Sec(A), t=Sec(g).

Following K.C.M.Mackenzie (1987) [M], V.Itskov, M.Karashev, and Y.Vorobjev
(1998), [I-K-V]), J.Kubarski, A.S.Mishchenko (2004) [K-M-3] we will consider
the C'* (M)-submodule of C*° (M)-linear alternating cochains

Q" (4) € C* (g,0> (M)

with values in the trivial g-module C* (M) (i.e. with respect to the trivial
representation J¢ (X) = #.4 (£) (X) ) and the induced filtration

Q;=Q;(4)=4,NQ2(4)

of C* (M)-modules. In this way we obtain a graded filtered differential space
(Q(A) =P a*(A),da, Q) (5)
k

and its spectral sequence
(BR% das)- (6)

Assume as above
m =dim M, n =dimg,, ie rankA=m+n.

The multiplication A and differentiation d4 of differential form, defined by (2),
preserves gradations and filtrations A : Qf x QF — inf, da : Qf — Q;?H. We
have
a +
ERy = 99T (A) /9
; . , q+1
B B~ B W .



Taking an arbitrary connection A : TM — A in the Lie algebroid A we obtain
an isomorphism of C* (M )-modules [K-M-3, Con. 5.2]

% Ef{% I oY (M;/\QQ*> 7
ay ! ([w]), (v1, .y 0p) (01, ey 0g) = Wy (01, o0y 0gs AVL, ., AVp) s v € TR M, 0 € 9

Since w € Qfﬂ, then a’y? does not depend on .

Through the isomorphism a’;? the differential da o : EYY — Ei’%ﬂ can be
identified with a differentiation

CZI;{)*O 1 QP (M; /\q g*) — QF (M; /\q+1g*>

of differential forms with values in A? g* with respect to the Chevalley-Eilenberg
differential at any point for the isotropy Lie algebrag,, H (QP (M; A° g*) , CZA@) =
QP (M;H® (g)) . Therefore

By 2 H (B dag) = 07 (M:H' (g)).

where the isomorphism b9 is given by [w] — [@,] for w € QT dyw € Qgi‘f“

and w, € QF (M; N\ g*) isequal to @y (V1, ..., Vp) (01 ees 0g) = W (01, ey Ty ANVT, 0y AV .
We carry over the differentials @9 : B} — Eﬁ'ﬁl’q to QP (M;H1 (g)) via iso-
morphisms 4”9, In the vector bundle H? (g) there is a flat covariant derivative

V¥ such that d;% = (=1)? dys [K-M-3, Prop. 5.9]. The flat covariant derivative

V%is defined by V% [f] = [Lx f]for f € QP (M; Z [\ g7]), [f] € QF (M; H (g))

where

q
(Lxf) (01, 00009) = Ox (f (01,.,09)) = D (01,0, [AX, 03], .0 0g)
i=1
(we recall that X : TM — A is an arbitrary auxiliary connection in A). Therefore
EBLS =W (BYY, 4y ) = HY, (M;HY (g))
and the second isomorphism is given by
[w] — [ [@]] -
Summing up, we have obtained

Theorem 2.7 If A is a TUIO-Lie algebroid such that m +n = 4p (m
dim M, n=dimg,,), then
a) if m and n are odd, then Sig A =0,

10



b) if m and n are even, then
SigA = SigF, = Sig (ES x B(Y — B{" = BT < R)

= sig (B x B - B — By —R)

NE

m )
where E5> 2 = H

;7 (M;H? (g)) and

w3

HZ, (M;HE (9) x HZ, (M;HE (9) — HE, (M;H" (9)) = R

)

s defined via the usual multiplication of differential forms with respect to the
multiplication of cohomology class for Lie algebras.

¢:H? (9) x H? (9) — H" (9) = M x R.

We notice that if 5 is even, then ¢ is symmetric nondegenerated (in this way we
obtain a Lusztig example), while if 3 is ongid, then ? 1 symplgctic (in ihz‘s way we
obtain a Gromov example). However, H? (M;H? (g))xH? (M;H? (g9)) — R
18 always symmetric nondegenerated.

3 Algebraic aspects of the Hirzebruch signature
operator

Below, we give a common algebraic approach to the calculation the signature
Sig (W) via the Hirzebruch signature operator.

3.1 Hodge space
In this subsection we present algebraic point of view on the x-Hodge operator,

Hodge theorem and Hirzebruch signature operator.

Definition 3.1 By a Hodge space we mean the triple (W, {,),(,)) where W
is a real vector space (Aim W is finite or infinite), (,), (,) : W x W — R are
2-linear tensors such that

(1) (,) is symmetric and positive definite (i.e. is an inner product),

(2) there exists a linear homomorphism

*WW—>W

called *-Hodge operator fulfilling properties:
(i) for allv €V,
<U7 w> = (Ua *w (w)) )

(ii) *w 1is an isometry with respect to (,), i.e.

(va) = (*an *Ww) )

11



Clearly, the x-Hodge operator is uniquely determined (if exists).
Two 2-tensors f : V xV — Rand g : W x W — R determine the tensor
product
fRg: (VW) x (VW) —-R

which is 2-linear.

Lemma 3.2 ([Gre]) The tensor f®g is symmetric and positive definite if both
f and g are symmetric and positive definite (the dimensions of V. and W can
be infinite).

From the above we have:

Lemma 3.3 If (V,(-,-)y,,(-,-)y) and (W, {(-,-)y , (-, )y ) are Hodge spaces, then
their tensor product

(V W, <" '>V ® <" >W ) ('v ')V ® ('v )W)

is a Hodge space and
*V®W = Xy ® X .

3.2 Finitely dimensional Hodge spaces, examples.

Lemma 3.4 Let (W,(-,-)) be a finite dimensional real vector space equipped
with a 2-tensor (-,-). Then there exists an inner product (-,-) such that the
system (W, (,),(,)) is a Hodge space if and only if there exists a basis of W in
which the matriz of {,) is orthogonal.

Proof. Standard calculations. m

It is an important observation that the calculation of the signature (in stan-
dard cases) via the idea of Hirzebruch operator is restricted to such 2-tensors
(+,+) (in fibres of some vector bundles) for which there exists an auxiliary scalar
product (-,-) with respect to the system (W, (,),(,)) is a Hodge space.

Now we give examples of a number of finite dimensional Hodge spaces.

Example 3.5 (Classical) Let (V, G) be a real N-dimensional oriented Euclid-
ean space with an inner product G : V x V — R and the volume tensor
e=e A..Nexy € ANV, (where {ei}f\il is a positive ON base of V). We

identify /\N V =R via the isomorphism p : /\N V= R, s-e+—s. We have
the classical Hodge space
(AV.().0))

where
() o AV AV =R,
(s /\ka/\N_kV—>/\NV=R,

<,Uk’UN7k> _ p(vk/\Uka)7

12



(,) = 0 outside the pairs of degree (k, N — k), and

. k k
(-, )F /\ V x /\ VR, (01 A Avg,wi A Awg,)F = det [G (vi, w)] s
the subspaces /\Ic V,k=0,1,...,N are orthogonal (by definition).

The *-Hodge operator exists and it is determined via an ON base {e;}
by the formula

N
i=1

k(€iy N N€iy) = €Gu,jni) "€ N NGy

where 41 < ... < i and j; < ... < jp— and the sequence (ji,...,Jn—k) is
complementary to (i, ...,7x) and ¢, ...y = 880 (J1, oy Jnks 115 ooy k) -

The above classical example is used:

o for V=T,M or V =T;M where M is a Riemannian manifold;

o for V = A, where A is a TUIO-Lie algebroid over a Riemann manifold
(see below).

Example 3.6 (Lusztig example, 1972) [L] Let (,),: £ x E — R be a sym-
metric (indefinite in general) nondegenerated tensor on a finite dimensional
vector space E. Let G be an arbitrary positive scalar product in E. Then there
exists exactly one direct product £ = E; @ E_ which is ON with respect to the
both scalar product (,), and G and such that (,), on E, is positive and on E_
is negative. We denote by *g the involution *g : F — E such that

>|<E|[Z'+:zd7 *ElE,:—’Ld
Then, the quadratic form

(,) : ExE—R
(v,w) : = (v,*pw),
is symmetric and positive definite. The involution *g is an isometry
(xgv, *gw) = (*Ev, *%w)o = (xpv,w)y = (W, *pv), = (w,v) = (v,w).
Therefore (E, (,),,(,)) is a Hodge-space.

Example 3.7 (Gromov example, 1995) [Gro] Let (,),: £ x E — R, be a
skew-symmetric nondegerated tensor on a finite dimensional vector space F.
There exists an anti-involution 7 in E, 72 = —id (i.e. a complex structure) such
that

(tv,Tw), = (v,w),, v,weEE,

(v,Tv)g >0 forall v #0.

13



Namely, there exists a base of £ for which the matrix of (, ), is orthogonal and

is of the form
0 1
-1 0

T (v’b) =  Un+i,

T (vn+i) = —V;.

and 7 is given by the formula

Then the tensor
(4b) : ExXE—-R
(v,w) : ={(v,Tw),
is symmetric and positive definite and
(v, 7w) = (v,w),

i.e. 7 preserves both forms (,), and (,). The system (E, (,),,(,)) is a Hodge-
space since the operator —7 is the *-Hodge operator

(v,w), = <v, —72w>0 = (v, 7 (—7Tw)), = (v, —TW),

and —7 is an isometry (—7v,—Tw) = (7v,7W) = (v, W) .

Definition 3.8 By the Hodge vector bundle we mean a system (£,(,),(,)) con-
sisting of a vector bundle & and two smooth tensor fields (,), (,) : E x & = R
(sections of (£ ®&)" ) such that for each x € M the system (&,,(,),.(,),) is a
finitely dimensional Hodge space and the family of Hodge operators s, : £, — &,
x € M, gives a smooth linear homomorphism of vector bundles, x : £ — &.

Example 3.9 (Important example) Consider an arbitrary Riemannian ori-
ented manifold M of dimension N and a Hodge vector bundle (¢,(,),(,)). Then
for any point x € M we take the tensor product of Hodge spaces AT M ®¢&,.
Assuming the compactness of M we can define two 2-R-linear tensors

(@, 8)), {{a, B)) - Q(M;€) x Q(M;€) — R,

by integrating along the Riemannian manifold

(e 8)) = /M (0, B) M, {{or B)) = /M (s B,) AM = /Maw
where
o= N e, x N Trrmee, - N M =R

is the wedge product with respect to the multiplication (,), of the values. The
2-form ((-,-)) is symmetric and positive definite and the triple

QM W), (e, 8)), (e, 5)))
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is a Hodge space with the x-Hodge operator ({a, 8)) = ((a, %)) defined point
by point
Indeed,

(e B)) = /M (s B,) dM = /M (s #08,) AM = (00, 48))

3.3 Graded differential Hodge space
Definition 3.10 By a graded differential Hodge space we mean a system

(W =@, () ,d)

where (W, (-,+), (+,)) is a Hodge space (finitely or infinitely dimensional) and
(1) (" WEx WN=F SR and (,) = 0 outside the pairs (k, N — k),
(2) W* are orthogonal with respect to (-,-),
(3) d is homogeneous of degree +1, i.e. d: WF* — Wkt and d? =0,
(4) (dw,u) = (=1)"™ (w, du) for w e Wk,

Clearly,
a) the induced cohomology pairing
()p  HE(W) x HN7F (W) = R,

([u]  [w]) gy = {u,w)"
is correctly defined,

b) x [W’“} C WN=F and *:W* — WY~k is an isomorphism.

Assume that W is a graded differential Hodge spacer, and let d* : W —
W be the adjoint operator with respect to (,), i.e. the one such that

(d* (w1) ,we) = (wy,d (w2)).

We assume there exists d*. It is easy to see that d* is of degree —1, d* : Wk+1 —
Wk, Using standard calculations we can show that the operator (called the
Laplacian)

A= (d+d*)? = dd* + d*d

is homogeneous of degree 0, i.e. A[W7"] C W7, is self-adjoint (Av,w) =
(v, Aw) , nonnegative (Av,v) > 0, and we have

{veW; (Av,v) =0} ={veW; dv=0=d"v}.
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Definition 3.11 A vector v € W is called harmonic if dv = 0 and d*v = 0,
or equivalently if v L (Av). Denote

HW)={veW; dv=0, dv =0},
HE(W) = {ve Wk dv=0, dv=0}.

The harmonic vectors forms a graded vector space

N
— k
HW) =P,  HW).
Lemma 3.12 H* (W) =ker {d+d* : W* — W} = ker {AF : WF — W} e
H (W) =ker A = (ImA)™*.

Proof. Standard calculations. m

ker A is the eigenspace of the operator A corresponding to the zero value of
the eigenvalue.

If W is a Hilbert space and Y C W is a closed subset, then W is the direct
sum Y @Y. For a Riemannian vector bundle ¢ over a Riemannian manifold,
the space W = Sec () is not a Hilbert one (because it is not complete). But we
have the following well known important theorem, see for example [L-M].

Theorem 3.13 Let £ be a Riemannian vector bundle over a compact oriented
Riemannian manifold M. If A : Sec{ — Sec€ is a self-adjoint nonnegative
elliptic operator then ker A is a finite dimensional space and

Sec& :ImAGBkerA :ImA@(ImA)J‘.

In the sequel (W = EBQ[:O Wk () ,d) denotes an arbitrary graded

differential Hodge space. The spaces ker A and Imd*~! are orthogonal, in
particular ker A¥ N Im d*~! = 0. Therefore the inclusion

H* (W) = ker A* < ker d*
induces a monomorphism
ker A* s H* (W) .
Below we notice that the algebraic assumption
W =ImAEp (ImA)* (7)

implies that the above monomorphism is an isomorphism, i.e. that in each
cohomology class there is (exactly one) a harmonic vector.
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Theorem 3.14 If W =Im A@ (Im A)", then
(1)
W* = ker AF (HTm A¥,

(%)
Wk = ker A Im " @ Im (@),

(3)
ker d* = ker AF @Imdkil.

In particular, if W = Im A@ (Im A)", the inclusion
ker AF < ker d*
induces an isomorphism
ker A* — kerd® — kerd*/Imd*~! = H* (W).

It means that in each cohomology class there is exactly one harmonic vector.
(4) The equation Aw = w , for a given u, has a solution if and only if
u € (ker A)T | equivalently

Im A = (ker A)J‘ .

Proof. (1) evident.
(2) Since Im A* € Tm d*~* +Im d**tY) (Au = d (d*u) +d* (du) € Tmd*~! +
Im d*(5+1) ) then

W* = ker AF @Im A* = ker A* + Im d* ' + Im (d*)"™* .

So we need only to check (which is very easy) that these three subspaces are
ON.

(3) Since ker A¥ and Imd*~! are ON and ker A* + Imd*~! C kerd*, we
only need to show that ker A¥ + Im d*~1 C kerd*. Let u* € ker d* and expand
u® thanks to (2) u* = wy + dwy + d*w3, Aw; = 0. In particular, dw; = 0
and 0 = dd*ws. From the equality (d*ws,d*ws) = (ws,dd*ws) = 0 we have
d*ws = 0 and v* = wy + dwy € ker AF +Im dF—1.

(4) Assume that the equation Aw = u has a solution w for a given u. Then
for each v € ker A

(u,v) = (Aw,v) = (w, Av) = (w,0) = 0.

Therefore u € (ker A)™ . For the converse, take u € (ker A)" and assume that
W =ImA& (Im A)L . Representing u in this direct sum as u = u; + ug, u; €
ImA, uy € (ImA)" = ker A we have: u € (ker A)" and uy € ker A. Therefore if
uy = Ah, then 0 = (u,u2) = (Ah, uz) + (uz, u2) = (h, Aug) + (uz,u2) = (ug, uz)
from which us =0, ie. u=u; €EImA, u=Ah. &
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Remark 3.15 The above fact (4) means that the condition W = Im A @ (Im A)™*

is sufficient to show the equality Im A = (ker A)L . We can ask: Is this condition
necessary?

Now we will try to formulate a condition assuring the existence of the adjoint
operator d* in a graded differential Hodge space.

Theorem 3.16 Let (W = @ivzo Wk () 7d) be a graded differential Hodge

space. Let € : {0,1,.... N} — {—=1,1} be an arbitrary function such that e, =
EN_k, for each k. Assume e-anticommutativity of (,), i.e.

(W N Y = gy (VN F o)

for vk € Wk oN=k ¢ WN=k_ [remark: if (, >k’N_k is nontrivial, then epen_j =
+1, i.e. the condition e, = en—_y holds] then
(a)

wx (0F) = g -0
in particular,
() = ek ()
(N )T (W) = ()
(b) the adjoint operator d* exists and is given by the formula
d* (w*) = ep (1) v dx (W), w* e Wk,

where x 1s the x-Hodge operator in W.

(¢)

(+xd*) (w*) = e (1) en g1 (d%) (w),
(@) (W) = ()" Fepen_p (xd) w* = (—1)NF (xd) w".

(d) if ex—1 = ex+1 then xA = £Ax, to be precise
*Aw* = e_1e) (fl)NJrl A s w”,
and we then conclude that
< [HE(W)] € HYE ().

and
w: HE (W) — HN=F (W)

s an isomorphism.
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Proof. (a) Simply calculations.

(b) (,) is symmetric and positive definite (i.e. it is an inner product). Since
the tensor (,) is an inner product, it is sufficient to prove that the operator
J(wk) = €k (—1)1c * d % (wk), wk € Wk, is adjoint to d. Take auxiliarily
wk=t € W*=1, Therefore, since *d * (wk) € WF=1 then, by (a)

(wk'_l, d(wk)) = (wk'_l,zsk (—1)]“c % d % (wk))

(wkil,sk (—1)k xdeg x 1 (wk))

(—1)k (wk_l, sed %71 (wk))

= (-1)* (Wt d«"t (b)) ) (dwP,u) = (—=1)F*! {(w*, du)
- ()

= (duF e (b))

= (dwt,wh)

(¢) Easy calculations.
(d) We calculate

Ax(wh) = ()N Pdxdwt 4oy ()N T xdxd s (wh)
*A (wk) = epper (DY ((—1)N4c dxdw* e ()N M wdxd (wk))

which imply the equality *Aw® = ej,_1¢p (fl)N+1 Axwk forep_| =cppi. m
As a corollary from (d) above we obtain the following theorem.

Theorem 3.17 (Duality Theorem) If W = Im A @ (ImA)™ | then
H* (W) ~HYN* (W),
The composition

HY (W) — 1 (W) — HY (W) — BY (W)

[v] — [x]
is an isomorphism given by the above formula for harmonic vectors only !
We restrict the scalar positive product (-,-) : W* x W* — R to the space of
harmonic vectors
(gt HE (W) x HE (W) — R,

and we restrict the tensor (-,-) : W* x W~k — R also to harmonic vectors

BY = (), HY (M) x HNF (M) — R.
From the properties of the *-Hodge operator we have the commuting diagram:

()t HEM)xHN=F (M) — R

1 id x*
() HF (W) x HF (W) — R
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3.4 Signature and the Hirzebruch operator

Let (W = 69;::0 Wk (Y (6,0) ,d) be a graded differential Hodge space. Let

€:40,1,..,N} — {—1,1} be an arbitrary function such that e, = en_, for
each k. Assume e-antycommutativity of (,). From the point of view of the
signature we need to consider even N,

N=2n and &,=+1.

Then
("W x W™ SR

and
(-, );L{ =B":H'"(W)xH"(W) >R

are symmetric and nondegenerated. Therefore in cohomology, the tensor
(g - HY (W) xH" (W) - R
is also symmetric and is an extension of (-, )7, .

Definition 3.18 If
dimH" (W) < o0

we define the signature of W as the signature of (-, )5

Sig (W) := Sig (-, )51 -

Remark 3.19 Under the assumption W = Im A @ (Im A)* we have H™ (W) =
H" (W) and
Therefore if dimH™ (W) < oo, then

Sig (W) = Sig (-, )5y = Sig B"
because under the identification H* (W) = H* (W) we have (-,-),, = (-, )51 -
Remark 3.20 The condition W = Im A @ (Im A)™" does not imply the relation

dimker A < co. Indeed, if d = 0, then d* = 0, A = 0, ker A = W. Therefore
W =00+ and dimH = dimH = dim W can be arbitrary.

In the construction of the Hirzebruch signature operator the fundamental
role is played by an operator (small modification of the x-Hodge operator)

o Wk Wk
™" (w) = & -xw, &, €{-1,1}.

such that
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i) Tor=1Id,
ii) d*=—-1odor,
iii) 7" =%, ie. &, =1, (n=3N).
We check the existence of 7 and prove the uniqueness (assuming d* # 0 ).

(If consider odd N, it is necessary to admit complex &, € C which have the
absolute value 1).

Theorem 3.21 If N = 2n and
e = (-1)" (1) VP = (1" (-1)*, 9)

then there exists the operator T fulfilling i), i) i) and it is given by

k(k+1) n(n+1)
Tk (wk) = (- T (=1) 7k (wk) .
Conversely, if d* # 0 for all k =0,1,...., N — 1 and T exists, then gy, is given by
(9). The function ¢ satisfies €x—1 = Egy1.

Proof. Easy calculations show that for an arbitrary natural number N, even
or odd, the operator 7 defined by (8)
(a) satisfies condition i) if and only if

ExEN—k =€k, ke{0,1,...,N}. (10)
(b) satisfies condition ii) if and only if

EEN—h = (D) e, k>1 (11)
Now we prove that for a sequence e, € {—1,1} there exists a complex se-
quence &j € C satisfying (10) and (11) if and only if €, is given by the formula

N(N-—1)

ee= ()" ()T (&) (12)

for some &y € {1,—1,4,—i} . Each value &y € {1, —1,4, —i} determines a sequence
&k uniquely by

B 2N—k—1 _
Ek = (—1) 2 €0-

First, assume that for €5, there exists &, € C fulfilling (10) and (11). Substi-
tuting (10) into (11) we obtain (for k =1,2,...,N )

EREN—kt+1 = (—1)k+1 ELEN—k
5N7k+1=(—1)k+1<§]\[,k /kwN—k—l—l

g = ()P,
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N—k+N—1 N(N—1)
It follows that &, = (—1)" % ¥ &. Next €0 = Zozn = (1) 7 (&)> and

N(N=1)
(~DFVR ()T (5)?

€k = EREN_k = €o

Since g, € {—1,1}, then &y € {1,—1,i,—i}.

Conversely, let ¢ fulfil (12) and &, = (—l)wk
the condition &xén_j = € is fulfilled and Exén_py1 = (—l)kJrl €k. Adding k
and noticing that (—l)w (20)® € {—1,1} we see that (assuming d* # 0 )
there are only two possibilities on € for which there exists a suitable 7 :

€p. We easily see that

€k = (—l)k(ka) or Ep = — (—1)k(N7k) .
For the case N = 2n and ¢,, = +1 we obtain
_ NON-D NN
en= (D" ()T @)’ = (D (1) (20)”
1=¢, =(&).
~ k NN-1) k n . .
Therefore &g € {—1,1} and g, = (—1)" (=1)" 2 = (—=1)" (—=1)" which yields
two possible 7
2N-—k—1, _ k(k+1)

g = (*1) Eg = (71) 2 £y, Ep€ {*1,1}.

~ . ~ ~ n(ntl)
Finally, we need take & in such a way that &, = +1, so &g = (—1) 2
Therefore
- k(k+1) n(n+1)
Er = (—1 2 — 2

Example 3.22 (Classical) For differential forms the e-anticommutativity is
defined by ¢, = (—1)k(N_k) . Then, the operator 7 such that 7 o 7 = Id, and

(N-1)
d* = —7TodoT, exists and we need to take (—1)" >  (50)° =1, i.e. (5)° =
N(N-1) N(N-1)
(=1)7 = . The operator 7 is real if and only if (—1)" 2 = +1 which is

equivalent to N = 4k or N = 4k + 1. We observe that &g is given then by

. | £1 for N=4kor N=4k+1
07 4i for N=4k+2 or N=4k+3

Assume in the sequel N = 2n, g, = (=1)" (=1)", and take the suitable
operator 7. We take
Wy ={weW; rw=zxw},

the eigenspaces corresponding to the eigenvalues +1 and —1 of 7. We notice
that
(d+d")[Wi] Ccw_.
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Definition 3.23 The operator
Dy =d+d Wy —-W_
18 called the Hirzebruch signature operator.
Remark 3.24 IfdimH < oo then the index
Ind D := dimg ker (D) — dimg ker (D7)
is correctly defined (the dimensions are finite)
ker (D) =W, NH(W),
and analogously for the adjoint operator (D))" = D_ : W_ — W,
ker (D_)=W_nNH((W).
Theorem 3.25 (Hirzebruch Theorem on signature) If dimH < oo, then
Ind Dy = Sig(B" : H" (W) x H" (W) — R).
If, additionally, W =Im A@ (Im A)*, then Ind D, = Sig W.

Proof. For the subspace V' C W stable under 7, 7[V] C V, we put V; =
{v € V; 7v = v} and analogously V_ = {v € V; 7v = —v}. The mapping (-, ), =
B™ : H™ (W) x H" (W) — R is nondegenerated. It is easily to see that

(a) H™ (W) = Vi @ V5 for

HE (W) =Vi={aeH"(W); xa=a},
HE(W)=Va={aeH"(W); xa=—a}.

(b) The subspaces H* (W)+H?"~% (W) are T-stable and for s = 0,1,...,n—1
and

Py HY (W) — (H* (W) + R (W),
X — %(X +7X)

is an isomorphism of real spaces.
(c) The subspaces W$ + W27~ are r-invariant. Therefore

Wy = @”;; (W +w2=s), Pwe

which yields

kerD+
=Wynker(d+d*: W — W)
= W, NH (W)

=@ e wr), Py

N (H (W) + 1 (W) @ H (W)

— @ ) m (), e (W),
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and in consequence (since 7" = %™ then WP N'H"™ = H} )

dimker Dy — dimker D7}

n—1
— Z dimg (H* (W) +H>"~* (W) + dimg 1} (W)
s=0

n—1

=) dimg (H* (W) + H>"* (W) _ — dimg K" (W)
s=0

= Sig (B").

4 Four fundamental examples and their general
settings

4.1 Four fundamental examples

In the previous section we have described a general algebraic approach to the
Hirzebruch signature operator. Thanks to it the following four fundamen-
tal examples can be understood as special cases of the general setting. Here
are the four examples of the spaces with gradation and differential operator
(W = @kN:OWk,d) in which M is a connected compact oriented Riemannian
manifold

(QF (M), dar); N =4p, [classical example]

. . . A - a TUIO-Lie algebroid
(OF(4), da); N =m+n=4dp, [Lie algebroid example]

(QF (M3 E), dv); (E,(,),) flat vector bundle,
wk = (,)o - symmetric nondegenerated parallel, N = 4p
[Lusztig example]
(QF (M3 E), dv); (E,(,),) flat vector bundle,
(,)o -symplectic parallel, N =4p+ 2
[Gromov example]

E

In the above, all cases the sequences of differentials {d’;R}, {d’g}, {d’%} are
elliptic complexes, dim H* (W) < co and the pairing

H' W) xHY " F (W) - R

is defined, which in the middle degree & is symmetric. Its signature, Sig (W),

2
is defined to be the signature of W.
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4.2 General setting of the above four examples

We give some applications of the above algebraic theory and theorems to vec-
tor bundles over manifolds. Other applications to more general objects than
manifolds are probably available, see the last section.

Consider a graded vector bundle £ = EBQZ:O fk of Hodge spaces over a con-
nected compact oriented Riemannian manifold M,

where
1) (,),(,) are fields of smooth 2-tensors in ¢ such that

(617 <a >L ) (a )L)

is a Hodge space, z € M, with a x-Hodge operator *, : £, — &, and
assume that (v,w) =0ifv e, we &’ r+s# N, and that subbundles
€ are orthogonal with respect to (),

2) the axiom e-anticommutativity holds
<Uk’UN—k> — e <UN—k7Uk>

where
er € {-1,+1}.

By integration along M we define 2-linear tensors

() () = Sec (€) x Sec (€) — R,
(o BY) = /M (s ) AM

(@, B)) == /M (o, B.) dM.

Then ((,)) is a positive definite scalar product in Sec (£), the *-Hodge operator
is an isometry

(@, ) = ((xa, %5))

and

((a, ) = ((a, %5)) -
3) d is a differential in Sec (£), d? = 0, of the degree +1,

d* : Sec (g’“) — Sec ({k‘H) ,

such that, by definition
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3a) d* are differential operators of first order,
3b) ((dw,w)) = (—1)*! ((w,du))  for w € Sec (gk) ,u € Sec (€).

Therefore

(Sec() = @, Sec (©" (691 () )

is a graded differential Hodge space. Then the adjoint operator d* : Sec (§) —
Sec (&)
((a, d"B)) = ((da, B))

exists and d* (a*) = ¢, (—l)k wdx (o).

Theorem 4.1 If {dk} s an elliptic complex, then the Laplacian A is a selfad-
joint, nonnegative and elliptic operator. In consequence,

Sect =ImA & (ImA)™"

H(Sec&) = H(Sec&,d)
dimH (Sec§) < oo.

If we assume that N = 2n and e, = (—1)" (—=1)"

Dy =d+d*:Sec§, — Sec§_ and the equality

we get the Hirzubruch operator

Sig {(,))x = Ind D,..

The ellipticity of A follows from [War, Remark 6.34]. The fact that the
symbol o (D*)( ) of the adjoint operator of a first order operator D : Sec{ —

Secn equals —o (D)?xw) is well know and may be easily checked. Indeed, the
symbol o (D) : &, — n, is a linear mapping such that

T,V

(z,v)
D(fW), = 0 (D), upy,) (We) + £ (2) D(W), .
feC>®(M),W € Sec&. Let D* be the adjoint operator for D, i.e. ((D*(V),W)) =

(V,D(W))), W € Sec§, V € Secn. To prove that o (D*), ,) = —0 (D)E::’U)
we need only to notice that for f, W,V as above

((‘"’3 — =0 (D), (ap),) V) + f (@) D" (V) W))
- /M (_0 (D)zm,(df)m) (Va) + f () D*(V),, WQC)
- /M (_VI’0<D)(z,(df)z) (Wm)) +/M (Va, D (fW),)

- /M (Vo f () D(W),) = ((fV, D (W))) = (D" (fV),W)).
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5 Applications to Lie algebroids

In all four above examples the complexes of differentials, {dk}, {dg} , {d%}
are elliptic, since the sequences of symbols are exact.

We describe four fundamental examples of graded differential Hodge space.
The fundamental idea is as follows: we have a 2-tensor (,) and we want to find
a positive definite scalar tensor (,) for which the x-Hodge operator exists and
is an isometry.

Example 5.1 (standard) M is compact oriented Riemannian manifold,

dim M = 4p.

(a) W* = QF (M) = Sec (/\’f T*M) :
(b) (W WrEx WN=k SR, (a,8) — [, A B

(o B = / Canp= (0 [ Bra = (0" s

In the middle degree 2p, the tensor ((,)) is symmetric.

(¢c) d:W* — Wkl is a differentiation of differential forms and

(d) ({do, B)) = (=) (o, dB)) for a € WF, B € WN=(+D) (which follows
from [, d(a A B)=0).

With respect to the standardly defined inner product in A 7 M we have a
finite dimensional Hodge-space

(AT (), 0),) -

By integrating along the Riemannian manifold M we obtain 2-linear tensors

() (G)) - QM) x Q(M) — R,

(o, BY) = /M<oz7ﬁ>dM= [ ans (@) - /M(a,ﬁ)dM

and the equality
(@, B)) = ((a, %5))

holds giving a graded Hodge-space with a differential operator (€ (M), ((,)),((,)),d).
The signature Sig M = Sig ((, ))?f can be calculated as the index of the Hirze-
bruch operator.

Dy =dyp+djp: Q(]W)Jr —Q(M)_

(dp is the adjoint operator to dgr with respect to the scalar product ((,)).
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Example 5.2 [K1] Let A be a transitive Lie algebroid over a compact oriented
manifold M and let

rank A=N=4dp=m+n, m=dimM, n=dimg,.

We assume that A is invariantly oriented via a volume tensor

€ € Sec (/\ng)

invariant with respect to the adjoint representation Ad 4.
(a) W* =QF (4) = Sec (/\"‘A*) ,
(6) (N WEXWNF SR, (a,8) — [ faar A B.

(e, B))F = /M/Aa/\ﬁ = (—1)FN=R) /M/AB/\Q :tﬂi“ﬁ’a»]\]ik'

€

This tensor is symmetric in the middle degree 2p.
(¢c) da:W* — WFk+! s the differentiation of A-differential forms, and
(d) ({dac,B)) = (~1)" ({a,daB)) for « € WF, § € WN-(k+1),
There exists a scalar product ((,)) in W = Q (A) such that then

(€ (A), (G5 ()

is a graded Hodge space with a differential. Indeed [K2], let G’ be an arbitrary
Riemannian tensor in g = ker # 4. Then the volume tensor eg/ of G’ is equal to
f - € for some smooth function f > 0. The tensor G := f*%G’ is a Riemannian
tensor in g for which € is the volume tensor. Let G2 be any Riemannian
tensor on M. Taking an arbitrary connection A : TM — A in A and taking
the horizontal space H = Im A C A we have A = g€ H. Define a Riemannian
tensor G on A = g@ H such that g and H are orthogonal. On g we have Gy
but on H we have the pullback A\*Gs. The vector bundle A is oriented (since g
and M are oriented). At each point « € M we consider the defined above scalar
product G, on Aj, and the multiplication of tensors

OF A s N ar s NNz s r

where p,, is defined via the volume form for G,.

We can notice that p, = pg,, © fa,. The scalar product G, in A, can be
extended to a scalar product in A A% and we can notice that we obtain the
classical finite dimensional Hodge-space

(A4z (). 0),)

and two C'* (M)-tensors (,),(,) : Q(A4) x Q(A) — C* (M) defined as above
point by point. Integrating along M we get a graded Hodge-space with differ-

ential operator
(Q(M)’<<7>>7((’))7dz4)
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The tensor ((,)) induces a 2-tensor in cohomology
(g - HY (M) x HYF (M) — R
which in the middle degree
()3 - H (M) x H? (M) — R

is symmetric. The dimension dim H (A) is finite (Kubarski, Mishchenko, 2003,
[K-M-1]). Therefore, the signature of ({, >>%‘f can be calculated as the index of
the Hirzebruch operator

Dy =da+dy:Q(A), —Q(A)_
where d% is the adjoint to d4 with respect to the scalar product ((,)).

Our previous considerations on the signature of a Lie algebroid via Hochschild-
Serre spectral sequence of A permit us to calculate the signature of a Lie
algebroid using a second Hirzebruch operator following the Lusztig and Gromov
examples.

Example 5.3 Lusztig (1971) [L], Gromov (1995) [Gro]. Signature for
flat bundles. Let M be a compact oriented N = 4p-dimensional manifold
and F — M a flat bundle equipped with a flat covariant derivative V and a
nondegenerated indefinite symmetric tensor

Go=()g: EXE—MxR, (,),:FE:*xE; =R,
constant for V, i.e. satisfying Ox (o,n), = (Vxo,n), + (0, Vxn),. We take
o WF=0QF (M;E),
e the differential operator dy : W* — W*+! defined standardly via V.
From VGy = 0 we have
d(aNg, B) = dva Ag, B+ (=1l (a Ag, dvf),

therefore if |a| + |8] = N — 1, then

/ (dva) Ay B = — (~1)! / o Aay (dv ). (13)
M

M
Define the duality
(CNF s WExWNTE SR
(@B = [ anc,s.
M

and we see that



is satisfied. Since Gy is symmetric we have

(o B))F = /M o NGy f = /M (1) g Ay a = (~1)F ((8,a)) V.

€k

This tensor is symmetric in the middle degree. There is a scalar product ((,)) in
WP for which the x-Hodge operator for (W, {(,)),((,))) is an isometry. Indeed
[L], [Gro], we fix some positive definite scalar product (,)" on E. Then we take
a unique splitting £ = E, @ E_ of the vector bundle E which is both (,),
and (,)" orthogonal and such that (,), on E, is positive and (,), on E_ is
negative definite. We denote by 7 the involution 7 : E — E (72 = id ) such
that 7|Ey = id, 7|E_ = —id. Then, the quadratic form

(v, w) = (v, Tw)g

is symmetric positive definite and (Eg, (,),, , (,),) is a Hodge-space.
In each fibre AT} M @ E, we introduce the tensor product of the classical
Hodge-space A\ Ty M and the above one in F,.Point by point we obtain tensors

(), ) QM;E)x Q(M;E) — C>® (M),
x:Q(M;E)— Q(M;E)

such that
(a,8) = (a, %)
and integrating along M we obtain a Hodge-space (2 (M; E), ((,)),((,))).

(o B)) = /M<a,6>dM: /MaAGOB,
(@8) = [ @paim

with x: Q (M) - Q (M), * () (z) = *, (@), and

({a, B)) = (@, %)) .

Let dy be the adjoint operator to dy with respect to ((,)). The tensor ((,))
induces a 2-tensor in cohomology ((,))g : H* (M) x HN=F (M) — R which in
the middle degree

(D) - B (M B) x H? (M E) — R
is symmetric and the signature of it is the index of the Hirzebruch operator
Dy =dvy+dy: Q(M;E), — Q(M; E)_

Example 5.4 Gromov (1995) [Gro]. Signature for a symplectic bun-
dle. Let M be a compact oriented manifold M of dimension dimM = N =
4p + 2 and let £ — M be a symplectic vector bundle, i.e. the one equipped
with a flat covariant derivative V and parallel symplectic structure [i.e. skew
symmetric nondegenerated] S = (,): Ex E — M xR, VS = 0. We take
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e Wk=0QF(M;E),
o dy : W* — WFkt! _ the differential operator defined via V.

The condition

/ (dyva) Ag B = — (—1)l / aAg dv . (14)
M

M

holds for |a] + |8| = N — 1.
(N Wh x WN=F R is defined by

(o, B)) = /Momsﬁ

and ((dva, 8)) = (=1)**! ((a, dB)) is fulfilled. Since S is skew symmetric, then
ansB=—(-1)" M pgArga

and

({a, B)YF = /Ma Ae B = —(~1)FNH /Mﬁ Asa=—(=1)" ((B,a))V "

€k

There is a scalar product ((,)) in W* for which (W, (({,)),((,))) is a Hodge
space. Namely [V, p.56] there exists an anti-involution 7 in E, 72 = —7 (i.e. a
complex structure) such that

o (tv,Tw) = (v,w), v,w € Fy,
e (v,7v) > 0 for all v #£ 0.

Then the tensor (v, w) := (v, Tw) is symmetric, positive definite, and (v, Tw) =
(v,w), i.e., T preserves both forms (,) and (, ). The operator —7 is the *-Hodge
operator in (Ey,(,),,(,),). In consequence, the system (E,(,),,(,),) is a
Hodge-space.

At each point x € M, we take the tensor product A\ T M Q) E, of the classi-
cal Hodge space A T M and the above E,. Analogously to the above example,
we obtain a graded Hodge-space (Q(M;E), ((,)),((,)),d) with a differential
(where the *-Hodge operator is defined point by point * : Q (M) — Q (M),
*(a) (¥) = #; (ay)). Passing to cohomology we obtain ({,))y : HF (M) x
HN % (M) — R,

x

o, B = /M NG f=—(—1)HNh /Mﬁ Asa=—(~1)F ((8,a)

€k

which in the middle degree 2p + 1 is symmetric (thanks to the fact that (,) is
skew symmetric)

(Nt HPHL (M E) x H2PY (MG E) — R

31



{(a, )T = = (=1 ((8,a))* = ((8,0)) """

We can calculate the signature of ((, ))ﬁ’ *1 as the index of the Hirzebruch op-

erator Dy = dy +dy : Q(M; E), — Q(M; E)_

Example 5.5 In consequence, for a TUIO-Lie algebroid A over a compact ori-
ented manifold M for which m = dim M, n =rankg = dimg,, and under the
assumption H™*" (A) # 0 and m + n = 4p we have two Hirzebruch signature
operators:

(I) The first one. Dy =da +dj : Q(A), — Q(A)_ where d7 is the adjoint
to d 4 with respect to the scalar product ((a, 8)) = [;, (a, 8) defined in Example
2 above, and Wy = {a € Q(A4); ra = +a}, for 7 () = (-1) e (—1)* -
v (a¥).

(IT) The second one. We use the equality

SigH (A) = Sig E»

for the second term E,, EY? = HY,, (M;HY(g)), of the Hochschild-Serre spec-
tral sequence. The flat covariant derivative V? in the cohomology vector bundle
H? (g) depends on the structure of the Lie algebroid A.

Let m + n = 4p. The signature Sign Fs is equal to the signature of the
quadratic form

E2P x B3P — Ett =R,

and

a) if n is odd, then Sig Fy = 0,

b) if n is even, then

Sig 5 = Sig (

where

Consider the form ((,)) : Hgz

() HEy (M;H? (9)) x HI' M (M HE (9)) — HY. (M;H" (9) = R,

which is symmetric in the middle degree k = % and its signature is equal to
the signature of A. For k = n, the bundle H" (g) is trivial, H" (g9) = M x R,
the connection V" is equal to 9, and the multiplication of values is taken with
respect to (,) : H? (g) x H? (g) —» H" (g) = M x R.

We have 7 + 5 = 2p. We need to consider two different cases:

(a) % and 5 even then the form
H? (g) x HY (g) - H" (g) = M x R

is symmetric and we can use Example 5.3 (Lusztig type) to obtain the Hirze-
bruch signature operator D = d_z +d*v% Q4 (M;H? (g)) — Q- (M;HE (g)),

32



(b) 2 and % are odd, then the form H? (g) x Hz (g) — H" (g) = M xR is
symplectic and we can use Example 5.4 (Gromov type) to obtain the Hirzebruch
signature operator Dy =dg3 + d*V%.

For each of the cases the index of D is equal to the signature of A. Therefore,
the Atiyah-Singer formula for the index can be used.
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