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Abstra
t. In this paper we study the geometry of dire
t 
onne
tions in smooth ve
tor bundles(see N. Teleman [Tn.3℄); we show that the in�nitesimal part, ∇τ , of a dire
t 
onne
tion τ is alinear 
onne
tion. We determine the 
urvature tensor of the asso
iated linear 
onne
tion ∇

τ

.As an appli
ation of these results, we present a dire
t proof of N. Teleman's Theorem 6.2[Tn.3℄, whi
h shows that it is possible to represent the Chern 
hara
ter of smooth ve
tor bundlesas the periodi
 
y
li
 homology 
lass of a spe
i�
 periodi
 
y
li
 
y
le Φ
τ

∗
, manufa
tured from adire
t 
onne
tion τ , rather than from a smooth linear 
onne
tion as the Chern-Weil 
onstru
tiondoes. In addition, we show that the image of the 
y
li
 
y
le Φ

τ

∗
into the de Rham 
ohomology(through the A. Connes' isomorphism) 
oin
ides with the 
y
le provided by the Chern-Weil
onstru
tion applied to the underlying linear 
onne
tion ∇

τ

.For more details about these 
onstru
tions, the reader is referred to [M℄, N. Teleman[Tn.1℄, [Tn.2℄, [Tn.3℄, C. Teleman [T
℄, A. Connes [C.1℄, [C.2℄ and A. Connes and H. Mos-
ovi
i [C.M℄.1. Introdu
tion. In this paper we address two problems: (i) to better understand thegeometry of dire
t 
onne
tions and (ii) to provide a dire
t proof of N. Teleman's theorem[Tn.3℄, whi
h shows how to modify the Chern-Weil theory from the 
ase of linear 
onne
-tions to the 
ase of dire
t 
onne
tions to extra
t the Chern 
hara
ter of smooth ve
torbundles.2000 Mathemati
s Subje
t Classi�
ation: 53C05, 58A05, 57R20.This resear
h was supported by the MIUR Contra
t N◦ 2005010942_002/2005.The paper is in �nal form and no version of it will be published elsewhere.[425℄ 
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426 J. KUBARSKI AND N. TELEMANBefore going into more details, we re
all that a dire
t 
onne
tion (see N. Teleman[Tn.2℄, [Tn.3℄) in a ve
tor bundle is a law whi
h provides a dire
t isomorphi
 transportof �bres, from point to point, rather than along paths. Dire
t 
onne
tions were originally
alled quasi-
onne
tions, see [Tn.2℄.Con
erning the �rst problem, we show that any dire
t 
onne
tion τ has an underlyinglinear 
onne
tion∇τ , whi
h represents its in�nitesimal part. We determine the 
onne
tion
oe�
ients Γ.
.. of the underlying linear 
onne
tion and its 
urvature tensor.With regard to the se
ond problem, we mention that N. Teleman [Tn.3, Th. 6.2℄ hadshown that the Chern 
hara
ter Ch∗(ξ), of an arbitrary smooth ve
tor bundle ξ : E →Mmay be obtained as the 
y
li
 homology, (resp. periodi
 
y
li
 homology), 
lasses, (resp.
lass) of 
y
li
 
y
les, (resp. a periodi
 
y
li
 
y
le), of the algebra of smooth fun
tionson M , whose 
hain 
omponents are the fun
tions

Φk : Uk+1 → R,

Φk (x0, x1, . . . , xk) := Tr τ (x0, x1) ◦ τ (x1, x2) ◦ · · · ◦ τ (xk−1, xk) ◦ τ (xk, x0) ,where τ is an arbitrary dire
t 
onne
tion in ξ and Uk+1 is a neighborhood of the diagonalin Mk+1.Re
all that the periodi
 
y
li
 homology of the algebra of smooth fun
tions is iso-morphi
 to the bi-graded de Rham 
ohomology of the manifold M. This result, due toA. Connes, 
onstitutes the bridge between the 
lassi
al di�erential geometry and thenon
ommutative geometry. The Connes' isomorphism asso
iates with any periodi
 
y
li

y
le f an even/odd non-homogeneous 
losed di�erential form Ω(f) on M .The proof of Theorem 6.2. [Tn.3℄ uses the homotopy invarian
e of the 
y
li
 homology,as well as the non 
ommutative de�nition of the Chern 
hara
ter derived from the Levi-Civita 
onne
tion in a ve
tor bundle, results due to A. Connes [C.1℄, [C.2℄; it states theresult at the level of homology 
lasses.In this paper we present a dire
t proof of this theorem, showing in addition that theimage of the periodi
 
y
li
 
o
y
le {Φk}k through the Connes' isomorphism
Ω2k(Φ2k) =

1

(2k)!

∑

i1,i2,..,i2k

∂

∂xi1
1

∂

∂xi2
2

. . .
∂

∂xi2k

2k

Φk (x0, x1, . . . , x2k)x0=x1=···=x2k=x dxi1 ∧ · · · ∧ dxi2k


oin
ides with the di�erential form provided by the 
lassi
al Chern-Weil theory appliedupon the underlying linear 
onne
tion ∇τ .We re
all that within the theory of linear 
onne
tions the 
loseness of the form TrRkin the de Rham 
omplex is a 
onsequen
e of the Bian
hi identity. It is relevant to mentionthat the same result follows trivially in the 
ontext of dire
t 
onne
tions as a 
onsequen
eof the symmetry of mixed partial derivatives (S
hwarz lemma)�see Remark 3.For other appli
ations of dire
t 
onne
tions, we refer to A. Mish
henko and N. Teleman[M.T℄. For related topi
s, providing geometri
 interpretations of the Chern 
hara
ter, werefer to N. Teleman [Tn.1℄, [Tn.2℄, [Tn.3℄, and C. Teleman [T
℄.In the sequel we freely use the Einstein summation 
onvention on repeated indi
es.



LINEAR DIRECT CONNECTIONS 4272. Dire
t 
onne
tions vs. linear 
onne
tions. Let E be a real or 
omplex smoothve
tor bundle over the manifold M .Definition 1 (see N. Teleman [Tn.2℄, [Tn.3℄). By a linear dire
t 
onne
tion in a ve
torbundle E we mean a smooth mapping
τ : U → GL (E)where U ⊂M ×M is an open neighborhood of the diagonal ∆ = {(x, x) ; x ∈M} , su
hthat

τ (x, y) : E|y → E|xand
τ (x, x) = id : E|x → E|x.Dire
t 
onne
tions, used also in the paper by A. Mish
henko and N. Teleman [M.T℄,were 
alled quasi 
onne
tions.We intend to extra
t from a dire
t 
onne
tion its in�nitesimal part along the diagonal.Definition 2. Let X be a smooth tangent �eld over M and φ a smooth se
tion in E.Let x0 be an arbitrary point in M and let γ : (−ε, ε) → M be an integral path of the�eld X with the initial 
ondition γ(0) = x0, (γ̇(0) = X(x0) ).We de�ne

∇τ
X(x0)

(φ) =
d

dt
{τ (γ(0), γ(t)) (φ (γ (t)))}|t=0 ∈ E|x0

.Remark 1. As the parameter t varies, the fun
tion under the derivative sign des
ribes asmooth path in the �bre E|x0
and hen
e ∇τ

X(x0)
(φ) is well de�ned; it depends only on X,

φ and x0. Noti
e that the 
ondition τ (x, x) = idEx
is ne
essary in order to insure thatthe out
ome of the derivation is a ve
tor of the �bre over the point x0.We intend to des
ribe ∇τ

X(x0)
(φ) lo
ally. For, let (x1, x2, . . . , xm) (dimM = m) be alo
al 
oordinate system on an open neighborhood V of a point x0. Using the same lo
al
oordinate system on both fa
tors of the dire
t produ
t M ×M, any point (x, y) ∈ V ×Vwill be given by lo
al 
oordinates (x1, x2, .., xm|y1, y2, . . . , ym).Let n be the K-rank (K = R, or C) of the bundle E and let {e1, e2, . . . , en} be a lo
alframe in the bundle E over V .The dire
t 
onne
tion τ is given lo
ally by a matrix

τ (x|y) = ‖τ j
i (x|y)‖ ∈Mn,n(K),

τ (x|y) (ei(y)) =
∑

j

τ
j
i (x|y) · ej(x),

τ
j
i (x|x) = δ

j
i .The �eld φ may be represented over V by φ(x) =

∑

i φi(x)ei(x). Then
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∇τ
X(x0)

(φ) =
d

dt
{τ (γ(0), γ(t)) (φ(γ(t)))}|t=0

=
d

dt

{

τ (γ(0), γ(t))
(

∑

i

φi(γ(t))ei(γ(t))
)}

|t=0

=
d

dt

{

∑

i,j

τ
j
i (x0|γ(t)) · φi(γ(t))ej(x0)

}

|t=0

=
∑

i,j

d

dt
{τ j

i (x0|γ(t)) · φi(γ(t))}|t=0 · ej(x0).Des
ribing the path γ by γ(t) = (y1(t), y2(t), . . . , ym(t)), we have further
∇τ

X(x0)
(φ) =

∑

i,j

d

dt
{τ j

i (x0|y
1(t), y2(t), . . . , ym(t)) · φi(y1(t), y2(t), . . . , ym(t))}|t=0ej(x0)

=
α=m
∑

α=1

∑

i,j

{

∂

∂yα
τ

j
i (x0|y

1, y2, . . . , ym))|y=x0
· ẏα(0) · φi(x0)

+ τ
j
i (x0|x0)

∂

∂yα
φi(y1, y2, . . . , ym)|y=x0

· ẏα(0)

}

ej(x0).De�ning
Γj

i,α(x0) =
∂

∂yα
τ

j
i (x0|y

1, y2, . . . , ym))|y=x0
,we get

∇τ
X(x0)

(φ)

=
α=m
∑

α=1

∑

i,j

{Γj
i,α(x0) · ẏ

α(0) · φi(x0) + δ
j
i

∂

∂yα
φi(y1, y2, . . . , ym)|y=x0

· ẏα(0)}ej(x0)

=
α=m
∑

α=1

{

∑

i,j

Γj
i,α(x0) · ẏ

α(0) · φi(x0)ej(x0)

+
∑

i

∂

∂yα
φi(y1, y2, . . . , ym)|y=x0

· ẏα(0)ei(x0)

}

.Representing the tangent �eld X lo
ally
X(x) =

∑

α

Xα(x) ·
∂

∂xα
,one has ẏα(0) = Xα(x0); the above 
omputation shows that

∇τ
X(x0)

(

∑

i

φiei

)

=

α=m
∑

α=1

{

∑

i,j

Γj
i,α(x0) ·X

α(x0) · φ
i(x0)ej(x0)

+
∑

i

∂

∂yα
φi(y1, y2, . . . , ym)|y=x0

·Xα(x0)ei(x0)
}

=

α=m
∑

α=1

{

∑

i,j

Γj
i,α(x0) ·X

α(x0) · φ
i(x0)ej(x0)

}

+
∑

i

(dφi)(X)(x0) ei(x0).



LINEAR DIRECT CONNECTIONS 429Both this formula and Remark 1 above show that ∇τ is a linear 
onne
tion in theve
tor bundle E. The linear 
onne
tion ∇τ will be 
alled asso
iated, or underlying, linear
onne
tion to the dire
t 
onne
tion τ. To summarize, we have provedTheorem 3. (i) For any dire
t 
onne
tion τ, let
∇τ

X(x)(φ) =
d

dt
τ (γ(0), γ(t))|t=0 (φ (γ (t))) ∈ E|x, γ (0) = x, γ̇(t) = X(γ (t))be its in�nitesimal part along the diagonal. Then ∇τ is a linear 
onne
tion.(ii) Let (x1, x2, . . . , xm|y1, y2, . . . , ym) be a lo
al system of 
oordinates on a neighbor-hood V × V of a point (x, x) ∈ M ×M and let {e1, e2, . . . , en} be a lo
al frame in Eover V. Let τ (x|y) be the matrix des
ribing lo
ally the dire
t 
onne
tion τ :

τ (x|y) = ‖τ j
i (x|y)‖ ∈Mn,n(K),

τ (x, y) (ei(y)) =
∑

j

τ
j
i (x|y) · ej(x), τ

j
i (x|x) = δ

j
i .Then the 
oe�
ients Γj

i,α of the 
onne
tion ∇τ are given lo
ally by
∇τ

∂
∂xα

ei =
∑

j

Γj
i,αej ,where

Γj
i,α(x) =

∂

∂yα
τ

j
i (x1, x2, . . . , xm|y1, y2, . . . , ym)y=x.In the above formulas it is assumed that on ea
h of the two fa
tors V of V × V the same
oordinate fun
tions are 
onsidered.Let R = (∇τ )2 be the 
urvature tensor of the 
onne
tion ∇τ . The 
omponents of the
urvature R are

R
j
iαβ(x) =

∂

∂xα
Γj

iβ(x)−
∂

∂xβ
Γj

iα(x) + Γj
kα(x) · Γk

iβ(x)− Γj
kβ(x) · Γk

iα(x)

=
∂2

∂xα∂yβ
τ

j
i (x|y)y=x −

∂2

∂xβ∂yα
τ

j
i (x|y)y=x

+
∂

∂yα
τ

j
k(x|y)y=x ·

∂

∂yβ
τk
i (x|y)y=x −

∂

∂yβ
τ

j
k(x|y)y=x ·

∂

∂yα
τk
i (x|y)y=x.Corollary 4. The 
urvature form R of the underlying linear 
onne
tion ∇τ , asso
iatedto the dire
t 
onne
tion τ, is given by

R =

(

∂2

∂xα∂yβ
τ

j
i (x|y)y=x −

∂2

∂xβ∂yα
τ

j
i (x|y)y=x

+
∂

∂yα
τ

j
k(x|y)y=x ·

∂

∂yβ
τk
i (x|y)y=x −

∂

∂yβ
τ

j
k(x|y)y=x ·

∂

∂yα
τk
i (x|y)y=x

)

dxα ∧ dxβ .For further 
omputations it is 
onvenient to introdu
e the matri
es Γα whose 
ompo-nents are given by
‖Γα‖

j
i := Γj

i,αand matri
es Rαβ whose entries are the 
omponents of the 
urvature tensor
‖Rαβ‖

j
i := R

j
iαβ .



430 J. KUBARSKI AND N. TELEMANRemark 2. It is 
lear that if the base manifold M is endowed with an a�ne 
onne
tion,then the parallel transport along small geodesi
s�de�ned for a given linear 
onne
tionin the ve
tor bundle E over M�produ
es a dire
t 
onne
tion τ in E. Su
h examples ofdire
t 
onne
tions have already been used in various papers, as 
omputational tools, seee.g. C. Teleman [T
℄, A. Connes and H. Mos
ovi
i [C.M℄. We might ask whether any dire
t
onne
tion 
an be obtained by this pro
edure. The answer to this question is negative.Indeed, noti
e that any dire
t 
onne
tion τ produ
ed by parallel transport along geodesi
shas to satisfy the 
ondition τ (x, y)◦ τ (y, x) = Id, a property whi
h might not be satis�edby an arbitrary dire
t 
onne
tion. Moreover, if a dire
t 
onne
tion τ derives from theparallel transport along geodesi
s, then the a�ne 
onne
tion on the base manifold mightnot be uniquely de�ned by it. For example, if the linear 
onne
tion in E is �at, thenthe 
orresponding dire
t 
onne
tion τ satis�es the 
ondition τ (z, y) ◦ τ (y, x) = τ (z, x),lo
ally, and it does not depend on the a�ne 
onne
tion on the base manifold.It is interesting to point out that the ful�llment of the 
ondition τ (x, y)◦τ (y, x) = Idis not su�
ient to insure that the dire
t 
onne
tion τ derives from the parallel transportalong geodesi
s, either. For, we provide the followingExample 5. Let M = R and let E be the produ
t bundle M × R of rank 1. Let e1 bethe 
onstant frame e1(x) = (x, 1) in E. With respe
t to this frame, 
onsider the dire
t
onne
tion τ de�ned by the matrix
τ (y|x) = ey−x+(y−x)3 ∈M1,1(R).As the exponent is an odd fun
tion, τ satis�es τ (x, y) ◦ τ (y, x) = Id. On the other hand,the 
orresponding linear 
onne
tion ∇τ is given by

∇τ
d

dx

(e1(x)) =
d

dy
(ey−x+(y−x)3

e1(x))y=x = e1(x),and the parallel transport of the ve
tor ξ0 along the line R from the point x to the point
y is the solution of the di�erential equation

dξ(y)

dy
= ξ(y), ξ(x) = ξ0,or,
ξ(y) = ey−xξ0,whi
h di�ers from ey−x+(y−x)3ξ0.Although τ (x, y) = (τ (y, x))−1 is not true in general, it is true, however, that it holdsin�nitesimally. In fa
t, we haveProposition 6. For any dire
t 
onne
tion τ, its matrix 
omponents satisfy the identities(i)

∂

∂xα
τ

j
i (x|y)y=x +

∂

∂yα
τ

j
i (x|y)y=x = 0.(ii)

∂

∂xα
{τ (x|y) ◦ τ (y|x)}y=x = 0 =

∂

∂yα
{τ (x|y) ◦ τ (y|x)}y=x.



LINEAR DIRECT CONNECTIONS 431Proof. As τ (x|x) = Id, we get that the dire
tional derivative (

∂
∂xα + ∂

∂yα

) of τ along thediagonal vanishes. This proves (i). The se
ond identity is a 
onsequen
e of the �rst.3. Dire
t 
onne
tions and Chern 
hara
ter3.1. Re
all of periodi
 
y
li
 homology. For the bene�t of the reader and for settingnotation, we re
all in this se
tion some basi
 notions and results, due to A. Connes [C.1℄,[C.2℄, whi
h lay at the foundations of non
ommutative geometry.Given a lo
ally 
onvex asso
iative algebra A, the spa
e of k-
hains Ck(A) over thealgebra A, C∗(A) is, by de�nition, a topologi
al 
ompletion (usually, proje
tive 
om-pletion) of the algebrai
 tensor produ
t ⊗k+1A. Two boundary operators, b′ and b areintrodu
ed by the formulas
b′(f0 ⊗ f1 ⊗ . . . fk−1 ⊗ fk) =

r=k−1
∑

r=0

(−1)rf0 ⊗ f1 ⊗ · · · ⊗ (fr · fr+1)⊗ · · · ⊗ fk−1 ⊗ fkand
b(f0 ⊗ f1 ⊗ . . . fk−1 ⊗ fk) =

r=k−1
∑

r=0

(−1)rf0 ⊗ f1 ⊗ · · · ⊗ (fr · fr+1)⊗ · · · ⊗ fk−1 ⊗ fk

+ (−1)kf0.f1 ⊗ · · · ⊗ fk−1.The boundary operator b′ de�nes the bar 
omplex; if the algebra A is unitary thenthe bar 
omplex is a
y
li
.The 
omplex based on the boundary operator b is the Ho
hs
hild 
omplex of thealgebra A; its homology is the Ho
hs
hild homology of the algebra.The graded 
y
li
 permutation T : Ck(A)→ Ck(A) is de�ned on generators by
T (f0 ⊗ f1 ⊗ · · · ⊗ fk−1 ⊗ fk) = (−1)kf1 ⊗ · · · ⊗ fk−1 ⊗ fk ⊗ f0.The operator N : Ck(A)→ Ck(A) is given by

N = 1 + T + T 2 + · · ·+ T k.The periodi
 
y
li
 homology is de�ned as the homology of the total 
omplex asso-
iated to a �rst and se
ond quadrant dire
t produ
t bi
omplex {Cp,q}p∈Z,q≥0 de�nedby: (i) Cp,q = Cq(A); the boundary operators are 
onsidered of degree −1,(ii) the 
olumns 
onsist of alternating bar and Ho
hs
hild 
omplexes: the Ho
hs
hild
omplex on ea
h even order 
olumn and the bar 
omplex (with b′ repla
ed by −b′ ) onea
h odd order 
olumn,(iii) the boundary homomorphisms of the horizontal 
omplexes are given by the al-ternating homomorphisms N and 1− T

. . .
1−T
←− C−1,q

N
←− C0,q

1−T
←− C1,q

N
←− . . . .This 
omplex is 
alled the periodi
 bi
omplex of the algebra A .Given the periodi
ity of the periodi
 
y
li
 bi
omplex, there are essentially only twoperiodi
 
y
li
 homologies: Hλ,per

even (A), and H
λ,per
odd (A).



432 J. KUBARSKI AND N. TELEMANTheorem 7 (A. Connes [C.1℄, [C.2℄).(i)
Hλ,per

even (C∞(M)) =
k=even
⊕

Hk
dR(M),(ii)

H
λ,per
odd (C∞(M)) =

k=odd
⊕

Hk
dR(M),(iii) Given the periodi
 
y
li
 
y
le f =

∏p=∞
p=0 fǫ−p,p ∈

∏p=∞
p=0 Cǫ−p,p(C

∞(M))(ǫ = 0, 1), its (ǫ + 2p)-degree 
omponent is the de Rham 
ohomology 
lass of the (
losed)di�erential form
1

(ǫ + 2p)!

∂ǫ+2p

∂xi1
1 . . . ∂x

iǫ+2p

ǫ+2p

fǫ+2p(x0, x1, . . . , xǫ+2p)|∆dxi1
1 ∧ · · · ∧ dx

iǫ+2p

ǫ+2p ,where ∆ is the diagonal.Definition 8. For any 
y
li
 
y
le f =
∏p=∞

p=0 fǫ−p,p, let
Ωǫ+2p(f) :=

1

(ǫ + 2p)!

∂ǫ+2p

∂xi1
1 . . . ∂x

iǫ+2p

ǫ+2p

fǫ+2p(x0, x1, . . . , xǫ+2p)|∆dxi1
1 ∧ · · · ∧ dx

iǫ+2p

ǫ+2p .3.2. Dire
t 
onne
tions and Chern 
hara
ter forms. Let τ be a dire
t 
onne
tion in the
omplex ve
tor bundle ξ : E →M and let ∇τ be its asso
iated linear 
onne
tion.Consider the fun
tion Φk : Mk+1 ⊃ Uk+1 → C (where Uk+1 ⊂ Mk+1 is a neighbor-hood of the diagonal in Mk+1 ) de�ned by the formula
Φk(x0, x1, . . . , xk) := Tr τ (x0, x1)τ (x1, x2) . . . τ(xk−1, xk)τ (xk, x0).Theorem 9 (N. Teleman, [Tn.2℄ Theorem 6.2). Let ξ be a 
omplex ve
tor bundle overthe para
ompa
t manifold M and let τ be a smooth linear dire
t 
onne
tion in ξ. Then(i) the in�nite 
hain Φτ with 
omponents

f−2p,2p := (−1)p (2p)!

p!
Φ2p ∈ C−2p,2p(C

∞(M))

f−(2p−1),2p−1 := (−1)p−1 (2p)!

p!
Φ2p−1 ∈ C−(2p−1),2p−1(C

∞(M))is an even periodi
 
y
li
 
y
le over the algebra C∞(M);(ii) its homology 
lass is (up to a multipli
ative 
onstants) the total Chern 
hara
terof ξ.The reader should noti
e that, in view of Connes' result, Theorem 7, a modi�
ationof the dire
t 
onne
tion away from a small neighborhood of the diagonal does not 
hangethe periodi
 
y
li
 homology 
lass of the 
hain Φτ as its periodi
 
y
li
 homology 
lassdepends only on its 1-jet along the diagonal. For more information about the Ho
hs
hildhomology of the algebra of smooth fun
tions, the reader might refer to N. Teleman [Tn.4℄As explained in the se
tion 1, we intend to present here a dire
t proof of this theoremproviding, in addition, an expli
ite link between the di�erential forms Ω2k(Φτ ) and the
lassi
al Chern-Weil forms, at the level of di�erential forms rather than 
ohomology
lasses.



LINEAR DIRECT CONNECTIONS 433More pre
isely, we proveTheorem 10. Let τ be a dire
t 
onne
tion and let ∇τ be its underlying linear 
onne
tion.Then
Ω2k(Φτ

2k) =
1

(2k)!
·

1

2k
· Tr Rk,where R = (∇τ )2 is the 
urvature of the underlying linear 
onne
tion ∇τ .Proof. We have to evaluate

Ω2k(Φτ
2k) :=

∑

i1,...,i2k

1

(2k)!

∂2k

∂xi1
1 . . . ∂xi2k

2k

Tr τ (x0, x1) . . . τ(x2k−1, x2k)τ (x2k, x0)|∆dxi1
0 ∧ · · · ∧ dxi2k

0 .We intend to evaluate the di�erential form Ω2k(Φτ
2k) at the point (x0, x0, . . . , x0).Lemma 11.

∑

i1,i2

∂2

∂xi1
1 ∂xi2

2

(τ (x0, x1)τ (x1, x2)τ (x2, x3))|(x0=x1=x2)dxi1
0 ∧ dxi2

0

=
1

2

∑

i1,i2

Ri1i2(x0)τ (x0|x3)dxi1
0 ∧ dxi2

0 .Proof. We work in lo
al 
oordinates. Let us de�ne
A(x0, x3) :=

∑

i1,i2

∂2

∂xi1
1 ∂xi2

2

(τ (x0, x1)τ (x1, x2)τ (x2, x3))|(x0=x1=x2)dxi1
0 ∧ dxi2

0 .An elementary 
omputation gives
A(x0, x3)

=

{(

∂

∂xi1
1

τ (x0|x1)

)

·

(

∂

∂xi2
2

τ (x1|x2)

)

· τ (x2|x3)

+

(

∂

∂xi1
1

τ (x0|x1)

)

· τ (x1|x2) ·

(

∂

∂xi2
2

τ (x2|x3)

)

+ τ (x0|x1) ·

(

∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x2|x3)

+ τ (x0|x1) ·

(

∂

∂xi1
1

τ (x1|x2)

)

·

(

∂

∂xi2
2

τ (x2|x3)

)}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0

=

{(

∂

∂xi1
1

τ (x0|x1)

)

·

(

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3) +

(

∂

∂xi1
1

τ (x0|x1)

)

·

(

∂

∂xi2
2

τ (x2|x3)

)

+

(

∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

+

(

∂

∂xi1
1

τ (x1|x0)

)

·

(

∂

∂xi2
2

τ (x2|x3)

)}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0 .



434 J. KUBARSKI AND N. TELEMANUsing Proposition 6 and the notation for the matri
es Γα, Rαβ , we have further
A(x0, x3) =

{

Γi1(x0) · Γi2(x0) · τ (x0|x3) +

(

∂

∂xi1
1

τ (x0|x1)

)

·

(

∂

∂xi2
2

τ (x2|x3)

)

+

(

∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

+

(

∂

∂xi1
1

τ (x1|x0)

)

·

(

∂

∂xi2
2

τ (x2|x3)

)}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0

=

{(

Γi1(x0) · Γi2(x0) +
∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

+

(

∂

∂xi1
1

τ (x0|x1) +
∂

∂xi1
1

τ (x1|x0)

)

·
∂

∂xi2
2

τ (x2|x3))

}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0 .From Corollary 4 and Proposition 6, we get
A(x0, x3)

=
∑

i1,i2

{(

Γi1(x0) · Γi2(x0) +
∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)) · τ (x0|x3

)}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0

=
1

2

∑

i1,i2

{(

Γi1(x0) · Γi2(x0) +
∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0

−
1

2

∑

i1,i2

{(

Γi1(x0) · Γi2(x0) +
∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

}

|(x0=x1=x2)

dxi2
0 ∧ dxi1

0

=
1

2

∑

i1,i2

{(

Γi1(x0) · Γi2(x0) +
∂

∂xi1
1

∂

∂xi2
2

τ (x1|x2)

)

· τ (x0|x3)

}

|(x0=x1=x2)

dxi1
0 ∧ dxi2

0

−
1

2

∑

i1,i2

{(

Γi2(x0) · Γi1(x0) +
∂

∂xi2
1

∂

∂xi1
2

τ (x1|x2)

)

· τ (x0|x3)}|(x0=x1=x2)dxi1
0 ∧ dxi2

0

=
1

2

∑

i1,i2

Ri1i2 · τ (x0|x3)|(x0=x1=x2)dxi1
0 ∧ dxi2

0 .This 
ompletes the proof of the Lemma.Lemma 12.
Tr

∂2k

∂xi1
1 . . . ∂xi2k

2k

τ (x0, x1) . . . τ(x2k−1, x2k)τ (x2k, x0)|∆·(dxi1
0 ∧dxi2

0 )⊗· · ·⊗(dx
i2k−1

0 ∧dxi2k

0 )

=
1

2k

∑

i1,i2,...,i2k−1,i2k

Tr Ri1i2(x0)Ri3i4(x0) . . . Ri2k−1i2k
(x0)

· (dxi1
0 ∧ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ∧ dxi2k

0 ).Proof. We apply Lemma 11, in su

ession, to ea
h of the pairs of arguments and 
or-responding partial derivations, beginning with the �rst pair (x1, x2). This pro
edure,followed by applying the tra
e operator, leads to the desired relation.



LINEAR DIRECT CONNECTIONS 435We return to the proof of the theorem. Denoting by Alt the skew-symmetrization oftensor produ
ts
Alt(v1 ⊗ v2 ⊗ · · · ⊗ vr) :=

1

r!

∑

ι∈Sr

Sign(ι) · vι1 ⊗ vι2 ⊗ · · · ⊗ vιr
:= v1 ∧ v2 ∧ · · · ∧ vr,we have

(2k)! · Ω2k(Φτ
2k)

:=
∂2k

∂xi1
1 . . . ∂xi2k

2k

Tr τ (x0, x1) . . . τ(x2k−1, x2k)τ (x2k, x0)|∆dxi1
0 ∧ · · · ∧ dxi2k

0

=
∂2k

∂xi1
1 . . . ∂xi2k

2k

Tr τ (x0, x1) . . . τ(x2k−1, x2k)τ (x2k, x0)|∆Alt(dxi1
0 ⊗ · · · ⊗ dxi2k

0 )

=
∂2k

∂xi1
1 . . . ∂xi2k

2k

Tr τ (x0, x1) . . . τ(x2k, x0)|∆Alt [(dxi1
0 ∧ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ∧ dxi2k

0 ))]

= Alt

[

∂2k

∂xi1
1 . . . ∂xi2k

2k

Tr τ (x0, x1) . . . τ(x2k, x0)|∆(dxi1
0 ∧ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ∧ dxi2k

0 ))

]

=
1

2k
·Alt [Tr Ri1i2(x0)Ri3i4(x0) . . . Ri2k−1i2k

(x0) · (dxi1
0 ∧ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ∧ dxi2k

0 )]

=
1

2k
· Tr Ri1i2(x0)Ri3i4(x0) . . . Ri2k−1i2k

(x0) ·Alt [(dxi1
0 ∧ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ∧ dxi2k

0 )]

=
1

2k
· Tr Ri1i2(x0)Ri3i4(x0) . . . Ri2k−1i2k

(x0) ·Alt [(dxi1
0 ⊗ dxi2

0 )⊗ · · · ⊗ (dx
i2k−1

0 ⊗ dxi2k

0 )]

=
1

2k
· Tr Ri1i2(x0)Ri3i4(x0) . . . Ri2k−1i2k

(x0) · dxi1
0 ∧ dxi2

0 ∧ · · · ∧ dx
i2k−1

0 ∧ dxi2k

0

=
1

2k
· Tr Rk.This 
ompletes the proof of Theorem 10.Remark 3. We re
all that, within the theory of linear 
onne
tions, the 
losedness ofthe form Tr Rk in the de Rham 
omplex is a 
onsequen
e of the Bian
hi identity. Itis interesting to mention that the same result follows trivially in the 
ontext of dire
t
onne
tions as a 
onsequen
e of three fa
ts: (i) the expression of the 
urvature of a dire
t
onne
tion depends polynomially only on the fun
tions τ (x, y) di�erentiated on
e or twotimes, (ii) to ea
h di�erentiation ∂

∂xi there 
orresponds an exterior derivative fa
tor dxi,and (iii) the symmetry of mixed partial derivatives (S
hwarz lemma).
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