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ABSTRACT. A comparison between the concepts of local and nice structures
of the groupoid of an equivalence relation is presented. It is shown that these
concepts are closely related, and that generically they characterize the equiva-
lence relations induced by regular foliations. The first concept was introduced
by J.Pradines (1966), and studied by R.Brown and O.Mucuk (1996), while
the second one was given by the first author (1987). The importance of these
concepts in the nontransitive geometry is indicated.

1. LOCAL AND NICE STRUCTURES OF EQUIVALENCE RELATIONS

Let R C X x X be any equivalence relation on a connected paracompact C°°-
manifold X of dimension n. R becomes a topological groupoid on X with the
topology induced from X x X, namely

R=(R,a,B,7)

where o = (pry) |z, 8 = (Pr2)|r, 7 Ba xg R — R, ((z,9),(2,2)) — (2,9) . Let
d: RXxoq R — R, ((z,2),(z,y)) — (y,z). According to the definition of Brown
and Mucuk [ A-B], [ B-M1], [ B-M2] (following the original definition of J.Pradines
[P]) R is called a locally Lie groupoid if there exists a subset W C R equipped
with a structure of a manifold such that
1) O C W CR, (O ={(z,2); z € X}),
2) W=w-1
3) a) Ws = (W xo, W)N 51 [W] is open in W x, W,
b) the restriction of 4 to Wj is smooth,
4) the restriction to W of the source and the target maps o and (8 are smooth
and the triple («, 8, W) is smoothly locally sectionable,
5) W generates R as a groupoid.

W satisfying 1)-5) will be called a local smooth structure of R.

Remark 1.1. The second part of 4) implies that oy : W — X is a coregular

mapping. Therefore W x, W = (a‘w,am/)_l [OR] is a proper (i.e. embedded)
submanifold of W x W.
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Let F be a k-dimensional foliation on X and A = {(Uy, ¢r)} be an atlas of
foliated charts. The equivalence relation on X determined by the leaves of F' is
denoted by Rp. For a chart (Uy, ¢») we write Ry for the equivalence relation on
U, whose equivalence classes are the plaques of U

Ry={(z,y) e X x X5 x €U,y € @3},
Q5 denotes the plaque of Uy passing through xz. We write

W (A) =R
A

Brown and Mucuk in [ B-M2] proved the following

Theorem 1.1. If X is a paracompact foliated manifold, then a foliated atlas A
may be chosen so that the pair (Rp, W (A)) is a locally Lie groupoid.

Clearly W (A) is a n+k-dimensional proper submanifold of X x X and W (A), =

(qwn)) ~! () is a connected k-dimensional submanifold of W (A). The crucial role
in the proof is played by Lemma 4.4 from [ T].

On the other hand, in [ K2] there is a second approach to the groupoid of an
equivalence relation characterizing the fact that the family of all equivalence classes
forms a k-dimensional foliation.

Theorem 1.2 (J.Kubarski [ K2, Th. 3]). If X is a paracompact manifold, then
the following conditions are equivalent:

(1) the family of all equivalence classes of R is a k-dimensional foliation,
(2) there exists a subset W C R such that
(i) Or CW CR,
(ii) W is a proper n + k-dimensional C*-submanifold of X x X,
(iii) ajw : W — X is a submersion,
(iv) For (z,y) € R, the set

D(x,y) [Wy] NW,

is open in the manifold W, = (ajw) (), where Dy : Ry — Ry,
(y,2) = (2, 2),

(v) W generates R as a groupoid,

(vi) the manifolds W, are connected.

We can choose W to be symmetric, i.e. W = W~ The crucial role in the
proof of the theorem is played by the nice covering [ H-H, 1981] and the Frobenius
theorem in the version [ D, p.86]. The manifold W satisfying the above conditions
(i)-(vi) is said to be a nice structure of R (thanks to the nice covering used in
the proof, see also [ K3]). In the above theorem it is proved that W (A) is a nice
structure if A is any nice covering.

The aim of this note is to explain the relations between the concepts of local and
nice structures of an equivalence relation. It occurs that under mild assumptions
the concepts are not only equivalent but also identical. Moreover each of them
can characterize the (regular) foliation relations among equivalence relations, and
the axioms of a nice structure are considerably simpler. In the final section it is
indicated how these concepts are related with leaf preserving diffeomorphisms on a
foliated manifold and automorphisms of a regular Poisson structure.



LOCAL AND NICE STRUCTURES 3

Finally let us mention that in [ K2| there is also given a characterization (by
suitable axioms of a subset W C R) of some wider class of equivalence relations R on
X for which the family of all arcwise connected components of all equivalence classes
of R is a regular foliation and every equivalence class of R has a countable number
of such components. As a consequence a new short proof of classical Godement’s
theorem on division is presented.

2. LOCAL STRUCTURE — NICE STRUCTURE
First we show that under mild assumptions any local structure is a nice one.

Proposition 2.1. If W C R is a local smooth structure such that W is a proper

n+ k-dimensional C*°-submanifold of X x X and W, = (a|W)_1 (x) are connected
then W carries a nice structure. Consequently, the family of equivalence classes of
R forms a k-dimensional foliation.

Proof. We have only to prove the condition (iv). For this purpose fix arbitrarily
(0,90) € R and consider the smooth mapping

imoﬂo : on — WX, W, (xOvz) — ((x()? Z) ) (x(),yg)) :
It is easy to see that

(21) (iﬂt‘o,’yo)_l [W5] - D(i‘ofyo) [Wyo] n Wﬂﬂo'

7 C” Let (zg,2) € (ixmyo)*l [Ws], then (zg,2) € Wy, and ((zg, 2), (%0, y0)) €
W which means that ¢ ((zo, 2) , (z0,%0)) = (Y0,2) € WN Ry, = W,, and (z¢,2) =
Di(wo,90) (M0, 2) € Dig,y0) [Wyo] N Way-

7 D7 Let (yo,2) € Wy, and (0, 2) € Wy, then

0 (iwo,yo (SU(), Z)) =0 ((1’0, Z) ) (l'o,yo)) - (y07 Z) € Wyo cw.
Finally (2.1) implies (iv). O

3. NICE STRUCTURE =—> LOCAL STRUCTURE

In view of Theorems 1.2 and 1.1 each nice structure admits a local structure (as
a suitable subset). The problem is whether every nice structure is a local one.

This problem amounts to reducing the axioms of a local smooth structure. The
first step consists in the following

Proposition 3.1. If W C R fulfils (i)-(iii) and W = W1 then the triple (o, 3, W)
s smoothly locally sectionable.

Proof. Since f = «a o, and the inverse map ¢ : W — W, (z,y) — (y,x) is a
diffeomorphism, 8 is a submersion, too. For (z,y) € W, Vi := kera,(, ) and
Vo := ker B, () are k-dimensional and V3 NV, = 0. Choose an (n — k)-dimensional
vector subspace V' C T(,,,, )W such that

(3.1) TayW =VEPViED V2

and find a k-dimensional vector subspace Vo C Vi @ V4 transversal to both V4 and
Va. For example if (uq,...,ux) and (vy,...,v;) are basis of V; and Vs, respectively,
we can take Vo = Lin{uy + vy, ..., ux + vi }. Putting

U:VEBVO



4 JAN KUBARSKI AND TOMASZ RYBICKI

we have that U N V5 = 0, and this implies that a, : U — T, X is an isomorphism.
Since o : W — X is a submersion there exists a local cross-section s of a near x
such that s,7T,X = U. It is clear that

(Bos),  T,X - Ty, X

is an isomorphism: if (5o s), (v) = 6, then s, (v) € Vo NU = 0 which yields v = 0.
From this o s is a diffeomorphism near the point zx. O

To finish the problem of reduction of axioms of a local smooth structure we have
to prove that the conditions (i)-(iv) together with the symmetry 2) (W = W1)
imply condition 3).

Let F' be any foliation on a manifold X and denote by L, the leaf of F' through
z. Fix a point g € X and yo € L,,. Assume that U and V are two foliated
coordinate neighbourhoods of xg and yq respectively, and ¢ : U — V is a foliated
diffeomorphism (i.e. ¢ (x) € L,) onto an open subsets of V. Set

R, ={(@y) eUxVizeU, ye i} cuxv.

Clearly, Ry, is an n+k-dimensional proper submanifold of U x V. Of course, if U C U
is any coordinate subneighbourhood of 2y and ¢g : U' — V and ¢ : U — ¢ [U’]
are induced mappings then R, and R, are open submanifolds of R,,.

Lemma 3.1. Let p,v : U — V be any foliated diffeomorphisms such that ¢ (xo) , 1 (x0)
belong to the same plaque of V, i.e. Q“p/(wo) = Qi‘/}(zo). If R, N Ry is an open subset
of R, (therefore also of Ry,) then there exists a coordinate neighbourhood Uy such
that g € Uy C U and ¢ (x), ¥ (x) lie on the same plaque of V' for all x € Uy, i.e.
Qe =i, z e .

Proof. The topology on R, and Ry is induced from U x V| so there exist open
neighbourhoods 2,9 C U x V such that R, N Ry = QN R, = ' N Ry. Then
Q=0QnNQ is an open subset of U x V and

OQNR, =N NR, =Y NR,NRy =R, NRyNR, =R, N Ry.
Analogously QN Ry = R, N Ry. Therefore
{z0} x Q2" = {20} x QU™ C R,NRy =QNR,=QNR, CUxXV.

Now we can choose neighbourhoods Uy and V; such that 9 € Uy C U, ¢ (x9) €
Vi Cc Vand Uy x V; C Q. We can also assume that ¢ [U;] C V;. Then

Ui x ViNnR, CQONR, =QN Ry C Ry = | J {7} x QU7

zeU
Consequently, for all z € U; we obtain
Qi(f) NV, C Q%}(I)’
ie p(x) € Qiﬁ(x), or equivalently Qﬁ(x) = Qq‘l}(z), x e U. O

The following two propositions describe further properties of nice structures.

Proposition 3.2. If W C R fulfils (i)-(vi) and W = WL then for any (zo,v0) €
W there exist coordinate neighbourhoods U, and Uy, of xq and yo, respectively,
and a foliated diffeomorphism ¢ : Uy, — Uy, such that Ry C W.
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Proof. Suppose W C R fulfils (i)-(vi) and W = W~ Then, by Theorem 1.2, the
family of all equivalence classes of R is a k-dimensional foliation, say F. Observe
that Fy := a*F is a 2k-dimensional foliation on W, and Fy, = S*F.

Let (z0,y0) € W. There exist an open neighborhood 2 of (xg, y9) in W and vec-
tor fields Xy,..., Xy, Y1,...,Y,, 21, ..., Zy— defined on §2 and spanning T{,,,,) W
at (zo,yo) with the properties that Xi,..., X} are sections of the bundle TFy N
ker 3, and Y7,...,Y} are sections of the bundle T'Fy Nker a,. Denote by ¢;* the
local flow of a vector field X. There is € > 0 and ', an open subset in £2, such that

n+k X X Y; Y 7 Dn—k /
l]6 St (ptll 0---0 @tk o @tlirl 0---0 <‘0t2k o) (pt21k+1 0O---0 (‘Dtn+k ((x07y0)) [ (9]

is a diffeomorphism and, consequently, an Fyy-foliated chart. Here U™ = {t € R™ :
|t:] < €} is the e-cube centered at the origin. It follows that

1/11:UC"9t»—>a<<pfflo~~~ogpf§’“ogptZk}Ho~~~og0th"”“((sc0,y0))> ceUcCX
and
Zn
1/}2:UC"3t»—>,8(<,02?o---o<pz;ko<ptzkl+lo--.o<ptn ’“((xo,yo))) eVcX

are F-foliated charts at xy and yo, respectively. Moreover, a|q : ' — U and
Blar : ' — V are foliation preserving submersions. Therefore the opens U,, = U,
Vyo = V and the mapping

$=tpogi UV

satisfy the required condition. O

Proposition 3.3. Let W C R be a nice structure of an equivalence relation R, such
that W = W, Take xo € X and yo, 20 € Wa,. We assume that all the points are
patrwise distinct and zo € Wy,. Then there exist coordinate neighbourhoods Uy,
Uy, Uy of o, Yo, 20, Tespectively, and foliated diffeomorphisms ¢ : Uy, — Uy,
Y : Uy, — U, such that

R<p, Rw, mep c W.

Proof. Denote by L, the leaf of the foliation determined by R. Take continuous
and without selfintersections arc « : [0,1] — 8 [Wy,] C Ly, such that a(0) = =g,
a(1/2) = yo and « (1) = zp. By Proposition 3.2 there exist coordinate neighbour-
hoods Uy, Uy, Us of the points xq, yo, 20, respectively, and foliated diffeomorphisms
¢ : Uy — Us, ¢ : Uy — Us, such that R,, Ry C W. We will prove that there exists
a coordinate subneighbourhood Uy, of z( contained in U; such that wa\Umo cWw
from which our proposition follows immediately.
Put
I= {t € [07 1] 53%7%7 Ry, Ry, , Ryop, C W}

where ¢y : Uy — U/, ¢y : Ul — Us, are foliated diffeomorphisms (into) such that
xo € Uy C Ui, w1 (x0) = a(t), ¥ (a(t)) = z0. We prove that [ is nonempty
open-closed subset of [0, 1].

e 0 € I. Indeed, by Proposition 3.2 we can find coordinate neighbourhoods Uy,
and U, of yg and zg and a foliated diffeomorphism % : U,, — U, such that
Ry C W. Taking Uy, = Uy, and o = idy,, we obtain the conclusion.

e [ is open. Indeed, let to € I and @y, : Uy, — Uy, 9y, = Uf, — Us satisty the
properties from definition of I. There exists € > 0 such that if [t — ¢g| < € then
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a(t) € Q‘[X](,to). Consider an arbitrary foliated diffeomorphism ¢; : U{ — U{ such
to
that ¢; (a(t)) = a(tp) . Then we put

-1
Ot = C; O Pry, Wy = Py, 0 Cy.

e [ is closed. Let tg € I. Choose arbitrarily coordinate neighbourhoods Uy, , Uy, of
xg o (to) respectively, and foliated diffeomorphisms ¢y, : Uy, — Uf,, ¢4, = Uy, — Us,
such that ¢y, (z0) = a(to) , ¥, (@ (to)) = 20, and Ry, , Ry,, C W. Wecanfindt € [

such that « (t) € ng/t(’) and ¢y, from definition of I. We can assume that U] C
0

U}, , and that ¢y, (a(t)) € Qf,. Consider on U; two foliated diffeomorphisms ¢, and

Y1, = U1,|U{. By assumption, Ry, and Ry, (so also Rﬂ’éo) are open subsets of W.

Since « (t) and « (to) lie on the same plaque of Uj and vy, (« (to)) = 20 = ¢ ( (1))

lie on the same plaque of U3 we obtain that

0 #{a()} x QU™ C Ry, N Ry, .

Since Ry, and Ry, are n+k-dimensional submanifolds of W' we see that Ry, N Ry,
is nonempty open subset of the manifold R, as well as of Ry, . By Lemma (3.1
there exists a coordinate neighbourhood U/ C U/ such that t; and 1}, maps each
plaque in (7,5’ into the same plaque in Us. By the well known Lemma 4.4. from
[ T] we can diminish the set U/ in such a way that each plaque of Ui, cuts the
set U/ along at most one plaque of U/. Consider the saturation U, of U/ in Uf,
by plaques of the last. Clearly, a(ty) € Ut'o, and let Uto C Uy, be a coordinate
neighbourhood of zy such that ¢y, [Uto] C Ut’o. The restrictions of ¢y, to Uto and
Py, tO (v]t’o we denote by ¢, and ¢y, respectively. Notice that Rg, o, € W. In
fact, take (z,2) € Ry, op,,» i-6. @ € Uy, and z € Qg;“o%o ) There exists y e Ul
such that y and @y, () lie on the same plaque of U/ . Therefore, the plaques passing
through vy, (y) and vy, (@1, (z)) are the same, and

Pt t
fyh < Qe =y x Q™ c w
which implies that (z,z) € W.
From the above I = [0, 1] and our proposition is proved. O

Now we can prove our main result.

Theorem 3.1. If W C R is a nice structure of an equivalence relation on a man-
ifold X then W is a local smooth structure of R.

Proof. Tt remains to prove the property that Ws = (W x, W) N 3§~ [W] is open
in W x, W (it is clear that § : W5 — W is smooth). Take (yo, o), (¥0,20) €
W such that (xo,20) € W. Then ((yo,0),(¥0,20)) € (W Xo W) N6~ [W] and
3 ((yo,xa) , (Yo, 20)) = (0, 20) - By Proposition 4 we can find coordinate neighbour-
hoods Uy, Uy,, U, of the points zo, Yo, 20, respectively, and foliated diffeomor-
phisms ¢ : Uy, — Uyy, ¥ : Uy, — U, such that R,, Ry, Ryo, C W. By the
symmetry W = W~! we obtain that R, C W. Clearly

R, Xo Ry CW xo W
and R' xo Ry is open in W xo W. From Ryo, C W we have
§[R," Xa Ry] = Ryo Ry, C Ryoy CW
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which implies that R, xo Ry C W xo W N~ [W]. O

4. FINAL REMARKS

A) Let us observe that the submanifold W that appears in the both definitions
plays a crucial role in constructing a special chart of the leaf preserving diffeomor-
phism group of a regular foliation F' on X, cf.[ R1]. Namely, in the construction of
a chart on this group the notion of a foliated local addition is needed. By a foliated
local addition we mean a smooth mapping ® : TF D U — X such that

(1) ®(0,) =z, and

(2) the mapping (7, ®) : TF D U — U’ C W is a diffeomorphism, where U is
some neighborhood of the zero section, U’ is open in W, and 7 : TF — X is the
canonical projection.

Consequently, it is shown that this group carries the structure of an infinite-
dimensional regular Lie group. Next the existence of W enables as well to show
that the group of automorphisms of a regular Poisson manifold is a regular Lie
group. It follows that the flux homomorphism can be considered for regular Poisson
manifolds and a characterization of Hamiltonian diffeomorphisms can be given. It
occurs that under natural assumption on the group of periods the Hamiltonian
diffeomorphisms form a splitted Lie subgroup (see [ R1] for all this). One can say
that the existence of W usually ensures that nontransitive geometries with the set
of orbits forming a regular foliations do not differ essentially from their transitives
counterparts.

Analogous problem for foliations with singularities is open as W cannot be then
defined. Similar difficulties arise when the group of foliation preserving diffeomor-
phisms (i.e. sending each leaf to a leaf) is considered.

Introducing Lie group structures on diffeomorphism groups can be viewed in a
more general context of groupoids, cf.[ R2]. Namely in the "non-foliated” case one
can consider the group of global bisections of a Lie groupoid rather than diffeo-
morphism groups, but this method fails in the nontransitive case. The reason is
the ”holonomic imperative” (see, e.g., [ B-M1] ) according to which any groupoid
structure over the equivalence relation R of a foliation F' contains the information
of the holonomy of F.

B) What does it look like the "local-nice” problem for groupoids? A forthcoming
paper will be devoted to this problem. Here we mention only that in [ K3] there is
a generalization of the notion of a nice structure for groupoids. Hovewer in [ K3]
there are considered groupoids on manifolds for which the total space possesses a
structure stronger than topology but weaker than differential manifold, namely the
structure of a differential space in the Sikorski sense ([ S1], [ S2]). Hausdorff man-
ifolds carry a natural structure of a differential space consistent with the topology.
Since any subset of a differential space has the induced structure of a differen-
tial space, any equivalence relation R C X x X on a manifold X or the groupoid
R = (o, 8)7" [R] C @, where ® is any transitive Lie groupoid on X and R is
any equivalence relation on X, are examples of groupoids with the structure of a
differential space. Moreover, R and ® are then differential spaces of the class
Do ([ W1],] W2], [ K-K]) [i.e. locally at a neighbourhood of every point there are
extended to a manifold of dimension equal to the dimension of the tangent space to
this differential space at this point]. To any nice structure W of ® one can attach
a Lie algebroid A (®) on X.
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By a nice groupoid [ K3] we mean a groupoid ® on a manifold X together with
nice structures W of ® and Wy of the induced equivalence relation Re on X such
that the mapping (o, 5) : W — W, is a submersion. In [ K3, Th.4.29] there are
given some natural conditions for a groupoid ® of the class Dy which imply that
it is a nice groupoid. Many ideas from [ K3] can be realized (in our preliminary
opinion) on abstract or topological groupoids on manifolds as well.
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