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s, Paris, July 6-10, 1992)1. Introdu
tionDi�erential Geometry has dis
overed many obje
ts whi
h determine a Lie alge-broid [ ful�lling a role analogous to that of Lie algebras for Lie groups ℄ as, for ex-ample, di�erential groupoids (and, in 
onsequen
e, prin
ipal bundles) (J.Pradines1967), transversally 
omplete foliations (and, in 
onsequen
e, non
losed Lie sub-groups) (P.Molino 1977), Poisson manifolds (A.Coste, P.Dazord, A.Weinstein 1987),and some 
omplete 
losed pseudogroups (A.Silva 1988).The author has 
onstru
ted 
hara
teristi
 homomorphisms for regular Lie alge-broids:(a) the Chern-Weil homomorphism,(b) the 
hara
teristi
 homomorphisms of 
at (and partially 
at) regular Lie alge-broids.These homomorphisms for integrable Lie algebroids (i.e. transitive ones 
omingfrom 
onne
ted prin
ipal bundles) agree with the 
lassi
al ones of these bundles.We pay our attention to the fa
t that this holds although in the Lie algebroid ofa prin
ipal bundle there is no dire
t information about the stru
ture Lie group ofthis bundle (whi
h may be dis
onne
ted !).There exist non-integrable transitive Lie algebroids whi
h have the non-trivialChern-Weil homomorphism. Lie algebroids of some transversally 
omplete folia-tions have this property (for example, Lie algebroids of the foliations of left 
osetsof 
onne
ted 
ompa
t and semisimple Lie groups by non
losed 
onne
ted Lie sub-groups). 2. Definitions and examplesA Lie algebroid on a manifold M is (J.Pradines 1966) a ve
tor bundle A on Mtogether with1) a Lie algebra stru
ture [[�; �℄℄ in the spa
e Se
A of all C1 global 
ross-se
tionsof A,2) a linear homomorphism 
 : A! TM (
alled an an
hor) su
h that Se
 
 : Se
A!X (M); � 7! 
 Æ�, is a homomorphism of Lie algebras and the following equal-ity holds: [[�; f � �℄℄ = f � [[�; �℄℄ + (
 Æ �)(f) � �; �; � 2 Se
A, f 2 C1(M):Re
eived by the editors July 1992 .This author was granted with a fellowship by the Organizing Committee of the ECM, Paris,July 6-10 1992 . 
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2 JAN KUBARSKIA Lie algebroid A is 
alled regular if 
 is a 
onstant rank; then E := Im 
 is aC1 
onstant dimensional and 
ompletely integrable distribution. A is then 
alleda Lie algebroid over a foliated manifold (M;E), too. A Lie algebroid A is 
alledtransitive if 
 is an epimorphism.Example 1. The following are simple fundamental examples of transitive Lie al-gebroids:(10) Finitely dimensional Lie algebra.(20) Tangent bundle TM to a manifold M with the bra
ket [�; �℄ of ve
tor �eldsand idTM as an an
hor.(30) Trivial Lie algebroid TM�g (Ngo-Van-Que) where g is as in (1o). The bra
ketis de�ned by the formula,[[(X; �); (Y; �)℄℄ = ([X;Y ℄;LX� �LY � + [�; �℄);X; Y 2 X (M), �; � : M ! g, and the an
hor is the proje
tion TM�g! TM:(40) Bundle of jets JkTM (P.Libermann).(50) General form (K.Ma
kenzie, J.Kubarski). Let a system (g;r;
b) be given,
onsisting of a Lie algebra bundle g on a manifold M , a 
ovariant derivativer in g and a 2-form 
b 2 
2(M;g) on M with values in g, ful�lling the
onditions:(i) r2� = �[
b; �℄, � 2 Se
g,(ii) rX [�; �℄ = [rX�; �℄ + [�;rX�℄, X 2 X(M), �; � 2 Se
g,(iii) r
b = 0.Then TM � g forms a transitive Lie algebroid with the bra
ket de�ned by[[(X; �); (Y; �)℄℄ = ([X;Y ℄;�
b(X;Y ) +rX� �rY � + [�; �℄);the an
hor being the proje
tion onto the �rst 
omponent.Every transitive Lie algebroid is | up to an isomorphism | of this form.Example 2. The following are important examples of transitive Lie algebroids:(60) The Lie algebroid A(P ) = TP=G of a G-prin
ipal bundle P (K.Ma
kenzie,J.Kubarski).(70) The Lie algebroid CDO(f) of 
ovariant di�erential operators on a ve
tor bun-dle f (K.Ma
kenzie). Another isomorphi
 
onstru
tion of this obje
t is theLie algebroid A(f) of a ve
tor bundle f (J.Kubarski), here the �bre A(f)jx isthe spa
e of linear homomorphisms l : Se
 f ! fjx su
h that there exists ave
tor u 2 TxM for whi
h l(f � �) = f(x) � l(�) + u(f) � �(x), f 2 C1(M),� 2 Se
(f).(80) The Lie algebroid i�T�� of a Lie groupoid � (J.Pradines).(90) The Lie algebroidA(M;F) of a transversally 
omplete foliation (M;F) (P.Molino);in parti
ular,(100) the Lie algebroid A(G;H) of the foliation of left 
osets of a Lie group G by anon
losed 
onne
ted Lie subgroup H � G (for the 
onstru
tion independentof the theory of transversally 
omplete foliations, see J.Kubarski).(110) The Lie algebroids of some pseudogroups (A.Silva).Example 3. The following are examples of nontransitive (in general) Lie alge-broids:(120) A Lie algebra bundle is a totally nontransitive Lie algebroid (K.Ma
kenzie).



CHARACTERISTIC HOMOMORPHISMS OF REGULAR LIE ALGEBROIDS 3(130) Any C1-
onstant dimensional involutive distribution E � TM forms a non-transitive Lie algebroid.(140) If A is a transitive Lie algebroid on M and (M;E) is a foliated manifold,then AE := 
�1[E℄ � A forms, in an evident manner, a regular Lie algebroidover (M;E). For example, a Lie groupoid (or a ve
tor bundle) over a foliatedmanifold determines su
h an obje
t.(150) Any ve
tor subbundle R � Jk(TM) for whi
h Se
R is a Lie subalgebraof Se
(Jk(TM)) (
alled the Lie equation) forms a Lie algebroid, in general,nontransitive one.(160) Di�erential groupoids and, more generally some groupoids de�ned in the 
at-egory of Sikorski di�erential spa
es are the sour
e of nontransitive Lie alge-broids. For example, su
h groupoids 
an be 
onstru
ted by 
oming from theso-
alled P-bundles over foliated manifolds (J.Kubarski) de�ned as triples(f; E;P) in whi
h f is a ve
tor bundle on M , E is a foliation on M andP = f�1; : : : ; �ng is a set of 
ross-se
tions �i 2 fpi;qi ful�lling the axiom:| for any points x; y lying on the same leaf of E, there exists an isomorphism� : fjx ! fjy, 
alled a distinguished one, for whi
h �pi;qi(�i(x)) = �i(y).Let � � GL(f) be the subgroupoid of all distinguished isomorphisms fora given P-bundle. � (however, not being, in general, a submanifold) is(always) equipped with a stru
ture of a Sikorski di�erential subspa
e of GL(f),determining a grupoid in the 
ategory of di�erential spa
es. More 
on
reteexamples:(1) the ve
tor bundle g = Ker 
 of any regular Lie algebroid, with naturalstru
tures of Lie algebras in the �bres;(2) let (M;E) be a foliated manifold and ! 2 
(M) | any basi
 form. Then(TM;E; f!g) is a P-bundle over (M;E).(170) The Lie algebroid of a Poisson manifold (A.Coste, P.Dazord, A.Weinstein).3. The 
onstru
tion of the Chern-Weil homomorphism of a regularLie algebroidA) Let A be any regular Lie algebroid over a foliated manifold (M;E). g = Ker 
is a ve
tor bundle whose any �bre possesses a stru
ture of a Lie algebra. Anysplitting � : E ! A of the Atiyah sequen
e 0 ! g ,! A ! E ! 0 is 
alleda 
onne
tion in A. � de�nes a tangential di�erential form 
b 2 
2E(M ;g) (=Se
V2E�
g), 
alled the 
urvature tensor of � by 
b(X;Y ) = �[X;Y ℄� [[�X; �Y ℄℄.A 
onne
tion � is said to be 
at if 
b = 0.Theorem 1. If A = A(P ), P being a prin
ipal bundle, then there is a bije
tionbetween 
onne
tions in A and P .Theorem 2. If A = A(P )E (see example (140)), P being as above and E | aninvolutive distribution on M , then there is a bije
tion between 
onne
tions in A andpartial 
onne
tions in P over E.Theorem 3. If A = A(M;F), (M;F) being a transversally 
omplete foliation, thenthere is a bije
tion between 
onne
tions in A and C1 distributions C � TM ful�ll-ing the 
onditions(1) C +Eb = TM ,(2) C \ Eb = E,



4 JAN KUBARSKI(3) Cjx = fX(x);X 2 Se
C \ L(M;F)g, x 2 M , where L(M;F) is the Liealgebra of foliate ve
tor �elds and Eb is the ve
tor bundle tangent to the basi
foliation Fb.In the 
ase of F being a foliation of left 
osets of G by H (see example (100)),
ondition (3) is equivalent to:(30) C is �H-right-invariant ( �H is the 
losure of H).Su
h a distribution C always exists and a 
onne
tion in A(M;F) is 
at ifand only if the 
orresponding distribution in TM is 
omplete integrable.By a representation of A on a ve
tor bundle f (both over the same manifold)we mean a strong homomorphism of Lie algebroids T : A ! A(f). A 
ross-se
tion� 2 Se
(f) is 
alled invariant if T (v)(�) = 0 for all v 2 A. An important exampleis the adjoint representation adA : A! A(g) of regular Lie algebroid A de�ned byadA(v)(�) = [v; �℄ := [[�; �℄℄(x) where �(x) = v 2 Ajx and � 2 Se
g. adA indu
es arepresentation of A on the symmetri
 power Wk g�. A 
ross se
tion � 2 Se
Wk g�is invariant with respe
t to this representation if and only if, for any � 2 Se
A and�1; : : : ; �k 2 Se
g,(
 Æ �)h�; �1 _ � � � _ �ki = kXj=1h�; �1 _ � � � _ [[�; �j ℄℄ _ � � � _ �ki:The spa
e of all invariant 
ross-se
tions is denoted by (Wk g�)I : Lk�0(Se
Wk g�)Iforms an algebra.Theorem 4. Let � be any 
onne
tion in a regular Lie algebroid A and 
b 2
2E(M ;g) | its 
urvature tensor. Then, for � 2 (Se
Wk g�)I , the real tangen-tial form �(�) = h�;
b _ � � � _ 
bi 2 
E(M) is 
losed. The mappinghA : kM(Se
 k_ g�)I ! HE(M); � 7! [�(�)℄;
alled the Chern-Weil homomorphism of A, is a homomorphism of algebras inde-pendent of the 
hoi
e of a 
onne
tion. If the Chern-Weil homomorphism hA of Ais non-trivial (i.e. h+A 6= 0), then there exists no 
at 
onne
tion in A.Theorem 5. If A = A(P ), P = P (M;G) being a 
onne
ted prin
ipal bundle, thenthere exists an isomorphism of algebras � :Lk(Se
Wk g�)I �=�! (W g�)I(G) (g beingthe Lie algebra of the stru
ture Lie group G of P ) su
h that hP Æ � = hA(P ).Theorems 3 and 4 above yield the followingCorollary 1. If A = A(M;F), (M;F) being a transversally 
omplete foliation, andhA is non-trivial, then there exists no 
ompletely integrable distribution C � TMful�lling 
onditions (1)�(3) from Theorem 3.Theorem 6. If A = A(G;H) (see example (10o)), then there exists an isomor-phism of algebras � :Lk(Se
Wk g�)I �=�! W(�h=h)� ( �h being the Lie algebra of the
losure �H of H), su
h that hA is equal to the superpositionhA : kM(Se
 k_g�)I �=�!_(�h=h)�� �_ h��I( �H) hP�! H �G= �H�where hP is the Chern-Weil homomorphism of the �H-prin
ipal bundle P = (G !G= �H).



CHARACTERISTIC HOMOMORPHISMS OF REGULAR LIE ALGEBROIDS 5Keep the assumptions of Theorem 6. Sin
e h(2)P : (�h�)I( �H) ! H2(G= �H) is anisomorphism forG being a 
onne
ted, 
ompa
t and semisimple Lie group, we obtainthat hA is non-trivial in this 
ase.Corollary 2. Taking G 
onne
ted, 
ompa
t, semisimple and, in addition, simple
onne
ted, we obtain a non-integrable transitive Lie algebroid whose Chern-Weilhomomorphism is non-trivial.Remark 1. Some Lie subalgebras of g determine 
at 
onne
tions in A(G;H).Namely, if 
 � g is a Lie subalgebra 
ontaining h and su
h that g=h = �h=h � 
=h,then the G-left-invariant distribution C on G determined by 
 is C1 
ompletelyintegrable and satis�es 
onditions (1), (2) and (30) from Theorem 3; therefore Cindu
es a 
at 
onne
tion in A(G;H). The existen
e of su
h a Lie subalgebra im-plies then the triviality of the Chern-Weil homomorphism hA of A. A

ording tothe above, we obtainCorollary 3. If G is a 
onne
ted, 
ompa
t and semisimple Lie group, then no Liesubalgebra 
 as above exists.Bott's phenomenon holds on the ground of regular Lie algebroids, whi
h enablesus to use it on the ground of non
losed Lie subgroups:Theorem 7. Let Pont(G; H) := Im hA (G;H) be the Pontryagin algebra of A(G;H).If Pontp(G;H) 6= 0, then there exist no Lie subalgebra 
 of g su
h that (1) �h\
 = h,(2) f := �h+ 
 is a Lie subalgebra of g whose 
odimension is � p2 � 1 or [in the 
aseof a basi
 
onne
tion℄ � p� 1 provided that f is a Lie subalgebra of a 
ompa
t Liesubgroup of G.The 
ase of G being a 
onne
ted, 
ompa
t and semisimple Lie group yields thenon-triviality of h2A(G;H) and, in 
onsequen
e, the non-existen
e of a Lie subalgebra
 � g su
h that (1) �h \ 
 = h, (2) f := �h + 
 is a Lie subalgebra of a 
losed Liesubgroup of G whose 
odimension is 1.The signi�
an
e of the Chern-Weil homomorphism on the ground of regularPoisson manifolds is not known up to now.B) As for the nontransitive 
ase, 
onsider the Lie algebroid A(P )E from example(140) indu
ed by a 
onne
ted prin
ipal bundle P = P (M;G) over a foliated man-ifold (M;E). The nontriviality of the Chern-Weil homomorphism hA(P )E impliesthe non-existen
e of 
at partial 
onne
tions in this bundle. The domain of hA(P )Ealways 
ontains a subalgebra 
0b(M ;E) � D, 
0b(M ;E) being the spa
e of basi
fun
tions, whereas D - the domain of hA(P ) (D �= (W g�)I(G)). These two algebrasare equal to ea
h other if ea
h G0-invariant element of (W g�) is G-invariant (G0being the 
onne
ted 
omponent of the unit of G).I suggest that, for G = O(2m;R), there exists su
h an example of a G-prin
ipalbundle P for whi
h these two algebras are not equal to ea
h other, and that thereexists an element � belonging to the domain of hA(P )E , su
h that it is not of theform P f i � �i (f i 2 
0b , �i 2 D) but hA(P )E (�) 6= 0.4. The 
hara
teristi
 homomorphism of a flat regular Lie algebroidIn a given regular Lie algebroid A over a foliated manifold (M;E) 
onsider twogeometri
 stru
tures:



6 JAN KUBARSKI(1) a 
at 
onne
tion � : E ! A,(2) a subalgebroid B � A over (M;E).The system (A;B; �) will then be 
alled an FS-regular Lie algebroid over (M;E).Example 4. Let (P; P 0; !0) be any foliated G-prin
ipal bundle on a manifold M ,with an H-redu
tion P 0 and a 
at partial 
onne
tion !0 over an involutive distribu-tion E � TM . ! determines a 
at 
onne
tion � in the regular Lie algebroid A(P )Eover (M;E), and the system (A(P )E ; A(P 0)E ; �) is an FS-regular Lie algebroid.There are some 
hara
teristi
 
lasses of an FS-regular Lie algebroid (A;B; �),measuring the independen
e of � and B, i.e. to what extent Im� is not 
ontainedin B. Let 
 and 
1 denote the an
hors in A and B, respe
tively, and put g = Ker 
,h = Ker 
1. By the 
hara
teristi
 homomorphism of (A;B; �) we mean�# : H(g; B)! HE(M)in whi
h H(g; B) = H((Se
V(g=h)�)I ; �Æ) where(1) (Se
V(g=h)�)I is the spa
e of invariant 
ross-se
tions with respe
t to the
anoni
al representation B ! A(V(g=h)�) indu
ed by adAjB : B ! A(g).Pre
isely, 	 2 (Se
Vk(g=h)�)I if and only if, for any � 2 Se
B and �1; : : : ; �k 2Se
g, we have(
1 Æ �)h	; [�1℄ ^ � � � ^ [�k℄i =Xj h	; [�1℄ ^ � � � ^ [[[�; �j ℄℄℄ ^ � � � ^ [�k℄iwhere [�j ℄ = s Æ �j 2 Se
g=h and s : g! g=h is the 
anoni
al proje
tion.(2) �Æ is a di�erential in (Se
V(g=h)�)I de�ned by the formulah�Æ	; [�0℄ ^ � � � ^ [�k℄i = �Xi<j (�1)i+jh	; [[[�i; �j ℄℄℄ ^ [�0℄ ^ � � � {̂ � � � |̂ � � � ^ [�k℄i:�# on the level of forms is a homomorphism of algebras �� : Se
V(g=h)� !
E(M), su
h that��	(x;w1; : : : ; wk) = 	(x; [!(x; ~w1)℄ ^ � � � ^ [!(x; ~wk)℄)for wj 2 Ejx where ~wj 2 Bjx satisfy 
1( ~wj) = wj : �� restri
ted to the invariant
ross-se
tions 
ommutes with the di�erentials �Æ and dE , giving a homomorphism�# on 
ohomologies.The fundamental properties of �# are: (1) �� = 0 if Im� � B, (2) the fun
to-riality of �#, (3) the independen
e of �# of the 
hoi
e of homotopi
 subalgebroidsB.Te
hni
al University,  L�od�z, Poland


