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1. Introdution. Jets of mappings introdued by Ehresmann [1℄ are still the most use-ful objets for formulating geometri frameworks of physial theories. We are proposingmodi�ations designed to make jet theory less dependent on loal oordinates. Exten-sions of the theory with appliations to the alulus of variations and mehanis are alsoproposed.2. The pk vitesses and points prohes. The pk vitesses in a manifold N were origi-nally de�ned as equivalene lasses of di�erentiable mappings from R

p to N . Mappings
γ : R

p → N and γ′ : R
p → Nare equivalent if

∂i(f ◦ γ′)(0) = ∂i(f ◦ γ)(0)for eah funtion f : N → R and eah multi-index i ∈ N
p with length |i| = i1+· · ·+ip 6 k.Equivalene lasses are the pk vitesses. Ehresmann's onstrution extended the de�nitionof the tangent vetor of a urve to higher dimensions and higher di�erential orders.De�ning a vetor as a derivation was the approah preferred by some mathematiians.André Weil's response [10℄ to Ehresmann's onstrution was a generalization of the on-ept of a derivation to higher di�erential orders based on loal algebras. Let A be a loalalgebra. A point prohe in a manifold N is a unit preserving morphism

u : C∞(N) → A,where C∞(N) is the algebra of di�erentiable funtions on N .2000 Mathematis Subjet Classi�ation: Primary 58C99; Seondary 58Z05.Supported by PRIN SINTESI.The paper is in �nal form and no version of it will be published elsewhere.[159℄ © Instytut Matematyzny PAN, 2007



160 W. M. TULCZYJEWWeil laimed that his onstrution was more general. My agreement with this state-ment is not unquali�ed. Here are some omments.(1) It is true that vitesses an be obtained as points prohes. Let I0(R
p, 0) be the setof di�erentiable funtions on R

p vanishing at 0 ∈ R
p. This set is a maximal idealin the algebra C∞(Rp) of di�erentiable funtions on R

p. Let Ik(Rp, 0) be the power
(I0(R

p, 0))k+1. The quotient
A

k(Rp, 0) = C∞(Rp)
/
Ik(Rp, 0)is a loal algebra. The onstrution of points prohes in N assoiated with thisalgebra reprodues the onstrution of the pk vitesses in N .(2) The onstrution of pk vitesses extends to the de�nition of k-jets of mappings

γ : M → N.Pairs (γ, x) of a mapping γ and a point x ∈ M are lassi�ed. Pairs (γ, x) and
(γ′, x′) are equivalent if x′ = x and

∂i(f ◦ γ′ ◦ ξ−1)(0) = ∂i(f ◦ γ ◦ ξ−1)(0)for eah funtion f : N → R, eah hart
ξ : M → R

pde�ned in a neighbourhood of x, and eah multi-index i ∈ N
p with length |i| = i1+

· · · ip 6 k. The equivalene lass is the k-jet of γ at x. Only jets of mappings witha distinguished soure point an be produed as points prohes. Weil's approahwould have to be generalized to make it appliable to more general jets.(3) In appliations to di�erential geometry jets are equivalene lasses of mappings.Simple generalizations of Ehresmann's onstrution seem to provide all appliabletypes of jets. The generality of Weil's abstrat approah is in my opinion exessive.3. Borrowing from Weil the algebrai de�nition of derivatives3.1. Ideals in the algebras of di�erentiable funtions. With a di�erential manifoldM weassoiate the algebra C∞(M) of di�erentiable funtions on M .We will denote by K the set N ∪ {∞, c}, where c stands for the ardinality of R.The ordering relations 6, <, >, and > have in K the usual meaning of inequalities ofardinal numbers. Let x be a point in a di�erential manifold M . In the algebra C∞(M)of di�erentiable funtions on M we introdue a sequene of ideals
I0(M,x), I1(M,x), . . . , I∞(M,x), Ic(M,x).The ideal I0(M,x) assoiated with x is maximal in the sense that it is not a propersubset of any ideal exept the trivial ideal C∞(M). It is known that all maximal idealsin C∞(M) are assoiated with points.For k ∈ N, the ideal Ik(M,x) is the power (I0(M,x))k+1 of the ideal I0(M,x).The ideal I∞(M,x) is the intersetion ⋂

k∈N
Ik(M,x). The ideal Ic(M,x) is the set offuntions eah vanishing in a losed neighbourhood of x. Inlusion relations

Ik(M,x) ⊂ Ik′(M,x)hold for all k′ and k in K suh that k′ 6 k.



EVOLUTION OF EHRESMANN’S JET THEORY 1613.2. Jets and germs of mappings. Let C∞(N |M) denote the spae of di�erentiable map-pings from a di�erential manifoldM to a di�erential manifold N . In the set C∞(N |M)×

M we introdue an equivalene relation for eah k ∈ K. Two pairs (ϕ, x) and (ϕ′, x′) areequivalent if x′ = x and
g ◦ ϕ′ − g ◦ ϕ ∈ Ik(M,x)for eah g ∈ C∞(N). The equivalene lass of (ϕ, x) is denoted by jkϕ(x) and is alledthe k-jet of ϕ at x. A c-jet is also alled a germ. The set of k-jets is denoted by Jk(N |M).The soure and target projetions are the mappings

σk(N|M) : Jk(N |M) →M : jkϕ(x) 7→ xand
τk(N|M) : Jk(N |M) → N : jkϕ(x) 7→ ϕ(x).The symbol Jk(N |M,x) will denote the �bre

σk(N|M)
−1(x) = {a ∈ Jk(N |M); σk(N|M)(a) = x}.Inlusion relations

Ik(M,x) ⊂ Ik′(M,x)for k′ and k in K suh that k′ 6 k imply the existene of anonial epimorphisms
τk′

k(N|M,x) : Jk(N |M,x) → Jk′

(N |M,x)for eah x ∈M . Hene, we have epimorphisms
τk′

k(N|M) : Jk(N |M) → Jk′

(N |M).Relations
τk′′

k(N|M) = τk′′

k′ (N|M) ◦ τ
k′

k(N|M)hold for k′′ 6 k′ 6 k.Jets of loal mappings an be omposed. If jkϕ(x) ∈ Jk(N, y|M,x) and jkψ(y) ∈

Jk(O, z|N, y), then jkψ(y) ◦ jkϕ(x) is an element of Jk(O, z|M,x) de�ned by
jkψ(y) ◦ jkϕ(x) = jk(ψ ◦ ϕ)(x).Sets

Jk(N, y|M,x) = {a ∈ Jk(N |M); σk(N|M)(a) = x, τk(N|M)(a) = y}are used.The k-jet prolongation of a mapping ϕ : M → N is the mapping
jkϕ : M → Jk(N |M) : x 7→ jkϕ(x).Jets of funtions an be multiplied. Sets Jk(R|M,x) are loal algebras isomorphi tothe quotient algebras Ak(M,x) = C∞(M)

/
Ik(M,x). These algebras ould be used toreprodue the pk vitesses as points prohes at eah �xed point x.3.3. Jets and germs of submanifolds and jets with volume. Jets of submanifolds andsubsets in general an be de�ned. Let (S, x) and (S′, x′) be pairs omposed eah of asubset of M and one of its points. The pairs are equivalent if x′ = x and

Ik(M,x) + I0(M,S′) = Ik(M,x) + I0(M,S).



162 W. M. TULCZYJEWThis establishes an equivalene relation. The equivalene lass of (S, x) is denoted by
jkS(x) and alled the k-jet of S at x.A vetor v ∈ TxM is said to be tangent to a jet jkS(x) = Ik(M,x) + I0(M,S) if
〈df, v〉 = 0 for eah funtion f ∈ Ik(M,x) + I0(M,S). Vetors tangent to a jet formthe tangent set of the jet. A k-jet of a set with a q-volume element is a pair (jkS(x), w)omposed of a jet jkS(x) and a q-vetor w in the tangent spae of jkS(x). We will denoteby Vk,qM the spae of k-jets of subsets of M with q-volume elements.3.4. Other interpretations of power ideals. Consider the lattie of losed subsets of M .Unions and intersetions of losed sets are losed. In�nite intersetions are still losed.In�nite unions are not neessarily losed. With a losed subset S ⊂ M we assoiate theideal

I0(M,S) = {f ∈ C∞(M); ∀x∈S f(x) = 0}.The ideal I0(M,M) assoiated with the whole manifold M ontains only the zero fun-tion. The ideal I0(M, ∅) is the whole algebra C∞(M). These two ideals are onsideredtrivial. The following relations hold.(1) I0(M,S) ⊂ I0(M,S′) if S′ ⊂ S.(2) I0(M,S ∪ S′) = I0(M,S) ∩ I0(M,S′).(3) I0(M,S ∩ S′) = I0(M,S) + I0(M,S′).These relations do not extend to in�nite unions and intersetions. An in�nite intersetionof ideals assoiated with losed sets orresponds to the losure of the union of the sets.An in�nite union of ideals assoiated with losed sets does not neessarily orrespond toa losed set. Examples will be given below.Produts of ideals assoiated with sets are not usually assoiated with sets. Maximalideals
I0(M,x) = I0(M, {x})orresponding to single point sets were introdued earlier. The powers Ik(M,x) of theseideals are not assoiated with sets. These power ideals ould be onsidered enlarged points.The ideal Ik(M,x)+I0(M,S) used in the de�nition of the jet jkS(x) of a submanifoldan be used to represent the jet. This ideal is not assoiated with a set.3.5. The support of a urrent. Let c be a urrent of dimension 0 in a di�erential manifold

M and let
Z(c) = {x ∈M ; ∃U⊂M x ∈ U ∀f∈C∞(M) supp(f) ⊂ U ⇒ 〈f, c〉 = 0}.The support of c is the set supp(c) = M\Z(c). This de�nition is based on Theorem 7 p.40 of de Rham's book.A new de�nition is proposed. The support of a urrent c is the ideal

S(c) = {f ∈ C∞(M); ∀g∈C∞(M) 〈gf, c〉 = 0}.Proposition 1.
supp(c) = {x ∈M ; ∀f∈S(c) f(x) = 0}.



EVOLUTION OF EHRESMANN’S JET THEORY 163Proof. a) Let x ∈ Z(c) and let U be an open neighbourhood of x suh that 〈h, c〉 = 0 foreah funtion h on M with supp(h) ⊂ U . Let f be a funtion on M suh that f(x) 6= 0and supp(f) ⊂ U . For eah funtion g we have supp(gf) ⊂ U . Hene, 〈gf, c〉 = 0. Itfollows that f ∈ S(c). We onlude that x is not in the set(1) {x ∈M ; ∀f∈S(c) f(x) = 0}sine f(x) 6= 0. We have proved the inlusion
supp(c) ⊃ {x ∈M ; ∀f∈S(c) f(x) = 0}.b) If x is not in the set (1), then there is a funtion f suh that f(x) 6= 0 and

〈gf, c〉 = 0 for eah funtion g. Let U be a neighbourhood of x suh that f(x′) 6= 0 foreah x′ ∈ U . If h is a funtion with supp(h) ⊂ U , then h = gf , where g is the funtion
g : M → R

: x′ 7→

{
h(x′)/f(x′), for x′ ∈ U

0, for x′ /∈ UHene, 〈h, c〉 = 0. It follows that x ∈ Z(c). This proves the inlusion
supp(c) ⊂ {x ∈M ; ∀f∈S(c) f(x) = 0}.4. Ideals of funtions on a produt manifold. Given a system of ideals

I(M,x) ⊂ I0(M,x) ⊂ C∞(M)we an introdue generalized jets as equivalene lasses of pairs (ϕ, x) ∈ C∞(N |M)×M .Two pairs (ϕ, x) and (ϕ′, x′) are equivalent if x′ = x and
g ◦ ϕ′ − g ◦ ϕ ∈ I(M,x)for eah g ∈ C∞(N). If M is a manifold with no additional struture, then the powerideals Ik(M,x) are the natural hoie of ideals of di�erentiable funtions. Other idealsan be onstruted in terms of additional strutures in M . We will onstrut ideals offuntions on a produt manifold.The set N
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.is a lattie. The partial order relation (k′, l′) 6 (k, l) holds if k′ 6 k and l′ 6 l. A subset

K ⊂ N
2 is an ideal if (k, l) ∈ K and (k′, l′) 6 (k, l) imply (k′, l′) ∈ K. Here is an example



164 W. M. TULCZYJEWof an ideal:
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.An element of N

2 generates a prinipal ideal. The ideal generated by (k, l) is the set
{(k′, l′) ∈ N

2; (k′, l′) 6 (k, l)}The set
N
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.is the prinipal ideal generated by (4, 5). Eah ideal is the union of prinipal ideals. Theideal (2) is the union of prinipal ideals generated by (4, 5) and (6, 3).We establish a orrespondene between ideals in the algebra C∞(M×N) and the idealsin the lattie N

2. The orrespondene assoiates intersetions of ideals in C∞(M × N)with unions of ideals in N
2 and sums of ideals in C∞(M ×N) with intersetions of idealsin N

2. Inlusions of ideals are reversed by the orrespondene. To the prinipal idealgenerated by (k, l) ∈ N
2 we assign the ideal

I(k,l)(M ×N, (x, y)) = Ik(M,x) ◦ π + Il(N, y) ◦ ρ ⊂ C∞(M ×N)onstruted with the anonial projetions π and ρ ofM×N ontoM and N respetively.This assignment extends to all ideals in N
2 sine eah ideal is the union of prinipal ideals.The onstrution of ideals of funtions on produt manifolds produes useful resultsin the ase of the produt R × R. The 1l vitesses in a manifold M are the l-tangentvetors. These objets are equivalene lasses of urves. In the spae TlM of l-vetors wean onstrut k-vetors. These objets are equivalene lasses of urves in the spae ofequivalene lasses of urves in M . It has been shown [5℄ that the spae TkTlM an be



EVOLUTION OF EHRESMANN’S JET THEORY 165identi�ed with the spae T(k,l)M of equivalene lasses of mappings
χ : R × R →M.Mappings χ and χ′ are equivalent if

g ◦ χ′ − g ◦ χ ∈ I(k,l)(R × R, (0, 0))for eah g ∈ C∞(M). This identi�ation makes studying suh objets easier.The set of vitesses in M onstruted with an ideal in C∞(R2, 0) orresponding to anideal K ⊂ N
2 will be denoted by TKM . The equivalene lass of a mapping χ : R

2 →Mwill be denoted by tKχ(0, 0). This set is a di�erential manifold. Given two ideals K and
K ′ suh that K ′ ⊂ K we introdue the projetion

τK′

KM : TKM → TK′

M : tKχ(0, 0) 7→ tK
′

χ(0, 0).This projetion is a di�erential �bration.It was shown in [5℄ that the manifold TK∪K′

M is di�eomorphi to the �bre produt
TKM ×

(τK∩K′

K M ,τK∩K′

K′M )
TK′

M.The following diagram displays the union and the intersetion of prinipal idealsgenerated by (4, 5) and (6, 3).
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.5. Iterated tangent funtors ([4℄, [5℄). It is onvenient to assoiate a ovariant fun-tor
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with an index k ⊂ N. To a manifold M this funtor assigns the di�erential �bration
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τkN

is assigned to a morphism ϕ : M → N .The di�erential �bration morphism
(3) TkTlM
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τkM

is the result of the funtor
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applied to the �bration
TlM

M
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τlM

It is onvenient to think about the �bration (3) as the double �bration obtained byapplying to M the funtor
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τk

We have observed that for eah manifold M the spae TkTlM an be identi�ed withthe spae T(k,l)M . We use mappings χ : R
2 → M to represent elements of TkTlM . Interms of this representation we de�ne the mapping

κ(k,l)
M : TkTlM → TlTkM : t(k,l)χ(0, 0) 7→ t(l,k)χ̃(0, 0),
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χ̃ : R

2 →M : (t, s) 7→ χ(s, t).The result of this onstrution is the natural transformation
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The diagram
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k

expresses properties of the natural transformation κ(k,l) represented also in the two fol-lowing diagrams.
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for l′ 6 l.Relations
κ(k,l)

M ◦ κ(l,k)
M = 1TlTkM



168 W. M. TULCZYJEWare obviously satis�ed. The speial ase κM = κ(1,1)
M is the most frequently used. It isknown as the anonial involution in TTM = T1T1M .We introdue mappings

λ(k,l)
M : Tk+lM → TkTlM : tk+lγ(0) 7→ t(k,l)χ(0, 0),where χ is the mapping

χ : R
2 →M : (s, t) 7→ γ(s+ t).In this de�nition we are using the identi�ation of TkTlM with T(k,l)M . An alternativede�nition is given by

λk,l
M : Tk+lM → TkTlM : tk+lγ(0) 7→ tktlγ(0),The ommutative diagram

Tk+l TkTl
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τk

...........................................................................................
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.
.
.
.

..
...
.......

τk

·

presents λ(k,l) as a natural transformation.Mappings λk
M = λ(1,k)

M and λM = λ(1,1)
M are of partiular interest.6. Appliations to the alulus of variations ([5℄, [6℄)6.1. Derivations. Let Ω(M) be the exterior algebra of di�erential forms on a di�erentialmanifoldM . A linear operator a : Ω(M) → Ω(M) is alled a derivation of Ω(M) of degree

p if aµ is a form of degree q + p and
a(µ ∧ ν) = aµ ∧ ν + (−1)pqµ ∧ aνwhen µ is a form of degree q and ν is any form onM . The exterior di�erential d : Ω(M) →

Ω(M) is a derivation of degree 1. The ommutator
[a, a′] = aa′ − (−1)pp′

a′aof derivations a and a′ of degrees p and p′ respetively is a derivation of degree p + p′.A derivation a is said to be of type ξ∗ if af = 0 for eah funtion f on M . A derivation
a is said to be of type d∗ if [a, d] = 0. If ξA is a derivation of type ξ∗, then dA = [ξA, d]is a derivation of type d∗. Derivations are loal operators: if a is a derivation and µis a di�erential form on M vanishing on an open subset U ⊂ M , then aµ vanisheson U . A derivation is fully haraterized by its ation on funtions and di�erentialsof funtions sine eah di�erential form is loally representable as a sum of exteriorproduts of di�erentials of funtions multiplied by funtions. A derivation of type d∗ isfully haraterized by its ation on funtions.



EVOLUTION OF EHRESMANN’S JET THEORY 1696.2. Vetor-valued forms and derivations. A vetor-valued p-form is a linear mapping
A : ∧p TM → TM.If w ∈ ∧pTxM , then A(w) ∈ TxM . Following Fröliher and Nijenhuis [2℄ we assoiatewith a vetor-valued p-form A a derivation ξA of type ξ∗ and degree p − 1 and thederivation dA = [ξA, d]. The derivation ξA is haraterized by its ation on 1-forms. If µis a 1-form, then ξAµ is a p-form and
〈ξAµ,w〉 = 〈µ,A(w)〉for eah w ∈ ∧pTM .For eah k ∈ N and eah n ∈ N we de�ne a linear mapping

F (k;n) : TTkM → TTkM : t(1,k)χ(0, 0) 7→ t(1,k)χn(0, 0),where χ is a mapping from R
2 to M and

χn : R
2 →M : (s, t) 7→ χ(stn, t).Relations
F (k; 0) = 1TTkM ,

F (k;n′) ◦ F (k;n) = F (k;n′ + n),and
F (k;n) = 0 if n > kare easily established. The diagram
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is ommutative sine χn(0, ·) = χ(0, ·) and the diagram
TTkM TTkM
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F (k′;n)is obvously ommutative. It follows that the mappings F (k;n) are vetor-valued 1-forms.Let Ωk(M) denote the exterior algebra of di�erential forms on the k-jet bundle TkM .We will denote by ωk
k′

M the homomorphism
τk′

kM
∗ : Ωk′(M) → Ωk(M).



170 W. M. TULCZYJEWDerivations ξF (k;n) and dF (k;n) are assoiated with the vetor-valued 1-forms F (k;n).Diagrams
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ξF (k;n)are ommutative.6.3. Generalized vetor-valued forms and derivations. The artile [3℄ o�ers a generaliza-tion of the Fröliher and Nijenhuis theory. Let ϕ : N → M be a di�erentiable mapping.The mapping ϕ∗ : Ω(M) → Ω(N) is a homomorphism of the exterior algebras. A deriva-tion of degree p relative to ϕ∗ is a linear operator a : Ω(M) → Ω(N) suh that aµ is aform on N of degree q + p and
a(µ ∧ ν) = aµ ∧ ϕ∗ν + (−1)pqϕ∗µ ∧ aνif µ is a form on M of degree q and ν is any form on M . A derivation of the algebra

Ω(M) is a derivation relative to the identity mapping 1M . A derivation a relative to ϕis said to be of type ξ∗ if af = 0 for eah funtion f on M . A relative derivation a ofdegree p is said to be of type d∗ if ad − (−1)pda = 0. If ξA is a derivation of type ξ∗relative to ϕ, then dA = ξAd − (−1)pdξA is a derivation of type d∗ relative to ϕ. Notethat the expressions ad − (−1)pda and ξAd − (−1)pdξA are not ommutators sine eahof these expressions involves two di�erent exterior di�erentials d. If a is a derivation ofdegree p relative to ϕ∗ and ψ : O → N is a di�erentiable mapping, then the operator
ψ∗a : Ω(M) → Ω(O) is a derivation of degree p relative to (ϕ ◦ ψ)∗ sine

ψ∗a(µ ∧ ν) = ψ∗aµ ∧ ψ∗ϕ∗ν + (−1)pqψ∗ϕ∗µ ∧ ψ∗aν

= ψ∗aµ ∧ (ϕ ◦ ψ)∗ν + (−1)pq(ϕ ◦ ψ)∗µ ∧ ψ∗aνif µ is a form on M of degree q and ν is any form on M . If a is a derivation of type
ξ∗ or d∗, then ψ∗a is a derivation of the same type. Relative derivations are again loaloperators and are ompletely haraterized by their ation on funtions and di�erentialsof funtions.A vetor-valued p-form relative to ϕ : N →M is a linear mapping

A : ∧p TN → TMsuh that if w ∈ ∧pTbN , then A(w) ∈ Tϕ(b)M . We assoiate with a vetor-valued p-form
A relative to ϕ a derivation ξA relative to ϕ∗ of type ξ∗ and degree p−1 and the relativederivation dA = ξAd − (−1)pdξA. If µ is a 1-form on M , then ξAµ is a p-form on N and

〈ξAµ,w〉 = 〈µ,A(w)〉for eah w ∈ ∧pTN .For eah k ∈ N we introdue the mapping
T (k) : Tk+1M → TTkM : tk+1γ(0) 7→ ttkγ(0).



EVOLUTION OF EHRESMANN’S JET THEORY 171For k = 0 we have
T (0) : TM → TM : t1γ(0) 7→ tγ(0).Diagrams
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T (k′)are ommutative.Interpreting the mapping T (k) as a vetor-valued 0-form relative to
τk

k+1M : Tk+1M → TkMwe introdue derivations ξT (k) : Ωk(M) → Ωk+1(M) and dT (k) : Ωk(M) → Ωk+1(M)relative to ωk+1
k
(M). The derivation ξT (k) is a derivation of degree −1. The derivation

dT (k) = ξT (k)d + dξT (k) of degree 0 is known in the alulus of variations as the totalderivative. Diagrams
Ωk′(M) Ωk′+1(M)
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ξT (k)and
Ωk′(M) Ωk′+1(M)

Ωk(M) Ωk+1(M)
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dT (k)are ommutative.6.4. The Euler-Lagrange di�erential. LetM be manifold. A parameterized di�erentiablear is the restrition ξ|[t0, t1] of an emedding ξ : R → M to an interval [t0, t1] ⊂ R. Thespae Q(M |R) of ars is not a di�erential manifold.In terms of di�erentiable homotopies χ : R
2 →M we de�ne urves

γ|[t0, t1] : R → Q(M |R) : s 7→ χ(s, ·)|[t0, t1]onsidered di�erentiable by de�nition.Let L : TkM → R be a di�erentiable funtion. The mapping
A : Q(M |R) → R : ξ|[t0, t1] 7→

∫ t1

t0

L ◦ tkξ



172 W. M. TULCZYJEWis onsidered a di�erentiable funtion. There is a natural projetion
Pr : Q(M |R) → Tk−1M × Tk−1M : ξ|[t0, t1] 7→ (tk−1ξ(t0), t

k−1ξ(t1)).The funtion A is onsidered a family of funtions de�ned on �bres of this projetion andthe alulus of variations is a study of the ritial set of this family. An ar ξ|[t0, t1] is aritial ar for the family if
D(A ◦ γ|[t0, t1])(0) = 0for eah homotopy χ : R

2 → M suh that χ(0, ·) = ξ, tk−1χ(s, ·)(t0) = tk−1ξ(t0), and
tk−1χ(s, ·)(t1) = tk−1ξ(t1) for eah s. The urve γ|[t0, t1] derived from suh homotopy issaid to be vertial.By introduing mappings

δξ : R → TM : t 7→ tχ(·, t)(0)and
δtkξ = κ(k,1)

M ◦ tkδξwe obtain the expression
D(A ◦ γ|[t0, t1])(0) =

d

ds

∫ t1

t0

L ◦ tkχ(s, ·)
∣∣
s=0

=

∫ t1

t0

〈dL, δtkξ〉.This expression is onverted to an equivalent expression
D(A ◦ γ|[t0, t1])(0) =

∫ t1

t0

〈dL, δtkξ〉

=

∫ t1

t0

〈dL,Tτk
2kM ◦ δt2kξ〉

=

∫ t1

t0

〈ω2k
k

MdL, δt2kξ〉

=

∫ t1

t0

〈E(k)dL, δt2kξ〉 −

∫ t1

t0

〈dT (2k−1)P (k)dL, δt2kξ〉with operators
E(k) : Ωk(M) → Ω2k(M),and
P (k) : Ωk(M) → Ω2k−1(M)de�ned by

E(k) =

k∑

n=0

(−1)n

n!
ω2k

k+n
MdT (k+n−1)dT (k+n−2) · · · dT (k)ξF (k;n).

P (0) = 0,
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P (k) =

k∑

n=1

(−1)n

n!
ω2k−1

k+n−1
MdT (k+n−2) · · ·dT (k)ξF (k;n)for k > 0.The form E(k)dL ∈ Ω2k(M) is vertial with respet to the projetion

τ2kM : T2kM →Mand the form P (k)dL ∈ Ω2k−1(M) is vertial with respet to the projetion
τk−1

2k−1M : T2k−1M → Tk−1M.Vertiality of these forms makes it possible to de�ne mappings
EL : T2k → T∗Mand

PL : T2k−1M → T∗Tk−1Msuh that
πM ◦ EL = τ2kMand

πM ◦ PL = τ2k−1M .These mappings are haraterized by
〈E(k)dL,w〉 = (−1)k〈EL(τT2kM (w)),Tτ2kM (w)〉for eah w ∈ TT2kM and

〈P (k)dL,w〉 = 〈PL(τT2k−1M (w)),Tτk−1
2k−1M (w)〉for eah w ∈ TT2k−1M .The following �nal expression for the derivative of A is obtained:

∫ t1

t0

〈EL ◦ t2kξ, δξ〉 − 〈(PL ◦ t2k−1ξ)(t1), δt
k−1ξ(t1)〉 + 〈(PL ◦ t2k−1ξ)(t0), δt

k−1ξ(t0)〉.If the urve γ|[t0, t1] is vertial, then the boundary terms vanish and the Euler-Lagrangeequation
EL ◦ t2kξ = 0is obtained as the ondition for the ar ξ|[t0, t1] to be ritial. The boundary terms areimportant in variational priniples of physis but not in the alulus of variations.



174 W. M. TULCZYJEW7. A framework for the Legendre transformation ([7℄, [8℄, [9℄). The diagram
T∗T∗M TT∗M T∗TM

T∗M TM

M

................................................................................................................................................................................................................................................................................................
..
..
..
.

............

β(T∗M,ωM )
...............................................................................................................................................................................................................................................................................................................

.....
..
..
..
.

αM

...............................................................................................................................................................
...
.......

..
..
.
.
.
.
.
.
.
.

π
T∗M

......................................................................................................................................................................
..
..
.
.
.
.
.
.

..
...
.......

τ
T∗M

......................................................................................................................................................................
...
.......

..
..
..
.
.
.
.
.
.

TπM

......................................................................................................................................................................
..
..
.
.
.
.
.
.

..
...
.......

πTM

...............................................................................................................................................................................
...
.......

..
..
.
.
.
.
.
.
.
.

πM

...............................................................................................................................................................................
..
.
.
.
.
.
.
.
.

..
...
.......

τM

ontains the essential geometri objets used in the formulation of the Legendre trans-formation of analytial mehanis.On the Hamiltonian side we have the vetor �bration isomorphism
TT∗M T∗T∗M

T∗M T∗M

........................................................................................................................................................................................................................................................................................
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..
..
.
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π
T∗M

derived from the sympleti struture of T∗M .On the Lagrangian side there is the vetor �bration isomorphism
TT∗M T∗TM

TM TM
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πTM

de�ned as dual to the vetor �bration isomorphism
TTM TTM

TM TM
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τTM

in the sense that
〈αM (z), w〉 = 〈z, κM (w)〉for z ∈ TT∗M and w ∈ TTM suh that TπM (z) = τTM (w).



EVOLUTION OF EHRESMANN’S JET THEORY 1758. Isomorphisms between TT∗M , T∗TM , and T∗T∗M . We introdue the set W(M)of equivalene lasses of pairs (f, γ) of a funtion f : R×M → R and a urve γ : R →M .The equivalene is de�ned in terms of funtions
F : R

2 → R : (s, t) 7→ f(s, ϕ(t, γ(s)))and
F ′ : R

2 → R : (s, t) 7→ f ′(s, ϕ(t, γ′(s)))assoiated with pairs (f, γ) and (f ′, γ′), and a mapping ϕ : R × M → M suh that
ϕ(0, x) = x for eah x ∈M . Pairs (f, γ) and (f ′, γ′) are equivalent if

tγ′(0) = tγ(0),

df ′(0, ·)(γ(0)) = df(0, ·)(γ(0)),and
D(1,1)F ′(0, 0) = D(1,1)F (0, 0).Coordinates
(xκ, ẋλ, aµ, bν) : WM → R

4min W(M) are de�ned by
xκ(w) = xκ(γ(0)),

ẋλ(w) = D(xλ ◦ γ)(0),

aµ(w) = ∂µf(·)(γ(0))with
f : M → R : x 7→ Df(·, x)(0),and
bν(w) = ∂νf(0, ·)(γ(0)).Given oordinates (xκ(w), ẋλ(w), aµ(w), bν(w)) of an elementw ∈ W(M) we onstruta representative (f, γ) of w. The urve γ is haraterized by

(xκ ◦ γ)(s) = xκ(w) + ẋκ(w)sand the funtion f is de�ned by
f(s, x) = bν(w)xν(x) + aµ(w)xµ(x)s.We establish an isomorphism of W(M) with TT∗M . A pair (f, γ) representing anelement w ∈ W(M) is used to onstrut a urve
ρ : R → T∗M : s 7→ df(s, ·)(γ(s)).The tangent vetor tρ(0) is the element of TT∗M assoiated with w.We establish an isomorphism of W(M) with T∗TM . A pair (f, γ) representing anelement w ∈ W(M) is used to onstrut a funtion
g : TM → R : tσ(0) 7→ Df(·, σ(·))(0).The ovetor dg(x) at x = tγ(0) is the element of T∗TM assoiated with w.



176 W. M. TULCZYJEWWe establish an isomorphism of W(M) with T∗T∗M . A pair (f, γ) representing anelement w ∈ W(M) is used to onstrut a funtion
h : T∗M → R : dk(x) 7→ D(f(·, x) − k ◦ γ)(0).The ovetor dh(p) at p = df(0, ·)(γ(0)) is the element of T∗T∗M assoiated with w.
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