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Abstract: In this paper we give some results and theorems related with the Ricci curvature, scalar curvature and scalar normal curvature of space-like ruled surface in the Minkowski  n-Space. Moreover, we give a  theorem connected with totally geodesic  space-like ruled surfaces.





1. Introduction. We shall assume that all manifolds, maps, vector fields, etc... are differentiable of class  �EMBED Equation.3���.  First of all, we give some properties of a general surface M in �EMBED Equation.3��� (n ( 3). If  �EMBED Equation.3��� (resp.D) is the  Levi-Civita connection of  �EMBED Equation.3��� (resp.M) and if X and Y are tangent vector fields of M, then we find  by decomposing �EMBED Equation.3��� into  a tangent and normal component 





(1.1)			�EMBED Equation.3���





V(X,Y) is a normal vector field on M and is symmetric in X and Y. A vector Z of M at the point P is called  an asymptotic vector if   V(Z, Z) = 0.  A line on M is an asymptotic line if the tangent vector T of the curve is at each point an asymptotic vector of M,[1].


Let  (  be a normal vector field on M, then, by decomposing  �EMBED Equation.3��� in a tangent and a normal component, we find  





(1.2)			�EMBED Equation.3���


�EMBED Equation.3��� determines at each point a self-adjoint linear map and �EMBED Equation.3��� is a metric connection in the normal bundle �EMBED Equation.3���. We  shall use the same notation �EMBED Equation.3��� for the linear map and the matrix of the linear map.


Suppose that X and Y are vector fields of  ((M) while (  is a normal vector field. If the standard metric tensor of  �EMBED Equation.3���  is denoted by <,>, we find 


(1.3)			�EMBED Equation.3���.		





lf �EMBED Equation.3���constitutes an orthonormal base field of the normal bundle �EMBED Equation.3���  then we get





(1.4)			�EMBED Equation.3���


or


			�EMBED Equation.3��� 


The mean curvature vector H of M at the point P is given by 





(1.5)			�EMBED Equation.3���





�EMBED Equation.3���  is the mean curvature. lf   H is equal to zero at each point P of M , then M is said to be minimal[1].


Let  �EMBED Equation.3���  be a Minkowski space with Levi-Civita connection  �EMBED Equation.3���.  The function,





			�EMBED Equation.3���


 given by 


(1.6)			�EMBED Equation.3���


is a (1,3) tensor field on �EMBED Equation.3��� that called the curvature tensor field of �EMBED Equation.3���. 


Let M be a m- dimensional semi-Riemannian manifold. The function 





			�EMBED Equation.3���





given by





(1.7)			�EMBED Equation.3���





is an order 4 covariant  tensor field on ((M)  that is called  the  Riemannian  curvature  tensor field of M.  lf  V is the second fundamental form of  semi-Riemannian manifold M, then we obtain


(1.8)			�EMBED Equation.3���.


A two-dimensional subspace ( of the tangent space �EMBED Equation.3��� is called a tangent plane to M  at p. For tangent vectors  Xp,Yp ( �EMBED Equation.3��� we define the sectional curvature of  M at P as follows[3].


(1.9)			�EMBED Equation.3��� .


Let R be the Riemannian curvature tensor of M. The Ricci curvature tensor S of M is symmetric and is given relative to a frame field by 


(1.10)			�EMBED Equation.3���


where as usual   �EMBED Equation.3���.  If  �EMBED Equation.3���   is an orthonormal base field of    �EMBED Equation.3���, then the scalar curvature  of  M is given by





(1.11)			�EMBED Equation.3���








2. (k+1)-dimensional Space-Like  Ruled Surface in �EMBED Equation.3���


 


Let  {e1(s), e2(s), ... ,ek(s)} be a system of orthonormal vector fields, which are defined for each point of a  space-like curve ( in the n-dimensional Minkowski space �EMBED Equation.3���. With this system we span a k-dimensional subspace of the tangent space �EMBED Equation.3��� in each point. This subspace  that is denoted Ek(s) is 





			Ek(s) = Sp�EMBED Equation.3���





We get a (k+1)-dimensional  Lorentz submanifold  in �EMBED Equation.3���  if  the  subspace Ek(s) moves along the curve (. We call this lorentz submanifold an (k+1)-dimensional generalized space-like ruled surface in the n-dimensional Minkowski Space �EMBED Equation.3���.  A parametrization of this ruled surface is as follows


(2.1)			 ((s, u1, ... .uk) =((s)+�EMBED Equation.3���





Throughout this paper,  Ek(s) = Sp�EMBED Equation.3��� denotes  a space-like subspace,  ( is a space-like curve and  (  is an orthogonal trajectory of the k-dimensional generating space Ek(s) (k(1).  We denote this ruled surface by M.


Let  {e0, e1, ... ,ek} be an orthonormal base  of  ((M)   i.e. e0 is the unit  tangent  vector of the orthogonal trajectories of the generating spaces. Suppose that �EMBED Equation.3��� is an orthonormal base of �EMBED Equation.3���. Then  �EMBED Equation.3��� is a base  of  �EMBED Equation.3��� at the point p �EMBED Equation.3���.   Then we have





(2.2)	 (e0 , e0( = 1  ,  (ei , e0( = 0  ,   (ei , ej( = (ij=�EMBED Equation.3���    ,   �EMBED Equation.3���








Here we call  M  to be m- developable  if 


(2.3)			rank [e0, e1, ... ,ek, �EMBED Equation.3���] = 2k-m ,





at each point  P(M. If   m  is equal to  �EMBED Equation.3���  then the space-like ruled surface M  is  called non-developable; if   m   is equal to  k-1  then M  is said to be totally  developable [4]. If  we take the partial derivative of  (  then we get





			 (s = �EMBED Equation.3���(s)+�EMBED Equation.3���


			 �EMBED Equation.3���	 	1 ( i (k.





Throughout our paper, we assume that the set





			�EMBED Equation.3��� 





is linear independent.


The Levi-Civita connection of the Minkowski space �EMBED Equation.3��� is denoted by �EMBED Equation.3���.  For the  orthonormal base {e1, ... ,ek} of  the generating space  Ek(s),  we obtain





			�EMBED Equation.3��� .


Hence, if  V denotes the second fundamental form of  �EMBED Equation.3���,  we must have





(2.4)			�EMBED Equation.3��� .





From (2.2),  we observe  �EMBED Equation.3���  and   �EMBED Equation.3���. In this case  �EMBED Equation.3���. Thus we get 


(2.5)			�EMBED Equation.3���





Suppose that  �EMBED Equation.3��� is an orthonormal base field of  the normal bundle �EMBED Equation.3���,  then we have the following Weingarten equations 





			�EMBED Equation.3���,	 1 ( j ( n-k-1


(2.6)			�EMBED Equation.3���


			..........    ................................................							�EMBED Equation.3���


Moreover , from  (1.3) and since  �EMBED Equation.3��� ,  we obtain 





(2.7)			�EMBED Equation.3��� .





Therefore we can obtain the matrix  �EMBED Equation.3���   as follows





(2.8)			�EMBED Equation.3���   





By using the equations (2.6), we get





(2.9)			�EMBED Equation.3���	





and from (2.5) together with (2.9),  we receive 





(2.10)			 �EMBED Equation.3��� .





In addition, the Riemannian curvature of  M in the two-dimensional direction spanned by �EMBED Equation.3���  that is denoted by  �EMBED Equation.3���  is given by 	





 (2.11) 			�EMBED Equation.3���





at a point p of M [ 5 ].


           In [5], It has been  obtained that the  mean curvature  vector H  of  the space-like ruled surface M   is 


(2.12)	 		 �EMBED Equation.3���.


From equation  (2.12), we say that 





(2.13)		 M  is minimal  if  and only  if  �EMBED Equation.3���.





Also, if  we consider  (1.5)  together with  (2.8)   then we have 


			�EMBED Equation.3���


and thus we find


(2.14)			�EMBED Equation.3��� .





3. The Curvatures of  Space-Like  Ruled Surface 





In this section, we will discuss the curvatures of  Space-Like ruled surface in the


 n-dimensional Minkowski space. 





Theorem 3.1.  Let M be a (k+1)-dimensional space-like ruled surface in �EMBED Equation.3���. The Ricci curvature of  M  in the direction of vector fields   �EMBED Equation.3���  is given by  					�EMBED Equation.3���.


Proof    Considering equation (1.10), since �EMBED Equation.3��� is space-like subspace in �EMBED Equation.3���, we  write


			�EMBED Equation.3���


Thus using (1.9) and (2.4),  we obtain 





			�EMBED Equation.3���





				   �EMBED Equation.3��� .





From   �EMBED Equation.3���   and  �EMBED Equation.3���,  we get 





			�EMBED Equation.3��� .





Using  last equation together with  (2.10), we  find





(3.1)			�EMBED Equation.3���.





This completes the proof of the theorem.


Now let us find the Ricci curvature of M in the direction of  vector  field �EMBED Equation.3���. From  (1.11), we have 


	�EMBED Equation.3���.





In the same  way  of  the proof  of  Theorem 3.1,  from the last equation we obtain 





(3.2)			�EMBED Equation.3��� .





From (2.10)  and  (3.2),  we get 





			�EMBED Equation.3���	


Thus, we give the following corollary.





Corollary 3.2.The Ricci curvature of M in the direction of vector field  �EMBED Equation.3���  is given by


(3.3)			�EMBED Equation.3���


Theorem 3.3.  Let M be a (k+1)-dimensional space-like ruled surface in  �EMBED Equation.3���. Then the scalar curvature  �EMBED Equation.3��� of  M  is given by


	�EMBED Equation.3���


Proof  From (1.12), we have 





			�EMBED Equation.3���





If  we use �EMBED Equation.3���  in this last equation then we get 


			�EMBED Equation.3���


In this case  we get  from  (2.11) and  (3.1)


(3.4)			�EMBED Equation.3���


			     �EMBED Equation.3���


We give the following corollary related to Ricci curvature 





Corollary 3.4. The scalar curvature  �EMBED Equation.3���  of  M  is given by 


�EMBED Equation.3���





Theorem 3.5. Let M be a (k+1)-dimensional minimall space-like ruled surface and�EMBED Equation.3��� be an orthonormal base of  �EMBED Equation.3���.  i.e , �EMBED Equation.3���  is  the unit tangent vector  of the orhogonal  trajectories of  the  generating  spaces .  M  is totally  geodesic  if and only  if  the vector �EMBED Equation.3��� is conjugate with each vectors �EMBED Equation.3���. 


Proof   Let    �EMBED Equation.3���        be the  two vector fields of  �EMBED Equation.3���, then we get


(3.5)		�EMBED Equation.3���.


Suppose that M  is totally geodesic. i.e.  for each X and Y vector fields of �EMBED Equation.3��� is  V(X,Y)=0.  If  we  substitute  (2.4)  and  (2.13)   in   (3.5),  then we obtain


			 �EMBED Equation.3��� .


This means that the vector  �EMBED Equation.3���  is conjugate with each vectors  �EMBED Equation.3���.





  Now   we   assume   that  the  vector   �EMBED Equation.3���   is  conjugate   with   each 


vectors  �EMBED Equation.3���. If  we consider (2.4)  and  (2.13)  together with (3.5)   then we find


		


	�EMBED Equation.3���.





This completes the proof.
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